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PREFACE. 


The present yolume of tRc “ Cihcle of the Sciences ” contains a series of Treatises 
upon Elementary Mathematics. In this we comprise Arithmetic — including Algebra, 
Geometry, and Trigonometry ; and of each of these we propose to say a few words. 

Arithmetic is the science of numbers, and therefore treats of the various combinations 
of which numbers arc susceptible, and of the relations existing between symbols that 
express numbers. The symbols employed to denote numbers may bo either particular, 
as 5. 6. 7 . . each of which expresses a certain determinate number ; or general, as 
a.b.c.,.,, each of which may express numbers, but not necessarily the same number 
in two different operations. In the former case the science is termed Arithmetic, in 
the restricted sense which is generally given to that word ; in the latter case it is 
termed Algebra, or, more aocui'ately, Arithmetical Algebra. Considered speculatively, 
the latter is antecedent to the former, the rules of Arithmetic being founded, as special 
cases, on the demonstrations of Algebra ; and in our present volume the treatises on 
Arithmetic and Algebra may, in some degree, bo considered as of corresponding scope ; 
the one treating of certain classes of questions concerning numbers, by means of rules 
and particular symbols ; the latter treating of similar classes of questions, by means of 
demonstrations and general symbols. 

The science of Algebra admits of many developments besidts those contained in the 
treatises above referred to. Some account of these generalizations will be found in the 
treatise on Scries and Logarithms, of which a word must be said. This treatise consists 
of two parts,— an algebraical part, discussing the properties of certain Series, and an 
arithmetical part, containing an exposition of the mode]| of calculating Logarithms, 
and rules for using them when calculated. In this treatise the speculative order is 
observed, the rules of the arithmetic of Logarithms being deduced from algebraical 
demonstrations. The same order could not be observed in the earlier part of the 
volume, since a man’s mind cannot entertain speculative views of the science of num- 
bers till it has obtained some familiarity with their more elementary combinations ; so 
that it is necessary to teach Arithmetic empirically. It will be observed, that in 
discussing the question of Scries it has been no further dealt with than, was 
necessary for treating the subject of Logarithms with sufficient fulness. p 
This restriction was necessary, to prevent the discussion of the nature 
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of Series from running to an interminable length ; for, stiictly speaking, tlie subject 
of Series is endless. M. De Morgan very justly observes, that “ The theory of Scries 
is both difficult and incomplete. So far from being an isolated branch of Algebra, 
it is an infinite subject, in which every question answered will point out questions to 
ask.’* 

In regard, then, to the aiithmetical pai-t of this volume, wo may say that it con- 
tains Fractional, Decimal, and Logarithmic uirithmctic, with a full description of the 
principles on which they rest. 

The treatise of Geometry is founded on Euclid’s Elements ; the first Four and the i 
Sixth Hooks, together with the Tract on Planes, being verj'- nearly the same as in { 
Euclid’s treatise. The Fifth Book of Euclid’s Elements has been n'plaeod by a tract i 
on Proportion, the object of which Mr. Young has fully explained. It is to be obscjved j 
that Arithmetic, and the science of Gcomotiy as treated by Euclid, diff’er essentially ; ' 

since the conception of equality employed in Geometry is quite different from the | 
conception of equality employed in Arithmetic. In the former case two magnitudes j 
are considered equal which can be so adjusted as to coincide, or fill the same space ; | 

in the latter, two magnitudes are considered as equal whicb contain the same number of ; 
units. In consequence, these two sciences admit of entirely independent development. 

To what extent this independent development might be carried is doubtful; but 
certainly to a far greater extent than is usual in our treatises on Gcomctiy ; as it is j 
found that the more difficult questions in Geometry are solved with greater ease by 
employing algebraical symbols to represent geometrical magnitudes, than by the process | 
of reasoning conducted after Euclid’s method. In the jnesent volume the tract on 
Proportion, like most of the propositions in the treatise on Mensuration, is an instance | 
of this application of Algebra to the discussion of geometrical questions. i 

The difference between G cometry and Algebra may be vciy’’ conveniently expressed by j 
saying, that Geometry is a science of construction ; Algebra (or Arithmetic) of calculation, j 
Thus, when certain sides and angles of a triangxo arc given, wc may by nilo and 
compass construct that triangle ; whereas, if wc treated the same question algebraically, 
we should, after representing the sides and angles numerically, calculate the remaining 
sides and angles. And it is to be obeeivcd, that a dcterniination by the latter means is 
very far more accurate than by the former. In obtaining the means for such process of 
calculation there arc considerable difficulties to be overcome in arriving at a satisfactory 
mode of measuring angles. The mode actually adopted is to measur e angles by certain 
straight lines, or ratios of straight lines, related in a certain fixed manner to the angles. 
These arc called the sines, tangents, &c. of the angles. Their relations and axes arc 
discussed in the treatise on Plane Trigonometry., which contains : — 1. A view of the 
^ relations between the sines, &c., of the same and of different angles, (py 

which part of the subject is often called the arithmetic of siaes, and 
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the expressions for the chief relations between the sides and angles of triangles : — i 
2. A somewhat full view is given of the mode of constructing tables that give for | 
fixed intervals, e.ff. of 1' or of 10", the sines, &ic., of every angle from O'* up to 90^*, and 
the logarithms of those sines, &c ; this part of the subject being completely analogous to 
the treatise on Series and Logarithms : — 3. A full account of the application of the 
formulas of 1, by moans of tables calculated as explained in 2, to the actual calculation, 
from certain data, of the sides and angles of triangles. 

The treatise on Mensuration may be regarded as an Appendix to that on Plane | 
Trigonometry. It contains a considerable variety of questions on the determination of i 
I heights and distances, of areas, of surfaces, and contents of solids — of nearly all such as j 
are likely to occur in practice. The results in this treatise are always given as formulas, I 
which, it is thought, are more easily remembered, and more readily reduced to numbers 1 
than rules — though in several cases, where a rule seemed to possess any advantage, it is | 
stated, as well as the formula on which it is founded ; e. y., in the case of the area of a 
j surface bounded by an irregular curve. 

I The treatises on Spherical Geometry, Spherical Trigonometry, and Practical 
Geometry, scarcely require any special mention,— -the authors of the respective articles 
having stated everything that appeared essential. 

The present volume, treating only of Elementary Mathematics, contains no general | 
discussion of questions involving the idea of a limit, or any general investigation of the 
properties of conic sections ; however, in a few cases it has been found necessary to 
overstep the boundary thus imposed on the writers. Wherever any reasoning about 
a limiting value is introduced, it is of so simple a kind as to present no serious difficulty. 
Moreover, the general conception of a limit has been stated explicitly in page 330. 
i Certain questions depending on (;onio sections are sometimes of practical importance ; 

and some of the determinations in the treatise on Mensuration, presume a knowledge of | 
I theii’ more elementary properties. These properties have been proved at the end of I 
j Mr. Jardine’s Treatise on Practical Geometry, -where they occur as demonstrations of j 
the constructions for which he gives rules. They also supply everything that is j 
required for the complete understanding of pages 37G and 377, and of pages 398 and 399. ! 

I Before bringing oui* Preface to an end, we must offer a few words of advice to our ! 

readers who are inclined to study Mathematics earnestly. The reader will find j 
I several hints given in the body of the work which he will find useful, as in the ■ 
introduction to Arithmetic (page 1), the remarks on Euclid's First Book (page 68), 
and elsewhere. We may here observe, that those parts of the subjects which arc 
distinct problems, as distinguished from those which are instruments of further 
investigation, do not require so much laboui- in the acquiring as the latter. The 
parts of the present volume which the student may look upon as 
instruments of investigation, without a thorough knowledge of which 
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further advances in Mathematical Science are simply impossible, are these : — Frac- 
tional, Decimal, and Logarithmic Arithmetic. The Elementary processes of Algebra, 
the first part of Trigonometry (pages 292 to 329), and the six books of Euclid’s Geometry, 
the earnest student ought not merely to understand, but to be thoroughly familiar 
with— as familiar as ho probably is with the common operations of Arithmetic. He 
will find, in these parts of the subject, a variety of exercises, all of which we strongly 
recommend him to perform, and to test his knowledge of the text by writing out frmn 
meimrif — and that more than once — the substance of articles above indicated. This may 
seem rather stem counsel, but it is necessary. Self-examination by writing is the 
only way in which real knowledge of any kind can be tested ; and it is specially 
needed in Mathematical Science, in which the least vagueness is not partial knowledge 
but ignorance. 

In regard to the other parts of the volume — that is, in the exposition of the mode of 
constructing tables of Logarithms — it is not so essential that the student should always 
have that ready at hand to refer to on a moment’s notice. It is sufficient that he do 
not leave it till he thoroughly understands the method of investigation. 

It is also to be observed, that the student should always make a point of forming a 
distinct conception of every proposition he reads ; otherwise ho can never really under- 
stand his subject. Perhaps one of the most valuable results of Mathematical studies is) 
that they compel the student to form clear conceptions of things that can bo clearly 
conceived; and from this circumstance they derive their name of Mathematical, that is, 
disciplinary studies. The value of tho mental training derived from obtaining a 
thorough mastery of even as much as tho first six books of Euclid, can hardly be 
over-rated. Compared with this, the practical applications of tho science, which are 
themselves by no means unimportant, are of trifling value. Of course, to obtain this 
benefit the student’s powers must be employed actively. He must thinh., as well as 
attend ; and must exercise care and judgment in ascertaining whether he has really 
understood what he has read. Thea*e are comparatively few people ready to undergo 
this labour, and this circumstance at one time made us feel doubtful whether the 
mathemathical volumes of the “ Ciucle of the Sciences ” would meet with so favour- 
able a reception as some other departments of our work. The increased sole of the 
later numbers, however, has proved our fears to be unfounded, and seems to show that 
we have a large number of readers who are ready to accompany us through the more 
abstruse sciences. 
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THE MATHEMATIC.\L SCIENCES. 


XntYodnctory. — ^The present volume is to be devoted to that branch of study implied 
in the term Mathematics, — a term which comprehends one of the most extensive and im- 
portant departments of human knowledge. By most people, it is considered also as one of 
the most difficult departments ; and many, with time and talents for the task, are deterred 
from entering upon a study which would amply repay the expenditure of both, by this 
mistaken prejudice. Every science, no doubt, has its hard and knotty points ; and in no 
intellectual pursuit can distinction bo attained without labour, thought, and perseverance ; 
yet if there be one subject of scientific inquirj' which, more than any other, is distin- 
guished by the simplicity, certainty, and obviousness of its fundamental principles,— by 
the irresistible evidence by which position after position is established, — and by th(3 sys- 
tematic gradations by which layer after layer of the intellectual structure is completed, — 
that subject is Mathematics. 

In other topics of research, there is generally more or less of hypothesis, or conjec- 
ture : there are obscure recesses, into which the light of truth and demonstration cannot 
penetrate, and where fancy and imagination are sometimes permitted to guide our steps. 
But there are no perplexities of this kind in mathematics, — ^no ingenious theories to 
mislead, and no conflicting opinions to bewilder ; our progress here is exclusively under 
the unerring direction of Truth herself ; and it is her torch alone that lights up the path, 

Whatover, therefore, may be the difficulties connected with the study of mathematics, 
it is plain that they do not arise from our having to grope our way in darkness and 
uncertainty j the asperities of the road are as clearly revealed before us as the level and 


mathematical sciences.— No. I. 


2 


ARITHMETIC INTRODUCTORY TO GEOMETRY. 


unobsti'uctcd track ; and all that tho earnest student requires, is some friendly hand, to 
aid him in surmounting these in the earlier stages of his progress. 

It is this sort of aid that we here propose to supply. Wo do not undertake to conduct 
the aeientific inquirer through th() entire regions of mathematical research— ours is a far 
loss ambitious aim : we write for the young — ^for tho seL^ dependent — ^tho solitary — and, 
perchan(ie, the unfriended student. Tho office we here talte upon ourselves will bo per- 
formed, if wo succeed in tho endeavour to assist him. This is the only object at which 
we now aim, and we think it right thus explicitly to declare it, in order to forewarn 
those who may desire information on the more recondite researches of science, that the 
present volume is not intended for them. 

It may be proper to mention, however, that nithou^ we now propoie to limit oui’ 
labours to an exposition of the elementary principles of mathematical leaniing, and 
to economize space as much as possible ; yet, within the bounds prescribed, wo shall 
take care that every subject receive a full and fair elucidation, and that it bo discussed 
to an extent amply sufficient for tho purposes of general education. Wc hope, too, by 
avoiding all attempts at magisterial dignity of stylo, and addressing our readers in the 
familiar language of social intercourse, to secure their attention, and win their confidence ; 
and that wo may be fortunate enough, by clearness and simplicity of explanation, to 
awaken in some a genuine love for scicncvo, aiid a deske to prosecute their researches 
in writings of wider scope and higher pretensions : Ave shall endeavour to gratify such 
desire in a subsequent volume. 


Wo have thouglitit advisable to commcriee our work on elementary ]\Iatbcmatics with 
a preliminary treatise on Arithmetic— lln gromilvvorl: u|' )n which tho oiitirc system, with 
the cxco])tion of pure geometry, ultimately rests, Boeks on arithmetic, lioweAmr, arc so 
numerous, and so easily aocessildc, that W(.‘ might Irive bo. ii held exonsod from introduc- 
ing so hacknoyod a suhj(‘ct into a xvork which, though confessedly ot the most I'h'iiK.'iitary 
character, is, nevertheless, intended to embrace a range of topics ])oyond tho ordinary limits 
of a school-boy course. But it nnfortuuat ly so happt'iis, that books on arillimctic, with few 
exceptions, are little more than mere doposite,ries of practical rnh'S and mechanical oper- 
ations ; and are, therefore, but ill-suited to prepare the young for that higheu kind of exertion 
— ^higher, because more intclleetual — which scicn(*e, pi-oporly so called, always demands. 

A boy who has gone through his “ Walkiugamc," and xvho, as matter of course, is 
then introduced to “ Euclid,” is naturally enough bowildorcd by the total dissimilarity of 
the two authors — not from diiTerence of subject, but of manner of exposition : the former 
has abundantly supplied him with rulcs^ bat no reasons ; the latter gives him reasons, but 
no rules ; the one has loaded his memory, and employed his fingers ; while tho other 
appeals to his judgment, and exercises his understanding. 

To make, in this way, the passage from arithmetic to geometry, an abrupt transition 
from tho mechanical to the inteUcctnal, wc conceive to bo a capital defect in educational 
training. Arithmetic is as much a science as geometry : there is not a rule in the one, 
any more tlian there is a theorem in the other, that is not founded on reason, and demon- 
strably tnio. And even viewing arithmetic merely in reference to its practical utility in 
commercial afiairs, to the demands upon it in the counting-house and tho shop, — wo still 
contend that its principles should be rationally taught— not authoritatively declared, ina^ 
much as that which has engaged the understanding, and been received from a conviction 
of its truth, is more securely retained in the memory than what is committed to it by rote. 
Rules, unsupported by reasons, are hard to learn, and hard to remember ; but^ when the 
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practical precept is associated in the mind with the theoretical principle on which it de- 
pends, wo learn and remember with ease and satisfaction ; for, instead of words, we get 
knowledge. 

These considerations have prevailed with us ; and have determined us to render this 
course of elementary mathematics complete, by commencing at the very foundation. It 
mustbe borne in mind, however, that our design i.s not to exhaust here any subject of which 
we treat : it is rather to excite an appetite for knowledge, than to satiate it. It will not 
bo expected, therefore, that our treatise on arithmetic is to be co-extensive with what, under 
that name, is usually put into a schoolboy’s hands ; the bulk of such hooks arises, in a 
great measure, from tho system of instruction condomned in the preceding observations; 
the object of which system seems to be to inculcate a knack of readily applying rules^ by 
experimenting upon numerous examples, under tlie guidance of the prescribed directions. 
This, as tho reader has already been made aware, is not our object ; wo propose to explain 
principles, and to furnish tlio reasons that justify tho rules ; persuaded that, if tho former 
be thoroiiglily apprehended, there need bo but little anxiety felt about tho mere verbal 
memory of the latter. 

The subjects to be treated of in the present volume are as follows : — Arithmetic, 
Geometry, Algebra; Logarithms and Series; rrobabilities, and the Principles of Life 
Assurance; Trigonometiy, Conic Sections, Mensuration, Differential Calculus, Integral 
Calculus; Applications of the last two subjects to Mechanical and Physical inquiries ; and 
a short tpratisc on the Theory of Equations. 

It would cxtnid these introduetoiy remarks far beyond the space that can be allotted 
to them, to cvit.n' into any detailed account hero of the several particulars to be introduced 
under th'^ abovo-in-'iitionod heads ; but we cannot conclude them without a few words 
more osp ■'dally addressed to those who have resolved to place themselves under our 
instructions. 

It is a eouiTii >n thing with young Htudeiits in sdcncc to be frcqiionlly making in- 
quiries a’, t ) tlie H<: of what they are h'arniiig. “ What is the use of this?” is a question 
put at -e very turn; generally to the annoyance of the teacher, and often to the discredit 
of the learner. 

The use of any intellectual piiirsiiit — employing the term use in its higher and more 
honourable signiiication — is to be rcali.sod in the mental satisfaction and the mental ele- 
vation it .communicates. You do wrong to estimate science solely and exclusively in 
proportion as it visibly contributes to our animal wants and enjoyments ; there is an in- 
tellectual ideasure in the very process of acquiring knowledge, while the conscious posses- 
sion of it raises the human being in the scale of creation, and thus enables him to 
contemplate its wonders from a more exalted position. It is in this wny that knovdedge, 
like virtue, to which indeed it is allied, is said to be its q^vti reward ; for the study of 
science is accompanied with gratifications of the purest and loftiest kind ; and is produc- 
tivc of advantages to the student, altogether distinct from the benefits conferred by its ; 
applications to the practical purposes of life ; it invigorates and enlarges the facilities — 
refines and elevates the desires — and adorns and dignifies the entire character, with- 
drawing our thoughts from what is mean and degrading, and inclining theM to 
the noblest and worthiest of objects — ^to the love and veneration, and therefore to the 
practice, of Tbuth. 

These advantages, though unconnected with outward and tangible results, are surely 
too precious to be entirely overlooked in any correct estimate of the value of scientific ^ 
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pursuits. When, in the course of those, you find yourself engaged in an inquiry that may 
socm to have but little relation to the things of sense, and arc, on this account, disposed 
to a.sk — what is the me of it ? just reflect whether the intellectual exercise has not been 
combined with intellectual gratification ; and whether there be not an abstract beauty in 
the result arrived at, that awakens ideasurable frelings, practically realised, though hard 
to be described. AVe think the reflection w'ill, in general, suggest an answer to the 
inquiry in some measure satisfactory. 

Those tranquil and purely intellectual enjoyments have prompted and en(;ouraged th(‘ 
efforts of tlio wisest of men — liave cheered and sustaimnl thorn amidst penury and neglect ; 
and, under the persecutions of power, wielded by ignorance, have supplied a consolation 
second only to that which Divine revelation affords ; and they have finally been regarded 
as no mean reward for a life thus tried, and toils thus endun'd. They vroro considered as 
compensation sufliciont for the labours even of Newton, — many of whose discoveries in 
science would, in all i)robability, never have been given to thes world but for the urgent ; 
inturfcrcTico of private fri('nd.s. [ 

Wo ore anxioLi.s that you should bo influenced by considerations such as these ; and that j 
you should regal'd science as something more than a ministering agent to oui* animal com- ; 
forts, or even to our social gratification and convenience. The practical benefits of science i 
— and more especially of those departments of it connected w'ith the subjects of the present ! 
volume — arc in little danger of being overlooked or under- valued ; they are spread pro- I 
fusely around us ; and arc felt and enjoyed by all. And there thus seemed to be all the ; 
more need for directing your attention to collateral advantages — less palpaWo and strik- ^ 
ing, and therefore less likely to be duly appreciated. 

We shall now proceed to the business before us ; wc shall assume no knowledge at all 
on your part in reference to the topics to bo discussed ; and, in even so simple a subject 
as Arithmetic, w'e shall begin at the beginning. 


Arithmetic. — Arithmetic is that branch of knowledge that teaches us how to i 
perform calculations by means of numbers. The rules w'hich direct the various operations | 
constitute the art of arithmetic : the reasons and principles on which these are founded | 
belong to the theory of arithmetic, and the theory and practice united, form the science of ! 
arithmetic. It is this that I am now going to explain. You arc aware that the symbols, | 
or marks, employed in this subject arc called figures^ and that they arc as follow : 1, 2, 3, i 
4, 5, 6, 7, 8, 9, together with the mark 0, called nought^ or cipher ^ or zero^ and w^hieh j 
stands for nothing. This 0 i.s also called a figure., so that there arc ten figures in arith- 
metic ; the number of units^ or ones, which ca(^h stands for, is here written, — 

nothing, one, two, throe, four, five, six, seven, eight, nine. 

012 3 4 0 0789 

Each of these figures is also called a number : but the word number has a w'ider meaning. 
Thus, 26, 43, 67, &c., are all numbers, each of which consists of two figures ; the first 
number is twenty-six, the second forty-three, the third fifty-seven, and so on ; so that, you 
see, the 2 in the first stands for two tens, the 4 in the second for four tens, and the 5 in 
the third for five tens. In like manner 368 is a number of three figures. The first figure, 
3, stands for three hundred ; the second, 6, for six tens, or sixty ; and the third, 8, for 
eight ones, or units : the number itself standing for three hundred and sixty-eight. 
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You thus perceive that a figure which, when written singly, stands merely for so 
many unitSf changes its meaning, or value, according to the place it occupies in a number 
of several figures. If it occupy the last, or right-hand place, it still stands for units ; but 
if it be in the next place, to the left, it stands for so many tens; if in the place next to 
that, for BO many hundreds ; and if it 0(;cupy the fourth place from the end, it stands for 
so many thousands: the number 7352, for instance, is seven thousand three hundred and 
fifty-two. 

Figures thus have a local value, that is, a value depending upon the places they 
occupy in a number. The following is a number of twelve figures ; and when the local 
values of tliesc figures are written against them, it supplies what is usually called the 
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8 

g 

F 


And this number is read thus,-~t\vo hiindi'cd and forty-six thousand eight hundred and 
sevemty- three million, one hundred and fifty-niuo thousand, four hundred and thirty- 
eight. 

A person beginning to learn arithmetic will bo enabled, by means of the above table, 
to read any number, — that is, to express its value in words. In a large number like that 
here given, the easiest way to proceed is this. Cut off the last three figures, then the 
next three, then the next, and so on ; thus dividing the figures into sets of three as far as 
possible. A glance at the table shows that the leading figure of each set is hundreds of 
something ; that of the first set, on the right, is hundreds of or simply hundreds ; 

that of the next set is hundreds of thousands ; that of the next, hundreds of millions ; and 
so on. And by thus finding out the local value of the leading figure in caeh period.^ a.s it 
is called, you may read the number with case. For example, the number 68547321), 
when divided into periods, as here proposed, is 68,547,329 : pointing to the 3, you say 
hundreds, and passing to the 5, hundreds of thousands ; the incomplete period, 68, must 
therefore bo 68 millions ; and the entire number 68 million, 547 thousand, 329 ; or, 
expressing the value wholly in words, it is sixty-eight million, five hundred and forty- 
seven thousand, three hundred and twimty-nino. In a similar way wo find the number 
42638572613, or 42,638,572,613, to be 42 thousand 638 million, 572 thousand, 613. 
If you wished to put this wholly into words, all you would havci to do would he to write 
forty -two for 42, six hundrc;d and thirty-eight for 638, five hundred and seventy-two for 
572, and six hundred and thirteen for 613. The leading figure of a complete period, you 
know, is always hundreds ; and when you have found by the table what those hundreds 
arc, or from practice can recollect what they are, you can Lave no difficulty in reading 
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the miinheT. AYhen any of the figures are noughts, a little extra care is, howc'vor, neces- 
sary. Thus, the number 460305007, which, divided into periods, is 460,305,007, is read 
four hundred and sixty million, three hundred and five thousand, and seven. 

From what has now been said, you clearly see what is meant by the local value of a 
figure. If it occupy the jdace of units, its value is so many otics ; if it be in the place of 
tms, its value is tin times as many ones, that is, it represents so many tens ; if it be in 
the place of hundreds, its value is ten times as many tens ; if in the place of 
thousands, it is ten times as many hundreds; and so on. So that, as you advance 
a figure, place aft(?r place, towards the left, you increase its value tenfold at cver^^ 
remove : thus, 8 is simply eight ones ; 80, w'horo the 8 is now in the second place, 
and nothing, or nought, in the first place, is eightg, or ten times eight ; 800, wduix' the 8 is 
in the third place, and noughts in the first and second places, is eight hundred, or ten times 
eighty ; and so on. This tenfold increase in th(i value of a figure’, when it is removed 
one place from right to loft, explains why our systc'm of numeration is called ^the decimal 
system; the word decimal being derived from a Latin word, meaning It was a 
beautiful contrivance thus to give a local, as well as an absolute value, to the symbols, or 
figures, used in the notation of arithmc'tio.* You sec that by this ha])py idea we arc 
enabled to express all numbers whatever by the; help of only ten difierent marks, oi' 
symbols : whether we owe it to the Arabs, or to th(‘ Greeks or Romans, is a question on 
which there is still some doubt. 

It ought, perh;q>s, to be mentioned, that although the niimhers considered above do 
not exttmd beyond twelve figures, numbers wdth more figures than those may occur, and 
that there arc words to express the additional jxa’iods. If the number have thirteen 
figures, the leading figure on the loft would stand for so many billions ; and if a complete 
additional period were joined to a numb(T of twelve figures, making a number of ffteen 
figures, then the leading figure on the left would, of course, bo hundreds of billions. But 
billions, trillions, quadrillions, &c., arc names so seldom cmplo 3 '’cd or wanted, that the 
numeration table need not bo encumbered with them. It may be worth a passing notice, 
too, that no distinct ideas are conveyed by any of these terms ; beyond a vciy moderate 
extent our notions of the value of numbers become confused. The number of ones in a 
million, even, is hard to conceive : it is a thousand thousand, and would take you more j 
than twenty-three days to count, though you kept at it for twelve hours a-day, and j 
counted one overj' second. Our ten figures, or digits, as they arc often called (digitus being i 
Latin for finger, and our ten fingers suggesting the wordf), — our ten figures thus enable, | 
us accurately to express on paper, without the error of a single unit, numbers too great ^ 
to be even conceived or imagined. : 

Before concluding these remarks on numeration, it may he as well to show the ^ 
beginner how a mimbcn expressed in wo 7 ’ds may be translated into figures. This is not ' 
quite so easy as to translntc figures into Avords ; the plan is as follows : — ' 

Write dowm a rOAV of noughts, or ciphers, and, as if these blanks wore numbers, mark 
off the periods : then, commencing at the first cipher on the left, put under each the 
proper figure in the number pro])oscd, taking care that it be in its proper place : if any 
vacancies appear under the corresponding ciplu’rs, fill them up with 7ioughts. Thus, let it 
be required to put into figure.', tbo uumlx'r five hundred and six millirm, thirty-four i 
thousand, aiid forty-eight. We know that tbo idace of millions bus six places to the j 

• Thp mrirlcs, or svni'ljols, maflo uso of in anv soionro, cor.stiluto the notation of tlci! science. j 

+ AV/wr.s' frequently tiirow li!.:ht on 1hf' oriirin of thhujs: it is interesting to notiee that the name j 
diuit is ))I:\inly s'^’nificant of tlic eaily rude method ot counting on Xhe fingers ; ami that the name 
calculation as plainly refer, s to the yn-iniitivo iiractioe of rc'choning vith pvlhlcs [calculus, a pebble). [ 
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right of it; wo therefore put a nought fur the millions, and 'write six noughts after it, 

and, as 'Wo see, from hundreds being the leading -word in the AVTitten cxpri^ssion, that the 

first period wiU be a complete period, -wm prefix two noughts more. The requisite row of 

noughts, divided as proposed, is as in the margin, and under these 

we now have to -write, in their proper places, the figures 5, G, 3, 4, 000 000 000 

4, 8, and then to fill up tho gaps witii noughts ; w^o thus find 034 048 

the number, when written in figures, to be 606,034,048. The learner 

will be able to do without such helps as these after a little practice ; he should accustom 

himself to express in words the numbers he uses, when those are of moderate extent, 

and not content himself with merely looking at them. 

I shall now proc(?ed to the four fundaincmtal operations of arithmetic, : these arc addi- 
tion^ snhlraclion^ multiplication^ and division. There arc no calculations, however long and 
intricati', that are not composed of one or more of th('se four. 

Simple Addition. — Addition teaches us how to add numbers together, and so to 
find till! sum of all. It is called simple addition, when tho numbers to bo added cither 
have no reference to particular thimjs or objects^ or when the things referred to arc all of 
the same denomination : thus, if 24 poiind.s, 37 pouud.s, 82 pounds, &c., were all to be 
added together, the operation would be that of simple addition ; but if 24 pounds 7 
shilling's, 37 pounds 2 shillings, 82 pounds 12 shillings, Ac., were to be added, then, as 
pounds and shillings arc different things, the operation would not be simple, hxxicotnpound 
additiou ; one of the first set of things being called a simple quantity, and one of tho 
other set a compound quantity. The rule for performing simple addition is as fol- 
lows 

lluy 3 . — Arrange the numbers to be added one imder another, so that the first column 
of figures on tho right may be units, the next column tens, tho next hundreds, and so on. 
This is nothing more than preserving each figure in its proper place. Add up the units’ 
column : if it amount to a sum (express(id by only one figui'C, put this figure «dowii under 
the units’ column. But if it he a number of more than one figure, tho last figure only of 
that number — th(; units' figure — is to be put down, and the number expressed by what is 
left, after rubbing out tho figure thus put down, is to bo carried to the next, or tens’ 
column, and added in with that column. 

If tlie sura of the t(m.s’ column be a number of a single figure, it is to be put down 
under that column ; but if it be a number of more than one figure, then, as befori^, only 
the last, or units’ figure, of that number, is to be put down, and the number which is 
expressed, after the figure ])ut doAvn i.s rubbed out, is to b(! carried to, and added in with, 
the figures in the next column, and so on ; observing, that when the last column is 
reached, the entire sum of that column is to be ])ut down. Suppose, for exa-mple, the 
following numbers arc to be add -d together,— namely, 246, 357, 2G, 143, and G ; 
ihen, writing tho numbers, on(' under another, as in the margin, so that the first 216 
column on the right may bo a column of units, the next a column of tens, and the 357 
Jmxt a column of hundreds, we ])roceed, under tin* clireclion of tho rule, as follows: 

6 and 8 are 14, and G arc 20, and 7 arc 27, and G are 33 ; there are, therelurc, in q 

the iii'.st column, 33 units ; that is to say, 3 tens^ and 3 units : the 3 uniL.s wo pul, 

of coniese, under the column of units, but we carry the 3 tens to the next, 783 
or tons’ column, and say, — 3 and 4 are 7, and 2 arc 9, ami 5 are 14, and 
4 arc 18; that is 18 tens: tho 8 we put down, but the nuinbt'r left, after rubbing 
this out, namely 1, wc carry to tho n-xt column, as it is clear we (night to do; 
for this 1 is one more place to the left; it stands for one hundred, and tliercforc 
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8462 

873 

7.'38 

4702 

7003 

21798 


belongs to the hundreds column : any figure next, on the left, to a figure that stands for 
must, from the principles of numeration, stand for hundreds. Canydng, therefore, 
the 1 to the hundreds’ column, we say, 1 and 1 are 2, and 3 are 5, and 2 arc 7 ; that is, 
7 hundreds: so that the sum of the proposed numbers is 783 ; that is, seven hundi-cd and 
eighty-thrcc. From this operation you sec that the figures of the sum are all carefully 
put in their proper places, so that each has its o^v^l local value ; the numbers carried 
from one column to the next, arc so carried because they really behng to the place, one in 
advance, to the left. As a second example, let the numbers 8462, 873, 758, 4702, and 
7003 bo added together. Arranging these numbers one under another, as before, 
taking care not to disturb their local positions, we proceed thus ; 3 and 2 arc 5, 
and 8 are 13, and 3 are IG, and 2 arc 18 ; 8 and carry 1 : 1 and 5 are 6, and 7 
are 13, and 6 are 19 ; 9 and carry 1 : 1 and 7 are 8, and 7 are 15, and 8 are 23, 
and 4 are 27 ; 7 and carry 2 : 2 and 7 are 9, and 4 are 13, and 8 are 21 ; there- 
fore the sura is 21798 : that is, twenty-one thousand seven hundred and ninety - 
eight. It is plain, from the foregoing illustrations, that the rule for addition is 
in strict accordance with the system of notation and numeration already explained, and 
that it must always lead to the correct result. There is no figure higher than 9 : ten., of 
any denomination {hundreds, thousands, «&c.), is one of the next higher denomination ; so 
that in adding up any column of figures, all of the samo denomination, for every ten in 
the sum, one must bo carried to the next column; and, therefore, as many ones as tens. 

You have already seen that the marks used in the notation of arithmetic are figures : 
besides these, other marks are frequently employed to indicate operations with those 
figures, and to express relations among them ; thus, instead of saying 2 and 5 are equal to 
7, the form 2 -{-5 = 7, is -used to express the same thing : the mark -j- being the sign for 
addition, and the mark = the sign for equality : this must be borne in mind: -(-is called 
plus; so that 2 + 5=: 7, may bo read 2 plus 5 equals 7, or 2 plus 5 are equal to 7. The 
following, therefore, arc statements in symbols, instead of in words, which yon will at 
once understand : 2 5 4" 1 = 8 ; 3 -j- 4 2 = 1 9 ; 6 5 3 4- 1 rx 1 5 . A few examples 

in addition arc here given under this form. You will have to arrango tlie numbers in 
them in columns, as in the two examples worked above ; and, if the results oi' your addi- 
tion be correct, they will be found to agree with the numbers to the right of the sign of 
equality ; — 

(1.) 8-n+G134-201-rtr)^-1214. (2.) 50 | 320-1 708 M 7-! 3- lOSl. 

(3.) 5(181 +310-^ 7000+309+824=141 03. 

(4.) 20065-; 8173 ) 751+92083 I-5G 1-} 92=122028. 

Simple Subtraction. — Subtraction teaches us how to subtract llic sinaller 
of two numbers from the greater, or to find their difforonce, which is called 
the remainder. The operation is called simple subtraction when the numbers refer to 
things of the same denomination, as in simple addition. The rule for simple subtraction 
is as follows : 

Rule. — P ut the smaller mimhcr under the greater, taking care, 
as in addition, that nyts shall be under units, tons under tens, and so on. 

Then, beginning at the units, subtract each figure in the lower row 
from the figure above it, if the lower figure be not the greater of the two, 
and put the remainder undcnicath (sec the operation in the margin, 
where 34572 is subtracted from 68594, and the remainder found to bo 34022). 

But if you come to a lower figure, which is greater than the figure above it, add 10 


J+om 08591 
8ubl. 34572 


Hem. 34022 
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I'Vora C1027 
Subt, 27385 

Horn. 37542 


to the upper figure, and then subtract, putting down the remainder as before, and taking 
care to carry 1 to the next figure of the lower row. 

For example : let it be required to subtract 27385 from 64027 ; then, 
placing the former number below the latter (as in the margin), wo pro- 
ceed thus : 5 from 7, and 2 remain : 8 from — ^not 2 — but 12, an^ 

4 remain; carry 1 : 4 from 9, and 5 remain; 7 from 14, and 7 remain; 
carry 1 : 3 from 6, and 3 remain. 

AH that requirc.s explanation hero is tho carrying^ as in the former nilo. In the 
preceding example wo see that the 8 cannot bo taken from the figure above it, because! 
this is only 2 : we, therefore, add 10 to tho 2, converting it into 12 ; but tho adding 10 
to any figure is simply putting 1 before it ; that is, it is adding 1 to the preceding figui-c', 
which 1, by carrying it to the next lower, or subtractive figure, is taken away again at 
the next step. In like manner tho 4, in tho upper row, is converted into 14, and tlic 1 
thus prefixed to it is afterwards taken away, by 1 being carried to the next lower figure, 
and 3 subtracted instead of 2. It is jfiain that in subtraction the carrying can never 
amount to more than 1. 

As another example, let 8G025704 be subtracted from 130741392 : 
then, having arranged the numbers as in the margin, wo proceed 
thus ; 4 from 12, 8 ; carry 1 ; 1 from 9, 8 : 7 from 13, 6 ; carry 1 ; 

C) from 11, 5 ; carry 1 ; 3 from 4, 1 ; 0 from 7, 7 : G from 10, 4 ; 

carry 1 : 9 from 13, 4 : thenifore the remainder is 44715688. 

There is a sign for subtraction as well as one for addition : it is the little mark — 

placed before the number to be subtracted ; it is called minus : 5 — 2 is therefore 5 minus 

2, that is, 5 diminished hy 2 ; tho remainder, or difference, is of courso 3 : so that 5 — 2 
^3. By help of tho plus and minus signs, wc can easily connect togcthcir in a single 
row a set of numbers, of which some are to be added, and others to be subtracted ; thus, 
4-b6-— 3— 2 means that 4 and 6 are to be addedy and 3 and 2 are to bo subtracted ; so that 
44 - 6 — 3~2=:5. Instead of subtracting first 3 and then 2, we may, of courso, subtract 5 
at OTicc! ; so that the above is the same as 10—5=5 ; and whenever addition and sub- 
traction operations are iiidi(!ut<‘d in this way, it will always be best 
to find first the sum of tlio additive quantities, then the sum of tho sub- 
tractive quantities, and then, as in the foregoing example, to find the 
difference of the two results : in this manner the result of 125 1 427— 

684+237—15, is computed as iu the margin, and found to bo 90. So 
that 125+427-684+237-15=90. 

I shall here add a few examples to be worked in a similar manner ; 


From 130741302 
Subt. 80025704 

Hem. 44715688 


125 

427 

237 

789 

600 


684 

15 


6;.'0 


00 I’csiih. 


(1.) 361-8483-246-179=419. I 

(2.) 573-184+002 -07=924. I 

(3.) 86243+721-649-70+ 13-9=86319. 

(4.) 12064+700028-109641+637- 2604=601084. 

(5.) 23596-625 072311075-13758-35062:5+6879=68820882. 

In order to prove whether subtraction is correctly performed, add the remainder to | 
the number which has been subtracted, — that is, to the lower of the two proposed numbers ; 
tlie sum wiU bo the upper number, if tho w'ork bo correct : thus, in each of the two 
examples above*, we have 

Subtractive number 27385 8602-5704 
Remainder . , . 37542 44715688 


Upper number . . 64927 130741392 
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Simple multiplication. — MulUplication is the method of hnding the sum of 
any number of egiud quantities, without tlie trouble of re})cating them, one luidiT another, 
and addiiig them up ; it is a short way of obtaining the results of addition^ when the num- 
bers or quantiti('s to bc' added are all equal. AVheii the quantities arc not only equal, but 
all of one denomination, the operation is called simple multiplication. 

To perform this operation readily, a Uibk.^ called the multiplication tabic., must first bo 
learnt ; and the n'sult which arisf's from midtiplying one number by another, provided 
neither be greater than 12, must be committed to memory ; it is one of tlic few operations 
in arithmetic where the memory of rules is iiidisp('nsabh‘. 

The number by which another is to he multiplied, is called the multiplier ; the number 
which is multiplied, the multiplicand ; and the result obtained, and which, as just stated, 
is the same fis would be got by writing down tho miiltijdicand as often as there are units in 
the multiplier, and adding all up, — this: result is cjilh-d th(i product. The multiplication 
table shows what the product is in every case in which neither multijfiicand nor multiplier 
exex‘cds 12 ; and, by knowing this table, the product may always be found, whatever num- 
bers be proposed as multi] dicaiid and multiidier. It may be as well to mention hero that 
the numbers called by these names, Avhen si)okcn of together, are generally called factors 
of the product, as they ma/ee or produce it : thus, 2 and 3 are factors of 6, since 3 taken 
twice, or 2 tfiken llirce times, make or produce G. 
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Twice 

3 times 

4 times 

5 times 

0 1 

mc's 

7 times 

8 times 

9 times 

10 times 

11 times 

12 times 

1 are 2 

1 are 3 

1 are 4 

1 arc 5 

lure G 

lare 7 

1 are 8 

1 arc 9 

1 arc 10 

lure 11 

lare 12 

2 

4 

2 

6 

2 

8 

2 

10 


12 

2 

14 

2 

IG 

2 

IS 

2 

20 

2 

22 

2 

24 

3 

6 

3 

9 

3 

12 

3 

13 

3 

18 

3 

21 

3 

24 

3 

27 

3 

30 

3 

33 

3 

36 

4 

8 

4 

12 

4 

10 

1 

.0 

4 

24 

4 

28 

4 

32 

4 

3G 

4 

40 

■1 

41 

4 

48 

5 

10 

a 

15 

5 

20 

5 

25 

5 

30 

5 

35 

5 

40 

5 

45 

5 

50 

5 

55 

5 

CO 

G 

12 

G 

IS 

0 

21 

G 

30 

C 

30 

G 

42 

C 

48 

G 

54 

C 

GO 

G 

CG 

G 

72 

7 

14 

7 

21 

7 

28 

7 

35 

7 

42 

7 

49 

7 

5G 

7 

C3 

7 

70 

7 

77 

7 

84 

8 

10 

8 

21 

3 

32 

8 

40 

8 

48 

8 

5G 

8 

Cl 

8 

72 

8 

£0 

8 

88 

8 

9C 

0 

IS 

0 

27 

9 

3G 

9 

45 

9 

54 

9 

G3 

0 

72 

9 

81 

9 

90 

9 

99 

9 

103 

10 

20 

10 

30 

10 

40 

10 

50 

10 

GO 

10 

70 

10 

1 

80 

10 

90 

10 

100 

10 

110 

10 

120 

11 

22 

11 

33 

11 

41 

11 

55 

11 

CG 

11 

77 

11 

88 

11 

99 

n 

IK) 

11 

121 

11 

132 

12 

2j 

i j 

30 

12 

48 

12 


12 

72 

12 

81 

12 

9(> 

12 

108 

13 

120 

12 

132 

12 

144 


That the 

pi’oduct 

in 

an 3^ 

ea.st 

) is 

ivall 

y wiiat the; tahh 

! .states it to he, 

the 

h'a 

rner 

can 

easily prove 

for 

him' 

elf. 

; he 

lias 

on 

ly to 

trdee the m 

iltiplieand as 

often as 

ther 

^ :;i'o units in 


the midtiplier, and, Ijv addition, to find the sum of all ; thu.s, the table states tbato times 
6 are 43, which is tiuo, hi'cau.a' G, writtt'U eiglit limes, and all added, ])roduce 18, that is, 
* (] (? (i r, !- (i q G I (; + (5 — 48. 

and so of any other pair oi' fartnrs Avilliin Ihc limits of tlie table. 

I. 117/rn the M nUij'lirr is nal i/rcatcr than 12. 

Hum:. — Put the multiplier under tin- i!inlti[dicand, units under units ; and, by aid of 
tho table, luultiply each figure of tlie multiidicand, commcmcing at the units’ figure, by 
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tile mulLiplier, Set doisTi the right hand figure only of the product when it is a nimihcr 
of more than one figure, and carry as in addition. 

For example : multiply G432 by 4. The multiplier 4 being 
Multiplicand 0432 pliiccd under the multixdicand 6432, as in the margin, \vo proceed 

Multiplier 4 thus: 4 times 2 are 8 : 4 times 3 arc 12 ; 2 and cany 1 ; 4 times 

• 1 arc 16, and 1 arc 17 ; 7 and eaiTy 1 ; 4 times 6 are 24, and 1 

Product . 2 o72S . 


A beginner, with the table before him, can easily perform opera- 
tions of this kind ; but he must learn to work them without looking at the taljle. It is as 
well to show him the time and trouble saved, by actually exhibiting tlic work 
6432 of such examples by addition, as here annexed. The following, worked like 
0432 the example above, reouirc no fuither explanation : — 

9073214 073S7 204135 

9 10 12 


6432 

6432 


78326 

8 


25728 


02G(iU8 81G58026 573870 3109620 


The multiplication by 10, as in the third of these examples, requires, in fiict, no actual 
work, or reference to the table. You know that a number becomes ten times as great by 
simply putting a 0 after the figures ; this causes each figure to advance a xdaco to the 
so that its local value is increased tenfold. In like manner, a number becomes mul- 
tiplied by 100 when two O’s are added to it ; h}’’ 1000 when three are added, and so on, 
as is evident from numeration. The cipher,, though in itself of no value, thus plays an 
important part in our notation ; by filling up what would othor'wuso be gaps between 
figures, it keeps them in their proper places, and prcseiwcs their local values ; and by 
being put after a number, it has the cifect of multiplying that number by 10, 100, &c., 
according as it is vrritten once, twice, &c. 

The sign for multiplication is X placed between the factors^ thus : (1.) 346 X 7 = 2422. 
(2.) 6047 X 5 3023-5. (3.) 24G053 X 6 = 1476318. (4.) 53274 X 800 42G19200. 

In working this fourth example, the plan is to consider 8 only as the mul- r;3‘^74 
tiplier, and to put the ciphers to the right of it, as in the niargin, annex- 
ing them afterwards to the product by 8. (5.) 470329 X 11 == 5173619. 

(6.) 375842 X 1‘2 = 4510104. 42019200 


II. When the Multiplier is greater than 12. 

Rule. — Place the multiplier under the nujltiplicaud, units under units, tens under 
tens, &c. 

Commencing with the unit.s’ figure, multixdy by each in succession, and anmngn the 
several rows of results, so that tlie first figure on the right in each row ma}^ he directly 
under the multiplying figui'e that produced it. Add up all those products, and the sum 
will ho the comifietc product. 

For example, if wc have to multiply 426 by 34, we place the 34 under tlu; 

26, and proceed thus : 1 times 6 are 24 ; 4 and carry 2 : 4 times 2 arc 8, and 
2 are 10 ; 0 and carry 1 : 4 times 4 arc 10, and 1 ai-e 17. The first row is Jiow 
com])lctcd, and wo begin anew, with the next figure, 3, as multijilior, taking 
care to put the first figure we get in the now row directly under this 3, 3 times 

G ai’C 18 ; 8 and carry 1 : 3 times 2 arc 6, and 1 arc 7 : 3 times 1 arc 12, The 
rows are now omnpleicd, so that, drawing a line and adding up, we find the 
inoduct to 1) ; 1M84. 


426 

34 

1704 

1278 


14184 
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1704 

12780 


14484 


426 

034 

1704 

12780 

213000 

217484 


2647 

356 

356 

2047 

15882 

2492 

132,36 

1424 

7941 

2130 


712 

942332 



9423132 


You see from the local position of our second multiplier, 3, that it is in 
reality 30, and 426 X 30 = 12780 ; adding this product to the former product, 
that given by the 4, as in the margin, the whole product by 34 must neces- 
sarily be the result ; and you see that it agrees with that above. 

If our multiplier had been a number of three figures, as 534, then, to the partial 
products above, we must have added the product due to the 5 ; which, having 
regard to its local value, is 500 ; and if we retain the noughts, the whole opera- 
tion would bo as here annexed. And it is plain that we may always omit 
the noughts, provided we take care, as the rule directs, to put the first figure 
of each partial product directly under the multiplying figure, which supplies 
that product. It is worthy of notice, too, that the product will always be the 
same, whichever of the two numbers bo regarded as the multiplier: you 
may easily satisfy yourself that 426 multiplied by 534, is the same as 534 mul- 
tiplied by 426. To bo convinced that this principle is perfcotly generd, you have only to 
assure yourself of the fact within the limits of the multipli- 
cation table, which you may do by replacing multiplication by 
addition, as shown in the first example, p. 11; that is, proving 
to yourself that 3 times 7 is the same as 7 times 3 ; that 5 times 
8 is the same as 8 times 5, and so on, as the table declares : be- 
cause, whatever bo the two factors, the multiplication of one by 
the other is made up only of multiplications within the limits 
of the table. It is in general most convenient to take that for 
the midtiplier which gives tlic fewer partial products, or rows 
of figures. (See the operations in the margin.) The learner may now exercise himself 
in the process, by showing that the following statements are true : — 

(].) 4214 X ‘^4 = 101130. (2.) 058X^143 = 159891. 

(3.) 3264X2300 = 7507200. (4.) 15607X3094=48288058. 

(5.) Showthat213X010 = 9X9XllX8X7X3. (6.) Show that 2048 X 1936 = 64 X 
121X32X10. 

When the multiplier consists of two figures, forming a number greater than 12, there 
are two partial products, or rows of figures, to add up ; hut, with a little 
adch'css, the product niay he written down at once, whenever the multi- 
plier docs not exceed 20. Suppose, for instance, it were IG, then, if we 
multiply by the 6, and, as we go on, add in not only ^vhat we carry 
from any figure of the multiplicand, but also the iiiiinediately 
ceding figure of the multiplicand, the complete product will be obtained 
in one lino, as in the margin; the operation being carried on thus ; 

6 times 8 are 48 ; 8 and cairy 4 : 6 times 7 arc 42 and 4 are 46 
and 8 are 54 ; 4 and cany 5 ; 6 times 3 are 18 and 5 arc 23 and 7 
are 30; 0 and cany 3: G times 2 arc 12 and 3 are 15 and 3 ai’c 18: 

8 and carry 1 : 1 and 2 are 3. It will be advisable for the learner to 
practise this short way with the multipliers, 13, 14, 15, 16, 17, 18, 

19. Multiplication, which is thus performed in one line, is called 
ahort multiplication ; when there are more lines, it is long multiplication. 

Method of proving multiplication hy casting out nines. 

I shall here mention a useful method of trying whether the product of two numbers is correct ; but 
I must postpone the explanation of ihc principle of the method tiU you arrive at Algebra. I can only 
mention here, that if any number be divided by 9, the remainder will be the same as would arise from 


2378 

k; 

38048 
This is the 
same as 
2378 
16 

14208 

2378 

38048 
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I dividing the sum of the figures in that number by 9 ; for 10 is equal to once 9-f-l ; 100 is equal to 11 times 
1 9+1 ; 1000 to 111 times 9+1 ; and so on : that is, the remainder arising from dividing I, followed by 
i any number of noughts, by 9, is always 1. Consequently the remainder arising from dividing 2, or 3, or 
I 4, &c., followed by anynumberofnoughts,i8 2, or 3, or4— the same as the figure preceding the noughts. It 
therefore follows, that whether we divide a number, such as 4326, which is of course 4000+300+20+G, 
j by 9, or simply divide 4+3+2+G, that is 15— the sum of the figures —by 9, yve must, in each case, get 
1 the same remainder. This property, taken in connexion with the principle referred to above, and to be 
proved in Algebra (see the multiplication of compound quantities in Algebra), suggests the following 
I rule : — 

Rule.— A dd together the figures of the multiplicand, not counting any 9 that may occur, rejecting 
■ also 9, whenever, in adding up, the sum amounts to 9 or more : when all the figures are added, the 
I result will therefore be less than 9 : note this result. Proceed in like manner with the figures of the 
t multiplier ; noting the result. Multiply the two results together ; retaining, as before, only what is 
left after the rejection of all the nines the new result contains. Do the same thing with the figures of 
i the product ; and compare this third result with that just found : if the two be the same, the work 
I may be presumed to be correct ; if they differ, it is certainly wrong. 

I The usual way of noting the four results is to make a cross, to put the first in the left hand opening; 

the second in the opposite opening ; the third above, and the fourth below. If the upper and lower 
I results arc the same, the work is most likely correct, but otherwise it is wrong. 

I Let us proceed in this way to test the accuracy of the work at page 12. Commencing 
at the right of the multiplicand, we say 7 and 4 arc 11, therefore rejecting 9, 2 and 6 
j arc 8 and 2 are 10 : the first result, therefore, rejecting 9 from this 10, is 1, which wo 
I place in the opening of the cross to the left. Taking now the multiplier, we say 6 and 
' 5, II ; 2 and 3, 5, the second result, which we place opposite the former. The product 
! of the two is 5, with no 9 to reject: this is the third result, to be placed above. Lastly, 
j taking the product, we say 2 and 3 are 5 and 3 are 8 and 2 are 10 : 1 and 4 are 5 ; w’hich is the fourth 
' result, and, as it agrees with the preceding, we conclude the work to be correct, 
j It is plain, however, that if any of the figures in the product were made to exchange places, the 
[ agreement of the third and fourth results would remain, though the product would be wrong ; as would 
also be the case if one figure of it were increased and another diminished, by the same number : all, 
therefore, that we can safely infer, is, that the agreement spoken of mtest have place if 
the work be correct ; so that if it fail the work is wrong. Suppose, for instance, that 
we had made 73084163x7584=554270392192 : then, applying the test, we get, from the 
first factor, the result 5; from the second, the result 6 ; and from the product of these, 
the result 3 : but, from the above-stated product of the two numbers, the result is 4 ; 
this product, therefore, is incorrect ; and, upon revising the multiplication, we find 
that the 3, after the nought, should have been a 2. 

Simple Division. — Tlio operation by whieli we find how many times one number 
or quantity is contained in another number or quantity of the same kind, is called diviamh 
It is also the operation by which we find the 4th part, the 6th part, &c. of a number or 
qiiantity. The number or quantity divided is called the dividend; that by which wo 
divide it, the divisor ; and the result obtained, the qmtient. 

You must not fall into the common mistake of considering the quotient to express 
always how many times the dividend contains the divisor : the 4th part of a mere number 
tolls us how many times that number contains 4 ; but the fourth part of a quantity— 2 ^ 
sum of money, for instance — is just the fourth part, and notliing else ;--it is itself also a 
sum of money. The division is called simple when the quantities concerned are of but 
one denomination ; when you come to the division of compound quantities, you will find 
some further remarks on the true nature of division in general ; at present both dividend 
and divisor, and therefore the quotient, are to be regarded as mere numbers. 

I. When the Divisor is not greater than 12. 

Eule. — Place the divisor to the left of the dividend, with a mark of separation, thus ), 
between the two. 
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Dray/ a line bcneatli thu <iividend, and, by the multiplication table, imd how many 
times thci divisor is contained in the first figure of the, dividend, or m the number expressed 
by the first tuo figuv'ss, or even in the mirnber expressed by the first t/rrcc figures, should 
the nuniher given by the fir.st, and even by the fiiot two, be snialltr than the divisor; and 
write the quotient under the line, talcing e;mc to observe what is o?;rr, as the divisor 
may bo contained a certain number of times in the number expressed by the leading 
figur(' or figures, and leave something over. 

Jh'oecvd to the next figure of the dividend; regard v^hat was over, if anything, 
to bo prcfui'd to it ; and find how many times the divisor is contained in the number 
you thus get; putting the quotient dow, and, as before, cany ing what is over to the 
I next figure of the dividend, to which you must regard it as And in tliis way 

I figure after figure of the complete quotient is to be found, till all the figures of the divi- 
dend have been used. Should there be anything over at the end, this is called the 
j rcmn{))d(‘r : it is to be VTitten beside the quotient tigui'cs, with the divisor placed under 
i it, and a line of separation betw'oon them. 

I Suppose, for example, we have to divide 2d602 by 3, then placing divi- 3)2oG02 

' dend and divisor {•]) as in tlui margin, we proc.ccd thus ; — 3 is contained in 

i 2, 5/0 times ; so that nothing is to bo placed under the 2 : 3 is contained i a 2o, S534 

! 8 liir.es and 1 over; 8 and carry 1 : this 1 , regarded as /UY'/fj-ec/ to the G, 

, gives Ifi.' naT.ib,-'!’ If): vro theveiore .s:iy : in 1(>, o limes and 1 ovi'i- : in 10, 3 times 
j and 1 ovc'r : )) in 12, 1 times. 3’herrfore, tin* quotient Ls 8o31 ; and this is the eo/ny/A/r 
quotient, as there is iio rcniai}id(i\ 

j Again, sup])OS,j it WC'iY' ]»rej>e,'''(l to (livlde 7f-')ir.23 ])y o, we se.ould 
j say, o in 7, 1; and 2 over: d in 28, d; and 3 (.ver: d in 30, 0; d in 0)7801023 

! 4, 0: d in fi), S); ;md 1 over: d iii 12, 2; and 2 over: d in 2-3, 1; and 3 — 

j ovei'. As i]]ey(' is liere a remaind r i>, wt* annex it, wilb. the di\ is- r I'Un),)21;i 

! under it, to llie figures of tlie quotient, and call 1300021;-}, the com- | 

I plc'LC (p'dt td. 

I The ];riju iple n.])on whi di 'diae fwegning o))crrdi<m depends is piY'tly eviT nt : the 
I leading ti'gui'i' in tlie divid' nd above i-. 7fi00')()0 : f he fiftli ])art of tliis is J 000000 and 
2000000 ever; tliat is, with (ha local valiu' I'f the next I'igun' 8, 2;')i;0{;00 ; liu' fifth part, 
of this is dOOOOO, and 300000 besides; the fifth ]iart of whiidi is fiOOOO : tin- fifth part (d' 
the 4000 — the local value of the next figure- ds 0 thonsamls, and 4000 o\'e]’; thd:?, with 
the lof'.'il value of the 0, is 4000; of xvliieh tdie iifth part is 000, and 100 over; this, 
with the 20, is 120 ; the fiftli part of which is 20, and 20 over ; and lastly, fifth jiart 
of the remaining 23 is 4, and 3 ov'er ; and, to iuiply that this 3 still remains to be divided, 
it is put down with the 5 underneath ; bi'cause one numb('r, placed in this way under 
another, is a form frequently used to denote that the upper number is to be divided by the 
lower. Hence the fifth part of the proposed number is 15G0024, and the fifth part of 3 
besides : this (piulicnt being made up of the several parts which arise from taking a fifth 
j of each of the above-mentioned component portions of the number. 

j The 8i(jn for division is which stands for the words divided hy : thus, G -f- 2 =::3 is 
a short way of stating that 6 divided by 2 is equal to 3. As noticed above, there is an- 
other way of indicating division, namely, by putting the dividend above and the. divisor 
below, a short line separating the two: thus, f = 3 expresses the same thing as the 
notation above. The learner may exercise himself in the rule just explained by proving 
by it the truth of the following statements expressed in one or other of the forms of 
notation here adveiied to : 
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(1.) 218;509r> ^ 3 == 7283G.5. 
(2.) 220SIS4 -f 8 27G023. 
(3.) 47051 J 12 G =r. 7811902. 
. . . 46250cS 

(4.) ^ 115G27. 

(5.) 139214J. 


( 6 .) 


13900424 


198577412 


( 7 .) 

(S.) 

( 0 .) 


237.5920 

- ~iY~ 


21 5992 


12“ .. 3857110;} 
0.5283020 


10 


C52S302," 


It is plain that divisinn by 10 rocjuiras no work ; Ibo qnolicnt is always tiro dividend ; 
itself, wanting the last figure, which is the rvntainilv)\ and which, therefore, wiittcn as in . 
this last example, witli the divisor iindornealh, coirpdot's the quc/vleiit. In a similar way, 1 
to divide hy 100 we have sinqdy to (‘ut oil" itvo fgu.\'S fi’oin the dividend for remainder; 
to divide hy 1000, to cut of iJiVve fgures ; and so on ; thus, — 

-= 781,-, 


7MI this is obvi -us, because i 

78510 - 78500 -I -10 - 78500 -l 510, 

IT. ]]'r(n Ihi' "nii'ls:))- i\. thau 12. 

Ilu]/E. — T'la?(' llie divisor to llu- I dl -d' ihc d' •. idijiul a:-; iu the former easa, and to the 
right mark of’ a plaire for the fgures of the quolit nl. 

kind how uiaii}^ limes the IcUiUiuj Jlj'ivc of tiio divisor is contained in tliat of the 1 
dividend, or in the iiumLer o\'])i’'‘s. ed hy tlie il.-sl, two figauvs, if th(> l-ading figure of ! 
the dividend he smaller than the.t of tin. divi, or; and put the figure expressing the ' 
number ortiiiies in the quolimit’s place. 

]V[ulti])ly llu' divisor by this first quoti. nt-f gure, and subtract the product from the , 
nuiidicr formed by the loading figureSiif the <]i^'id. iid, and to tlic remainder annex the next 
fgurc of the dividend. Th(' numher thus formed will bo a now dividend, and tht‘ nnm- ; 
bor of times it oonLaiiis the divisor — to bo found as before — will 1)C the second quotient- 
fgure, the product of which and the Jivusor, being sub tractial from the new dividend, will j 
give a second remainder, to which the next figure of the original dividend is to he j 
joined, and the operation eontimied till all llio figures of the dividend Iiavo been used. 

An example worked at length will explain the operation better than any verbal rule. 


Let it be required to divide 2504 38 by 316. 

Placing the divisor on the li'ft of the dividend, and marking off a 310)250438 (741 
place for the quotient on the right, wc look at the leading figure of 
the divisor and also at that of the dividend, wuth the view of seeing 1423 

whether the latter contains the former, which it does not, 3 being 1384 

greater than 2 : wm therefore commence with the number 25, formed 
by the first tieo figures of the dividend, and seeing that 3 is eon- 3^g 

tained in 25, 8 times, wo should put 8 for the first quotient figure ; 

but bearing in mind that, when the whole divisor is multiplied 52 

hy this 8, we must attend to the carryings^ wo perceive that 8 



mam 


tS^m ik^Mo^mtm*^%» ^ImMm of mik «iiA ^ ^ iiwti i li l Mr jy 

4Mdmi W$ 

imr iak^ m m a Mvid^ ioi4»loQ]cliH|4»l3^at|M4Ei^J^N^lAM l 

ireoeotM ^ li^ fy^l^loci^ ittmep; 

l»rtbe^9QBoad^iioti^^ aa4iftn3 :% lyag*i>d«ijb^^ , 

VsitiMbr; tmd, S^fMafing 4oim maSker %iu^ 398 fox a »0w#Hte4: IboMior 
ym Into <ij»ow^;<ottotti&^iio<ac!itio 741, aa4 tlkiiWNiMe^ 

•• la tlM fomex oaae, mast bo aanOzed, mtk ibo ditiior tmdormlb, to tlii ^ootoit- 
%!im ; 00 tbat the ooii^[deio ^piotioat l» 741^^ arbicb lo tbo 348tb part of 986488^ Of 
Ike tratb of ibis you mej eouvinee fotmeli bf oboorting lihat 286488 baa hem eat ap 
iaioiMatsm»ondtbe84i^paitofei^ fbrUwwiab 

abova is aotl^ else but that bw© aimcaed, with useless Topeihhnis 
sappxeaeed* Aooor^yhig to this acrangment it Is at mee seea that mwjo 

709 is iho^46ili part of 242200, that 40 is the 84^ part of 13840, 846) 14288(40 

aadllto 1 is the 346th part of 346, and that of 82, the 346th part, 13040 

stOl remains to be taken* Now, 242200 18840 -f 846 -f 82 aa 848) 3980 

286433 1 cfuauBeguently 741, together with is the 346th part of 34g^ 

the suiaber proposed. . — 

It must be notioed that if sny dividend, formed by a reaudnder 
and a figure brought down, i^uld be Uu than fi^e divisor, that the _ . 48185 / 16 $ 
diftsor wfil go m ime$ in ifiiat dividend ; so that a 0 will be the oor- * ^ 4 j 2 ^ 
rei|»epsdlng ^uotimit-figare ; and that then a eeeond figure must be —— 

bMOght down, as in timnpendicm here annexed; where the complete * ^ 

quotient is 102^. ^ 

There is ano^er thing also to be attended to. Sometimes the 21 

divisor mids with seroe or noughts : when such is the case, the best 
wsqr is to eut the ciphers ofi^ and ©atirely to disregard them in the 

fitfiauw, cutting ofi^ however, at the same thne, aa many figures from 

^e end of the dividend, which latter figures help to fbna the final 2828 

femainder: you will see by operathsg on the same example first 3700 

with the eiders retained, and then wi^ the dphers diamis^ that 
nothing k omitted but uaeleas ciphers : the coo^dete qnotient being, 
hf eS0m iray, ^ emnj^eting the fuotieiit, by means 27,00)1648;26(6i 

af the remainder, you must, of course, ts3m care to restore the 
^ci^phmthat weml3mponad|y oat off from the ^vi^ in some boohs ^ 

tm ms^mmt&e this has been frogotten. The lialliowing examples am 
idldjldn sd for pmotiee Ikm* 116 

(t) ** *88» 

(2.) 189894 -r 668 « m 
0^) 

(1) nm -i-tmm 


4T2)48]6fi(102 

472 


2700)164224(61 

16200 


Bmb. 126 

27,«e)164S;«(6l 

I6l 


It tff ., lU 


O') - " illjj" *- * *70*9iA» 

mimm ~ 'em m mmoi^ 






If ^ »awwiiil^ ^ 

i^w»^:lotw» m 

iirlummm ^ itt e#»«4 iB»5tW ^ T^ 


Tlid«)pmtlonJi^ 4ivii»»^ A9 4&#«fi^ 

xmioM«V^pr9O0aiag este^ w^Mra lib» aM«cR> is not gxsisi^ Ws IS. 
be &mA le be tbe produet of Siotorsr eaob of vlilBk does emed.#dp( Ube 
ditisioii miB^ be perfbcnied by soeoee^'vo apyUoatos of die a&oMSTMde^ wy 

divide tot by one totor, then die qnottot by snotber totofi die ne# fOOtot by e 
thi]?d toter; sad so o% tUl ail to totors have been used. 

It ll*|>ossible that to division by to tot tote may leave a jremafatder;^ if io^ It 
moirt, of oonne^ be preserved ; to division by to second totof may also Itoe « 
nmdxtder ; if so^ yon most mnl d^T it by to Jlr«t divisor, and add in to fonner 
mainder; to result wiU be to complete remainder as to as to operadon has been 
earned: if there be a told dl^<Haf and a tod remainder, yon uniat mnldplyk by bod& 
to Jlrtt md mmd divisors, adding in to tomer complete rmnaiiider : and so <% till all 
to divisions are completed. For emople, suppose ive have to 
divide ^14 by 63 : ton rfnoe 63 «b37 x 9, ve may operate as in 7 ) 882U 
to margin : to dual ^otteut being 60d|f . In Ukc rnsamer, if 54$P...l 

we have to divide 24611 by 128 ; ton, since I26am8 X 6 X 7, to * 

Operation, by ihmt divisioB,’ is tot bote mmezed : to mmdnder 6Q6.. Jdmm 

fhxm to first division is 2; tot tom to second is 1; and tos 1, S) 240U 

multiplied by to first dhisor 8, and to former remainder being ^ 

taken hi, gives 6 for to complete second remainder : to remeiiider 6) 82fi6...2 

from to thxfd division is 2, which multiplied by 3, said by 6, tetft ^ « 

to fofimer divisors, tot is by 13, gi w 36 ; u^ieh, with to pre- 

cedh^ rmnamder 3, makes 61 to final omnplete remainder ; ldd...41fem. 

hence to compote (quotient is j 

The method here described of obtaining to final remainder, and Ikmae coaipleting 
to q[uctient, cannot be clearly explained till some knowledge of fim^om is sc* 
quired : parts <4 a whole, as one-half, cme-third, two-flfto, 4te., and which are denoted 
called /rsel*w« .* when you are a UtSe acquidated with to manage- 
ment ^toee, yon will plainly see to reason of»to foregoh^;; dfrootois. 


6Q6..J6iem. 


3) 24611 

6) mm»s 
n lSr..4 


ldd...41fem. 


t7p0i| topriaciples now drfiveri^d depend all to operatioDs of arithmetic. la w|«sfc 
W preceded, toy have been apidied only to what are ealjtid ahttraet numbers, w^ent 
any mtotemeh^pfwtoiteoi^dcteo^ Itrematoteshcwtoaii^dioattotfto 

same pvMito ^ ^ 

4nij|» bn to ^ * fey 2bWte eommgted whh^ ^^^yldto s 

begteto 
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is too great, we therefore try 7, and find 7 times 346 to be 2422, a number Uai than 2564 
above it, so that wo can obey the direction of the rule and subtract : the remainder is 
142, which, when the next figure of the dividend is brought down, becomes 1423. We 
now take this as a dividend ; and, looking only at leading Jigures in this new dividend and 
in the divisor, wo see that the latter will go^ as it is called, 4 times ; we therefore put 4 
for the second quotient-figure ; and multiplying and subtracting, we get 39 for the second 
remainder ; and, by bringing down another figure, 398 for a new dividend : the divisor 
goes into this once; so that the quotient is 741, and the final remainder 52 : this remainder, 
as in the former cose, must be annexed, -with the divisor underneath, to the quotient- 
figures ; so that the complete quotient is 741^^, which is the 346th part of 256438. Of 
the truth of this you may convince yourself by observing that 256438 has been cut up 
into portions, and the 3 16th part of each portion found ; for the work 
above is nothing else but that here annexed, with useless repetitions 
suppressed. According to this arrangement it is at once seen that 
700 is the 346th part of 242200, that 40 is the 346th part of 13840, 
and that 1 is the 346th part of 346, and that of 52, the 346th part, 
still remains to be taken. Now, 242200 -|- 13840 -f 346 02 =: 

256438 ; consequently 741, together with is the 346th part of 
the number proposed. 

It must be noticed that if any dividend^ formed by a remainder 
and a figure brought down, should be less than the divisor, that the 
divisor will go no times in that dividend ; so that a 0 will bo the cor- 
responding quotient-figure ; and that then a second figure must be 
brought down, as in the operation hero annexed ; where the complete 
quotient is 102^. 

There is another thing also to be attended to. Sometimes the 
divisor ends with zeros or noughts ; when such is the case, the best 
way is to cut the ciphers off, and entirely to disregard them in the 
division, cutting off, however, at the same time, as many figures from 
the end of the dividend, which latter figures help to form the final 
remainder : you wUl see by operating on the same example first 
with the ciphers retained, and then with the ciphers dismissed, that 
nothing is omitted but useless ciphers : the complete quotient being, 
by either way, 61,*^. In th\is completing the quotient, by means 
of the final remainder, you must, of course, take care to restore the 
ciphers that were temporarily cut off from the divisor : in some books 
on arithmetic this has been forgotten. The following examples are 
Bubjbined for practice 

13301 


346)256438(700 

242200 

846) 14238(40 
13840 

346) 398(1 
346 

62 

472)48165(102 

472 

965 

944 

21 

2700)164826(61 

16200 

2826 

2700 
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27,00)1648,26(61 

162 

28 

27 

Rem. 125 


(!•) 

( 2 .) 

(3.) 

(«.) 

( 6 .) 


= 7961*. 


47 ~ 

159894 658 = 243. 

27864 3 
35 

780967 4- 3700 = 211*%- 
36326599 _ , 

- 134 ^ = 27069 ,*!. 

8939040647 ~ 6889 


{JQ,) ~ = 671787dA#* 

To prove whether the quotient, in any case, is correct, you have only to multiply it 
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and the divisor together : the product will be the dividend, if the operation is oorreot^ 
as is obvious ; for the object of division is to find a number such, that 
that number of times the divisor shall make the dividend. In thus 
proving division, if there be a remainder^ you add this remainder to 
the product of tho divisor and quotient-figures. For example : to prove 
whether the work at page 16 is correct, we multiply and add as in the 
margin; and as the result is the same as the dividend, we may be sure 
that the quotient is right. 

III. Whm the Divisor is composed of Factors^ none of which exceeds 12. 

The operation just explained is called hng division, to distinguish it from the shorter 
process ’of tho preceding case, where the divisor is not greater than 12. If any divisor 
be found to be the product of factors, each of which does not exceed this limit, the 
division may be performed by successive applications of the shorter rule : for you may 
divide first by one factor, then the quotient by another factor, the new quotient by a 
third factor; and so on, till all the factors have been used. 

It is possible that the division by the first factor may leave a remainder ; if so, it 
must, of course, be preserved: the division by tho second factor may also leave a 
remainder ; if so, you must multiply it by the first divisor, and add in the former re- 
mainder; the result will be the complete remainder as far as the operation has been 
carried : if there be a third division, and a third remainder, you must multiply it by botli 
the first and second divisors, adding in the former complete remainder : and so on, till all 
the divisions are completed. For example, suppose wo have to 
divide 38214 by 63 : then since 63=7 X 9, we may operate as in 
the margin : the final quotient being 606|f . In like manner, if 
we have to divide 24611 by 126 ; then, since 126 = 3 X 6 X 7, the 
operation, by short division, is that here annexed : the remainder 
from tho first division is 2 ; that from the second is 1 ; and this 1, 
multiplied by tlie first divisor 3, and the former remainder being 
taken in, gives 5 for the complete second remainder : tho remainder 
from the third division is 2, which multiplied by 3, and by 6, both 
the former divisors, that is by 18, gives 36 ; which, with the pre- 
ceding remainder 5, makes 41 the final complete remainder : 
hence the complete quotient is 19o-j^. 

The method hero described of obtaining the final remainder, and thence completing 
the final quotient, cannot be cloai’ly explained till some knowledge of fractions is ac- 
quired : parts of a whole, as one-half, one-third, two-fifths, &c., and which are denoted 
by &c., are called fractions : when you arc a little acquainted with the manage- 

ment of these, you will plainly see the reason of.thc foregoing directions. 


7) 38214 
9) 5469... 1 

606.. .86rem. 
3) 24611 

6) 8203...2 

7) 1367...5 

195.. .41rein. 


472 

102 

944 

472 

21 Rem. 


48166 


Upon tho principles now delivered depend all tlic operations of arithmetic. In what 
has preceded, they have been applied ohly to what arc culled abstract numbers, without 
any reference to particular objects or articles. It remains to show the application of the 
same principles to concrete quantities ; that is, to real commodities, or things — as to money, 
-lyeights, measures, &c. And, ^ order to this, a few Tables connected with these matters 
must first be given. 
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TABLES OF MONEY, TIME, WEIGHTS, AND MEASURES. 


•SASLEB OF MONEY, TIME, WEIGHTS, AND MEASUREH 
L— Mo«bt. 

Oold Qmuu 


Sovereign (one pound) 
Half-sovereign 
Guineat 
Half- guinea 


Weight Wojr. 
dwt. gy.* 

I 


Crown . 
Half-crovim . 
Shilling 
Sixpence 
Fourpenny-pi ece 
Threepenny -piece 


Weight troy, 
dwt. gr. 
18 ^ 


Pence Taik^ 


s. d. 

0 1 

s. d. 

50 pence make . .42 

s. d. 

100 pence make . 8 4 

1 0 

60 „ 

. 6 0 

108 

9 0 

1 8 

70 

. 5 10 

110 

9 2 

2 0 

72 

. 6 0 

120 

. 10 0 

2 6 

80 

. 6 8 

130 

. 10 10 

8 0 

84 

. . 7 0 

132 

. 11 0 

3 4 

90 „ 

. .76 

140 

. 11 8 1 

4 0 

96 

.80' 

144 

. 12 0 i 


4 farthings make 
12 pence „ 

20 „ 


A farthing, — that is, one-fourth of a penny, — is represented thus, ^d.\ a halfpenny, 
thus, Jd, i and three farthings, thus, %d. To express a fraction of a farthing, the letter/is 
put against the fraction ; thus, \f. means half a farthing; f/, three-fifths of a farthing, &c. 

II.— Time. I III.— Avoikdupois Weight. 


60 seconds . . make 1 minute. 

60 minutes . . ,» 1 hour. 

24 hours ... „ 1 day. 

7 days ... „ 1 week. 

52 weeks 1 day, or 365 days „ 1 year. 

366 days . . . , „ 1 leap year. 

IV. — Troy Weight. 

24 grains (gr.') . make 1 penny wt. 

20 pennyweights (dwt.) „ 1 ounce. 

12 ounces (oz.) . „ 1 pound. 


V. — Apothecaries’ Weight. 

20 grains (jrr.J . . make 1 scruple. 

3 scruples (3; . . „ 1 dram. 

8 drams (5; . . . „ 1 ounce. 

12 ounces (oz., or 5) • • » 1 pound. 


12 inches . ma 

3 feet . 

6 feet . 

5J yards 

4 perches, or 1 00 links 
40 poles 

8 furlongs . 

3 miles 


VI.— MeasupvEs of Length, or Long Measure. 
make 1 foot. I 


1 yard. 

1 fathom. 

1 rod, pole, or perch. 
1 chain (22 yards). 
1 furlong. 

1 mile. 

1 league. 


inches 

4 nail.s 

5 quarters 
3 quarters 


16 drams (dr.) . make 1 ounce. 

16 ounces (oz.) , „ 1 pound. 

28 pounds (Ih.) . „ 1 quarter. 

4 quarters (^r.), or 1121b. „ 1 hundredwt. 

I 20 hundredweight (cwt.) „ 1 ton. 


make 1 nail. 

„ 1 qr. of a yard. 
„ 1 English ell. 

„ 1 Flemish ell. 


• The mark dwt. stands for pennyxcciqhtSy and gr. for grains: see the table of Troy weight. 
The learner can scarcely require to be informed that £ stands for pounds, s. for shillings, and d. for 
I pence. 

j + The coin guinea has been long abolished, but the name is still retained for 21s. The name pound 
is given to 20s., because the quantity of silver in this sum originally weighed a pound troy. 


KBDUOTION. 


Id 


yiI.---3!lifiAatn5UC8 09 ob S^^uabe Mba^ujce. 

144 square inebes make 1 square foot. 

9 square feet ...... 

80i square yards ..... 

40 square perches 

4 roods, or 160 square perches 
10 square chains, or 100,000 sq. links 

640 acres 

,100 square feet 

2724 square feet 


1 square yard. 

1 square rod, pole, or perch. 
1 rood. 

1 acre. 

1 acre. 

1 square mile. 

1 square of flooring. 

1 square rod of brick work. 


VIII. — Measuees op Solids, or Cubic Measure.* 

1728 cubic inches make 1 cubic foot. 

27 cubic feet 1 cubic yard. 

IX— Measures fob Liquid and Dry Goods. 

4 gills .... make 1 pint. I 4 pecks .... make 1 bushel. 

2 pints . . . . „ 1 quart, I 8 bushels . . . „ 1 quarter. 

4 quarts . . . . „ 1 gallon. I 2 cwt. of coals . . „ 1 sack. 

2 gallons . . . „ 1 peck. I 10 sacks . . . . „ 1 ton. 

It may be well to notice here, that the avoirdupois pound contains 7,000 grains, of ; 
which 5,760 make a pound troy; so that 144 pounds avoirdupois are equal to 175 pounds [ 
troy. The ounce troy exceeds the ounce avoirdupois by 42^ grains. The gallon contains 
10 pounds avoirdupois of distilled water, and its solid measure is 277 cubic inches and | 
274 thousandths of an inch. i 

Reduction- — Arithmetic is now to bo applied to concrete quantities, such as those 
named in the foregoing tables : hitherto its operations have been confined to abstract num- j 
bers. The name reduction is given to the methods by which quantities are changed to others j 
of the same values hut of different denominations ; as, for instance, the changing, or redttcinyy 
pounds to shillings, pence,, to farthings, yards to miles, minutes, hours, &c. to years, — j 
and so on. There are two rules for such reductions : the one applying when the quantity I 
is to be converted from a higher to a lower denomination, — as, for instance, from pounds ■ 
to pence ; and the other applying when the change is to be from a lower denomination to , 
a higher, as from pence to pounds 


I. To reduce a Quantity to one of Lower Denomination^ 


136 8 
20 


d. 

4f 


Kule. — From the table sec how many of tho next lower denomination mate 1 of the 
higher ; multiply by this number : the product will bo the 
number of quantities of tho next lower denomination. If 
any of tho lower denomination he connected with the 
proposed quantity, the number of those must ho added iu 
with the product. 

Suppose, for example, wo have to reduce £136 85 . 44^?. to 
pence. Then, as 205. make £1, we multiply tho number 136 
by the number 20, adding in the number 8 : tho product 
is 2728, tho number of shillings. Again, since 12 ponce 
make I 5 ., wo multiply this last number by 12, taking in the 
4 : the product is 32740, the number of pence. And lastly, 
multiplying Ibis by 4, because 4 farthings make Id, and 

taking in the 3, the number of farthings, we get 130963 for the number of farthings required. 


2728 numb.of shillings. 
12 

32740 numb, of pence. 

4 

130963 numb, of farthgs. 


• A euhe Is a solid of six equal square faces, like a common die. If tho edge of this fljjure be 1 inch, 
the solid is a cubic inch, while each face is a square inch. In a similar solid, of which the edge is 
1 foot, there are 1728 of the smaller cubes, or cubio inches. 
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REDUCTION. 


d. h. m. 
217 14 36 
24 

872 

435 

6222 

60 

313366 


You perceiTO here that, although we have been dealing with concrete quantities, yet, 
after all, our operations are performed entirely with abetraci numbers. We do not 
multiply £136 by 20, because we should then get £2728 for the product ; much less do 
wo multiply by 20 ehiUinge (as some books direct us to do), for to attempt to multiply 
by ehUHnge is to attempt an absurdity: **20 shillings times 136 pounds,” is a mode 
of expression as ridiculous as it is meaningless. 

As a second example, let it be required to reduce 217 days 14 hours and 36 minutes 
to minutes. Since 24 hours make one day, we multiply the number 
217 by 24 ; and in adding in the 14, wo include the units in the units^ 
amount of the product, — ^that is, in the first result of the first partial 
product, — and the tens (1) in the first result of the second partial product 
We thus get 6222, the number of hours ; this number we multiply by 60, 
because 60 minutes make 1 hour, and we add in the 36, — ^units with 
units, and tens with tens, as before . and we thus find the number of 
minutes to be 313366. 

Sometimes we have to multiply by a fraction^ as, for instance, when 
perches of length are to be reduced to yards ; for you see by the table that 
5 J yards make 1 perch : also, in reducing square perches to square yards^ 
we have to multiply by 30|, the number of square yards in 1 square perch. Now, to 
multiply by ^ means simply to take half^Q multiplicand, that is, 
to divide it by 2 ; and to multiply by means to take a fourth party 
or to divide the multiplicand by 4. This is certainly a departure 
from the primitive meaning of the word multiply; but it is sanc- 
tioned by common practice. It is customary to speak of two- 
and-a-half times this, or three-and-a-quarter times that; and so 
on: thus, two-and-a-half times 4 we know to mean 10; and two- 
and-a-quartcr times, 9. The way to introduce such fractional parts 
in the arithmetical operation will bo sufficiently seen from the two 
examples worked in the margin; the first being to reduce 248 
linear perches to linear yards, and the second to reduce 248 square 
perches to square yards. If the number of perches had been 249, 
the multiplier ^ would have given 124^, and the multiplier J, 62|. 

By aid of the tables, which ought, indeed, to bo committed to 
memory, you will easily be able to show the truth of the following 
statements, namely : — 


Linear perches. 
2) 248 

1240 

124 for i 

1364 yards. 

Square perches. 
4) 248 
30i 

7440 
62 for i. 

7602 sq. yds. 


(1.) 13s. 4d. = 160d. 

(3.) jgo 12«. 4J<i=4914 farthings. 

(6.) 17 lb. 6 oz. 14 dwt. troy = 4214 dwt. 
(7.) 29 days 3 hours 21 min.=41961 min. 
(9.) 289| gals. ^7664 gills. 


(2.) £32 Is. 6d. = 7698J. 

(4.) 27 2 qr. 22 lb. = 3102 lb. 

(6.) 131 mis, 3 fur. 10 per. 8 yd8.= 231278 yds. 
(8.) 37 acres 3 roods 12 perches = 183078 yds. 
(10.) 327 square perches —98911 sq. yards. 


(11.) 263 tons 18cwt. 3qr. 21 lb, =691211 lb. 

, To reduce a Quantity to one of Higher Denomination. 

Euls. — F ind by the table how many of the given denomination mako 1 of tho next 
higher, and divide by this number; the quotient will express how many of the next 
higher denomination are in the proposed quantity. In like manner, divide by the 
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7) 591241 
4) 84463 
4)21116...211b. 

2,0) 627^...3qrs. 

2G3 1. 8 cwt. 3 qr. 21 lb. 


number expressing how many of the new denomination make 1 of the next higher to it; 

and BO on, till the required denomination is reached. Suppose, 

for instance, we had to find how many pounds there were in 4) 2640897 

2640397 farthings. Dividing the number of farthings by 4, 

we get the number of pence — namely, 660099, and one 1^) 660099... 
farthing over. Dividing the number of pence by 12, wo get 20) 65003 8d 

the number of shillings — ^namely, 56008, and three pence over; " 

and lastly, dividing by 20, we get the number of pounds — J62750 8s. 3^rf. 

namely, 2750, and 8s. over. Consequently, in the proposed 
number of farthings, there are £2750 8s. 3|d. 

Again: let it be required to convert 6912411b. into tons, cwt., &c. As 281b. make 
1 qr., the next higher denomination to pounds, wo divide 
7) 591241 first by 28, or by 7 and by 4, the two f actors of 28, as it is 

4) 84463 better to use short division: we thus get 21115, the 

number of quarters, with 211b. over. This number, 

4)21115... 21 lb. divided by 4, gives the number of cwt. — ^namely, 5278 

and 3 qrs. over: and lastly, dividing by 20, the num- 

2.0) 527/ 8... 3 qrs. ^ ^ finally 263, the number 

263 1 8 cwt 3 qr. 21 lb. are 263 tons 8 cwt. 3 qr. 21 lb. in 

691241 lb. 

All this is so easy and obvious that I am sure I need not occupy space with any more 
workcd-out examples. I shall merely give one cautionary direction— -it is this : that 
when you have to divide by 6^, bring both this divisor and the dividend into fudves ; 
that is, double both; making the divisor 11, instead of 6^; but remember that the 
remainder will be so many halves. In like manner, when you have to divide by 30^, 
bring all into quarters ; that is, divide 4 times the dividend by 121, which is 4 times 30^ ; 
remembering, however, that the remainder will be quarters ; so that a 
i fourth part of the number, which is the remainder, -will be the number Square yards, 
of wholes. See the operation in the margin, where the factors of 121, ^ 

j viz., 11, 11, arc used to get the quotient by short division. This 

I quotient shows that there are 81 square perches, and 61 quarter-yards 11) 9852 

over; that is, 12f square yards : tlio- result would therefore be written, H) 895 7 
81 square perches, 12f square yards. ' 

The examples given at page 20 may be employed for exercise in this 81... 61 

rule, by taking in each the quantity on the right of the sign of equality, 
and converting it into that on the left ; but two or threo others are added here ; — 

(1.) 28635 8econds=7h. 67in. 16 sec. (2.) 10085760 gr.r=1761 lb. troy. 

(3.) 633600 inche8=10 miles. (4.) 397024 yds.=225 mi. 4 fur. 26 per. 1yd. 

(5.) 91476 sq. ft.=2 ac. 0 rds. 16 per. (6.) 100000 cubic in.=2 cub. yds. 3 ft. 1604 in. 

The four fundamental operations of arithmetic may now he applied, in order, to oom~ 

I pound quantities ; that is, to concrete quantities, of several denominations. 

I Addition of Compound Quantities. — To add together a set of concrete quan- 
t titles of different denominations, the rule is as follows : — 

KtTLE. — ^Arrange the quantities to be added one under another, so that all in the same 
vortical column may be of the same denomination. 

Add up the quantities of lowest denomination : find how many of the next denomina- 
tion are contained in the sum : put the remainder under the column, oqd carry the 
quotient to tho next column. 


Square yards. 
2463 
4 

11) 9852 
11) 895...7 
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lb. oz. dr. 

8 13 11 

9 10 13 
4 6 9 

11 11 15 
7 3 8 


Proceed in tliis way, from column to column, till all have been added up. 

The principle of this rule is too obvious to require any explanation ; 
£ the carryings merely transfer the quantities of advanced denominations to 

17 9 tlie columns in which those denominations are arranged, just as in the 

16 10 2^ addition of abstract numbers. 

7 2 9* Thus the sums of money in the margin are arranged bo that the deno- 

1 18 lol mination farihhiffs forms one column, the denomination pence the next, 

— shillings the next, and pounds the next. The sum of the farthings’ column 

85 14 0^ jQ which arc contained 2 pence, and there are 2 farthings, 

or ^ over ; this ^ is therefore put down, and the 2 pence carried to the 
pence column ; the sum of this column is 30 ponce, that is, 2s. : the Qd. is put 

down, and the 2s. carried to the shillings' column, the sum of which is 54s., tliat is, 
£2 14s.; we therefore say 14, and carry 2; and tliis 2 added in with the potmds' 
column, makes the amount of that column £85; therefore the sum of the whole is £85 
14s. 64d. 

It may be noticed that in adding up the shillings’ column of an account, the host way 
is to disregard the tens in that column till all the units have been added ; then, having 
reached the top nnit-figure, to proceed downwards taking in every ten that appears. 
Thus, in the present example, the sum of units’ column of sliillings is 24 ; 
so that, proceeding downwards, taking in each ten as wo meet with it, 
we say 34, 44, 54 ; so that the sum is 54s., or £2 14s. 9 10 13 

Two other examples ore here annexed; the one in Avoirdupois weighty 4 6 9 

and the other in Time. In the former the sum of the drams is found to ^7 ^3 ^3 

be 56 dr. ; by reduction, we find that in these drams there are 3 oz. 8 dr., 

we therefore put down 8 dr. and carry the 3 oz. to the next column, which 41 14 8 
gives 46 oz., or 2 lb. 14 oz. ; writing down the 14 oz., and carrying the 
2 lb. to the column of lbs., wc get 41 lb, for the sum of this column ; therefore the 
, , ^ whole sum is 41 lb. 14 oz. 8 dr. 

U. a. in. 8, 

34 13 9 15 In the next example the column of seconds amounts to 110 

18 9 0 37 seconds, that is, to 1 minute 50 seconds : the 50 seconds is put down, 

27 21 11 19 ^ 1 j 

14 18 4 ^ minute carried to the next column, the amount of which is 79 

10 7 14 IG minutes, that is, 1 hour 19 minutes, 19 and carry 1 : the hour column 

13 14 21 19 amounts to 83 hours, or 3 days 11 houm ; 11 and cany 3 to the day’s 

i iQ TO 'n column, the amount of which i.s 119 : therefore tho whohi amount is 

^ 119 days, 11 hours, 19 niinutos, 50 seconds. 

Subtxaction of Compound Quantities.— The subtraction of concrete quan- 
tities, of different denominations, i.s effected by ilic following rule : 

Bulk. — Place the less of the two quantities under the gi’cater, arranging the denomi- 
nations as in addition. 

Commence witiuthe hurst denomination, and subtract, if tho upper number he 
sufficiently great ; if not, increase it by as many as will malcc 1 of tho next deno- 
mination, and then subtract, taking care afterwards to carry 1, as in 
subtraction of abstract numbers : and proceed in like manner with each £ 5. d, 

denomination till tho subtraction is finished. 124 16 9| 

In this way the difference between £124 16s. ^d, and £75 19s. 

3^c?. is found, as in the margin. Since 3 farthings cannot he taken 48 17 6J 

from 2 farthings, we increase the 2 farthings by 4 farthings, or \d., and 

say 3 from 6 and 3 remain, that is, ^d. : carry 1 : 4 from 9 and 5 remain : 19 from 36 


d. h. m, 8. 
34 13 9 15 
18 9 0 37 
27 21 11 19 
14 18 23 4 
10 7 14 IG 
13 14 21 19 

119 11 19 50 


£ 5. d. 

124 16 9l 
75 19 ai 

48 17 6J 
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(increasing the 16». by 20«.*) and 17 remain ; carry 1 : 6 fix>m 14 and 8 remain ; cany 1 : 
8 from 12 and 4 remain: tWefore the difference ia £48 17«. 5^. 

Again) suppose we have to subtract 24 mileS) 6 furlongS) 2 1 perches, 2 yards from 43 miles, 
1 perch, 1 yard. Then, having placed the quantities as in the margin^ 
and seeing that the 1 yard ia too small, we increase it by 1 perch, that 
ia by yards, and subtract 2 yards from 6^ yards, we thus get the 
remainder 4^ yards ; and carry 1 : and as 40 perches maho 1 ftirlong, 
we subtract 22 from 41, and get 19 for remainder : carrying 1 to the 
6 we subtract 7 from 8 — ^the furlongs in 1 mile — and get 1 for re- 
mainder : and carr 3 ring 1 to the 4, it merely remains to subtract 25 from 43 : the com- 
plete remainder is therefore 18 miles, I furlong, 19 perches, 4^ yards. 

If the complete remainder in an operation of this kind be added to the compound 
quantity immediately above it, that is to tho subtractive quantity, the sum will be equal 
to the upper row, that is, to tho quantity which has been diminished : so that we may 
prove in this wa 3 ’' the correctness of the subtraction. The following examples, if thus 
worked and proved, will afford exorcise both in subtraction and addition : — 


m. fur. per. yd, 
43 0 1 1 
24 6 21 2 

18 1 19 4i 


(1.) Subtract £374 11s. BJd. from £920 17«. lid. 

(2.) Subtract£173 9s.4f<f. from £200. 

(3.) Subtract 8 lb. 4oz. 23 gr. from 231b. 11 oz. 21 gr. 

(4.) Subtract 342 mis. 6 fur. 4 per. 4 yds. from 687 mis. S fur. 1 per, 
(5.) Subtract 324 gallons 2 quarts 1 pint from 570 gallons 1 quart. 
(6.) Subtract 3 roods 7 perches 23 yards from acres. 

(7.) Subtract 121 sq. yds. 7 ft. 132 in. from 237 sq. yds. 3 ft, 101 in. 
(8.) Subtract 18 c yds. 37 ft, 211 in. from 47 c. yds. 13 ft. 73 in. 


BSiiltiplication of Compound Quantlties.—From the nature of multiplication, 
it is plain that a concrete quantity can he multiplied only by an abstract number ; in- 
deed, whatever he the multiplicand, the multiplier, which simply denotes how many 
times the former is to bo taken, must necessarily be a mere number. Strange to say, 
however, books on arithmetic, of the most recent date, arc to bo found, in which the 
multiplication together of concrete quantities is insisted upon, and pretended to be taught. 
People have disputed over and over again about the product of £19 19 j. multiplied 

by itself! They might as well have disputed abdut the multiplication of Cheapside by 
Lombard Street; or, as jMr. "Walker pithily expresses it, about multipljung “ 51bs. of beef 
by 3 bars of music.” f This last operation, palpably absurd as the thing is, the arith- 
meticians referred to would not for a moment hesitate to nndertalte, provided the beef and 
music occurred in a riilc-of- three question, as indeed they very well might ; for they 
refer to the rulc-of-thi’cc in justihcati<m of such a process.]; Is it not ridiculous 
to appeal to a rule instead of to reason and common sense, in a subject which professes 

^ lufitoad of thus increasiiifr tlic upper term by the unit of next hi^dier denomination, the learner 
will find it a little onsicr to subtract at once from Ibis unit, expressed in the lower denomination, and 
to add tlie remainder to the term above : thus we may suy, 19 from 20, 1 ; and 10 make 17. 

•i •* Phikxsopliy of Arithmetic,” p. .08. 

t Paffunini was a very wonderful performer on the violin. Many people would have {jivon a good 
deal of bod for a few bars of his music. ISuppO'-e, in time of need, he laid exchanged 11 bars for 51b., 
how many Ih, mijiht have been exchanged, at the same rate, for 3 bars ? This is a ruie-of-three ques- 
tion, and there are plenty of books (Walkingamc, for instance) that would direct the following 
stating : — 

Bars of music lb. of beef. bars of music. lb. of beef. 

11 : 5 :: 3 : . lA 

And to get this 1 4-11 Ib. of beef, they would direct the beef and the music, in the second and third 
terms, to bo multiplied together I The author of this, when learning arithmetic ('), would have pro- 
ceeded to incorporate the beef and music, without the slightest compunction. 
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to be founded on rational principles, and supported by demonstration ? I wish to 
warn you earnestly against this : receive no rule in any department of mathematicB, 
the truth of which is not evident to your own understanding ; and, therefore, in strict 
accordance with common sense. Multiplication is merely a short way of doing addition, 
and addition may always replace it : you have only to write the multiplicand down the 
proposed number of times, and to add all up. The sum is what in multiplication is called 
the product; but how could a sum of money be written down £19 19«. lljrf. times f 
Even in common reduction, similar absurdities arc to bo met with in the books. If you 
wish to convert pounds into shillings, you are told to multiply the pounds by 20, and 
sometimes, which is worse, to multiply them by 20«. But il‘ you multiply pounds by 20, 
you get—not shillings — ^but 20 times as many pounds^ as is obvious : what you really do, 
is to multiply the number denoting how many poimds by 20 ; because there must be 20 
times that number of shillings. 

The following is the rule for multiplying a compound quantity by a number : — 


Bule I. — When the Multiplier is not greater than 12. 

Put the multiplier under the quantity of least denomination : multiply that quantity 
by it, and divide the product by the number that expresses how many of such quantities 
make 1 of the next denomination : put down the remainder^ and carry the quotient to the 
product arising from the midtiplicjition of the next term, — and so on till all the terms have 
been multiplied. 

Wlien the multiplier is greater than 12, and is yet such as to admit of being formed 
finm factors^ multiply by each factor in succession, as in short multiplication. 

The table of factors at the end will be found very useful in enabling us to tell at a 
glance whether any number not exceeding 100,000, can bo decomposed into factors, 
within the limits of the multiplication table ; and if so, what the factors ai*c. 

Multiply £23 14«. 7^4. by 7. Putting the multiplier 7 under the farthings, and 
multiplying them by the 7, the product is 21 farthings ; and dividing 21 
U 75 of farthings in a penny, we get 6 and 1 over ; so that 

I in 21 farthings there ore 6 pence and 1 farthing : we put down the one 

- under farthings, and carry the 5 pence to the 49, the pence product ; 

166 2 6| which gives 64 pence, or 4s. : w'c put down the 6fi?., and carry the 

4 to the shillings’ product, and thus get 102 shillings, or £5 2«. ; and 
putting down the 2«., we carry the 5 to the pounds’ product. The comi)lcte product is 
thus £166 2«. Q\d. 

Suppose the multiplier had been 105, then, seeing by the table that 
105 = 7x5x3; after the multiplication by 7, os above, wo should 20 14 7;« 

have again multiplied by 5, and then by 3, as in the margin ; from 7 

which wc sec that 105 times £23 14 j. 7^1. is £2491 173. 9^«/. 


Rule II. — When the Multiplier exceeds 12, and is not divisible into ^ 

factors, each less than 13. g3Q j2 7j 

Take that number in the table which is nearest to the proposed mul- ^ 

tipUer, whether greater or less, and use the factors of this number. To 2491 17 9| 
the final product add, if the number bo less, and subtract from it if tho 
number be greater, the product arising from multiplying the given quantity by the 
difference between the multiplier and number taken from tho table; the result will 
obviouslv be the complete product required. 
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For example, if the multiplier of the sum above had been 107 instead of 105, we 
should still have taken 105, and have used the ffustors of it, as just 
diown ; but to the product by these factors, we should have added tvrice 
the multiplicand ; wo should thus have got 105 times the sum and 
twice the sum, that is 107 times the sum as proposed. If the multiplier 
had been 109, then from 112 times, that is from 8x7x2 times, we 
should have subtracted 3 times the original multiplicand as in the margin, 
and should thus have found £23 14«. 7|^. X 109 = £2586 16s. 4^. 

The following statements are left for the learner to verify after the 
manner now shown : — 

(1.) jgS 18s. 6d. >c 6 = £53 11*. Od. 

(2.) £148 7t. OJdL X 9 = £1335 3*. 2^. 

(3.) £148 7*. OJd. X 63 = £9346 2*. 3jd. 

(4.) 6*. lOJd. X 97 = £33 6*. lOJdl 
(5.) 15 mil. 3 fur. 2 per. 4 yds. x 75 = 1153 mil, 6 fur. 4 per. 3 yds. 

Division of Compound QuanUtieB.— 'Division of concrete quantities may be 
viewed under two aspects, accordingly as the divisor is itself a concrete quantity or 
merely an abstract number. 

If you have to divide by a concrete quantity, your object is to find how many times 
the smaller quantity — ^the di\dsor — ^is contained in the larger — the dividend. But if you 
have to divide by an abstract number, you then seek to divide the proposed quantity into 
as many equal parts as there are units in the divisor. These, you sec, are two different 
objects ; and precision and accuracy of thought require that you should bear in mind the 
distinction. When you divide one concrete quantity by another, your quotient is, of 
course, an abstract number : but when you divide a concrete quantity by an abstract 
number, your quotient is also a concrete quantity of the same kind. You will remember 
that I am not here writing a book on Arithmetic exclusively with a view to mercantile 
practice. I am endeavouring to prepare you for a course of mathematical study ; and I 
therefore wish you to cultivate habits of thought and reflection — to know what you are 
actually about, and not to feel contented by merely following a rule, I shall not insist 
upon any marked departure from the customary forms of expression, in the practical 
directions for working an example ; but I do insist upon accuracy of thought^ whatever 
want of precision in language custom may authorize. 

To divide a compound quantity by a number ^ the rule is this : — 

Bulb. — Commence with the highest denomination, and take the proposed part of it ; 
reduce what is over to the next denomination, and carry the result to the next term of 
the dividend ; take the proposed part of the sum, reducing what is over, and carrj-ing as 
before ; and so on, to the end. 

Thus, if the 7th part of £22 15*. 9<f. bo required, we find it £ *. d. 

as in the margin : the 7th part of £22 is £3 and 20*. over : this, ^ 

carried to the 15*., gives 35*. ; the 7th part of which is 5*., and ^ ] 

there is nothing to carry : the 7th part of 9d. is Id. ; and 2d.j or 
8 farthings, over ; the 7th part of which is 1 farthing, and | of a farthing ; hence, the 
7th part of the proposed sum is £3 5*. 1^. + |/. 

If the divisor exceed 1 2, we must proceed, upon the same principle, by long division, 
unless the divisor can be decomposed into convenient factors ; when the operation need 
to consist only of successive steps like the single step above. 


£ *. 
23 14 

d. 

189 17 

2 


7 

1329 0 

2 


2 

2658 0 

4 

71 3 Hi 

2586 16 

4J 
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20 

262 

12G7 

12 

12 

3147) 

15204(1 

12588 


20’1G 


£ .V. d. 


"Wlien the divisor, instead of being an abstract number^ is a concrete quantity, of the 
same kind as the dividend, the rule is as follows : — 

llULE. — Keduce both dividend and divisor to the lowest denomnation found in eilher, 
and then perform tho division exactly as in the case of mere numbers : the quotient will 
denote the number of times the smaller quantity is contained in the greater. 

For example, let it be required to divide £63 7tf. by £13 25. Zd. Then, Q.& pence is the 
lowest denomination that occurs, we reduce both quantities to pence, and then divide as in 
the margin : the quotient shows that the smaller sum is contained 
in the larger between 4 and 5 times : it is contained in it 4 times 
and a fractional part of a time, represented by which is nearly 
another time, but not quite. You may shorten tho work a little by 
reducing the two quantities— not to pence, but to ihrce-pences — as 
shown below ; observing, that as 4 throe^ponccs make 1 shilling, 
we multiply the number of shillings by 4, and take in the 1 three- 
pence. From this mode of working, wo should conclude that the 
dividend contains the divisor 4 times and a part of a time, denoted 
by the fraction which differs from the former fraction only in 
appearance— not in value ; for if wc wish to express that one number is to be divided by 
another, wc may, as you are aware, do so by wi'iting the latter 
below the former, or by writing twice, throe times, &c. the latter 
below twice, three times, &c. the former ; as is pretty obvious, 
since the quotient of dividend and divisor is the same, whatever 
number both be multiplied by ; and you see that the upper and 
I lower numbers of the first fraction arc only those of the second, each 
; multiplied by 3. 

I There is no room in this treatise for many examples. I shall 
I here give you two. The first is to show that £33 155. Zd. dnaded by 
I 13 gives £2 11 5. Zd. for quotient ; the second is to show that tho 
same sum divided by £13 gives for quotient. In working the second example, 
you had better reduce to sixpences, not to pence. * 

FxactiosLS. — What has preceded .suffices to convey a general, and, I hope, a pretty 
accurate notion of the arithmetic of integral quantities. I am now to show how the funda- 
mental operation-; arc to be applied to fractions. I have found it impossible to avoid all 
allusion to fractions in the foregoing part of the subject, Iwcauso they force themselves upon 
our notice evem when operating upon wtCgcrs ; but tho arithmetic of fractions remains to be 
explained, and, indeed, the formal definition of a fraction to be given. In strictness, a 
fraction is a part of a whole — that is, it is less than the quantity of which it is said to bo a 
fraction. Thus, &c., are strictly fractions— fractions. The first denotes 

a third part of unit, or 1, the second a fifth part of 2, the third a forty-third part of 26, &c., 
each part being Uss than one wdiolc. But I, &c., are also called fractions, though 
four- thirds, seven-fifths, sixty -four forty-thirds, &c., are all greater than one whole, as is 
plain ; fraetioas such as these, where the upper number, called the numerator, is not lose 
than the lower, called the denominator, are said to bo improper fractions. You will readily 
see why these terms, numerator and denominator, are, so applied: tho upper number 
enumerates, or states the number of parts of that particular detiomination indicated by the 


13 2 

3 63 7 

20 

20 

262 

1267 

4 

4 

1049) 

5068(4 

4190 


872 


• For a great variety of instructive examplcc in all the rulc.s of arithmetic, as well as for a 
oomprehondive view of the theory, see the “Rudimentary Treatise on Arithmetic,” published by 
Kr. Weale. 
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low«r number. Thtis, ^ means three of the parts called ; if it were ^ of £1, then, 
since one-fourth is 5^., three- fourths, or would be 15*., and so on. Instead of readiag 
this fraction wo may, if we please, say three divided hy fottr. Three pounds 

divided by the number 4, is evidently the same as three-fourths of one pound ; and any 
fraction may be viewed in either of these two ways — ^thus it is matter of indifference 
whether you coll Jive-sevenths, or 5 divided hy*l \ a moment’s reflection will convince you 
that five-sevenths of anything, is the same as a seventh part of jive such things ; for a 
seventh part of one of them added to a seventh part of another, then again this sum 
increased by a seventh part of another, and so on, till a seventh part of each of the five has 
been tolten, and all these sevenths added, — I say it is plain, that in this way we get 
5 times a 7th part of one — that is, fwc-seventfis of it — as the result of all five divided 
by 7. 

The fractional notation is perfectly general — any number may be expressed in it ; a 
whole number, or an integer, as well as a fraction properly so called. Thus 6, 8, &Cr, may 
be written f, &c. ; and it is sometimes convenient to write integers this way. JB^cre 
the denominator is unit, or 1 ; but you may express an integer in the form of a fraction 
with my denominator you please. Thus, if you choose 7 for denominator, the two num- 
bers, 6, 8, may be written as is evident : you have only to multiply the number 

by the chosen denominator, and to place the factor, thus used as a multiplier, underneath 
— that is, as a divisor. The numerator and denominator arc called the terms of the frac- 
tion ; and when an integer is united to a fraction, the whole is called a mix<^ number. 
Thus, 2^, 31^, <fec., are mixed numbers. 

To reduce a Mixed Kumher to an Improper Fraction. 

The rule is this : multiply the integer by the denominator of the fraction ; add the product 
to the numerator, and put the denominator underneath. Thus, 2^ = ^, 3^= Y ; for 2 is 
evidently and ^ -j- In like manner 3 is V, and Y +4= V J Here 

are other examples : 5-2=Y> = accomplish 

the contrary purpose — ^that is, 

To reduce an Improper Fraction to a Mixed Number, 

You have only to perform the division indicated by the denominator, and to annex to the 
quotient the fractional correction as in common division. Thus, Y = ^=^1) 

Y == 8-J, and so on. 

To reduce Fractions with Different Denominators, to others of the same Vidiic tvUh Fqual 

Denominators. 

This is one of the most important operations in tho mathmctic of fractions ; for till 
fractions appear with a common denominator, they can neither be added to nor subtracted 
from one another : the reduction of fractions to a common denominator is thus a prelimi- 
nary indispensably necessary to the application to them of tho first rules of arithmetic. 
The operation is also useful in enabling us to discover at a glance which of two fractions, 
however nearly equal, is really tlio greater. Thus, of the two fractions, wo see 

in a moment which is the greater, because their denominators are the same ; but you could 
not so readily and confidently state which is the greater of ^ and \ ; yet tho formeur are 
only these reduced to a common doupminator — the values arc the same, 

Tho rule for reducing fractions to a common denominator is as follows ; — 
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Rule. — Multiply tach nimierator by the product of the denominators of all the 
fruotiona; we shall thus get the numeratora of the changed factions. 

Multiply an tlie denominators together; the product will be the common donominator 
belonging to each changed numerator. 

For example : in order to reduce the fractions -i^, to others of the same yaluc with 
the mime denominator, wo proceed as follows ; — 

2X6X7= 70) 

1x3x7= 21 > the new numerators ; 

3x3x6= 45) 

3x6x7= 106 the conunon donominator ; 

therefore the equivalent fractions, changed in form as required, are 

If you compare these with the original fractions, you will see that they each arise 
from multiplying numerator and denominator of the former by the same number. Thus, 
70 2x35 

105^ 3 X 35 ’ obvious that one number divided by another (in this case 2 by 3), 

is the same as 35 times the former divided by 35 times the latter, or any number of times 
the former divided by the same number of times the latter. If you have any doubt of 
this, just consider, if you had to divide 2«. among 3 people, whether the share of each 
would not bo the same as if you had to divide 35 times 2s. — ^that is, 70^. — among 35 times 
3 people— that is, 105 people. It is plain that, in either case, each would get a third part of 
2a., or two- thirds of U. ; or, to view the matter more generally, it is self-evident that if 
you multiply any quantity by a number, and then divide by the same number, you virtually 
leave the quantity, as to value^ untouched ; for multiplication and division by the same 
number, are two operations which mutually neutralise one another : wo may, therefore, 
always multiply numerator and denominator of a fraction by any number, without 
changing the value of the fraction. 

The rule just given will always effect the object proposed by it ; but not always in the 
shortest way. In particular cases it will be desirable to proceed differently. Thus, if the 
fractions are to be changed into equivalent ones with, a common denominator, you sec, 
by looking at the denominators, that the thing may be brought about without interfering 
with the middle fraction at all : you have only to multiply the terms of the first fraction by 
2, and those of the third by 3, to get the desired result — the changed fractions being found in 
this way to be |. If you had applied the rulCy the new fractions would have been 
Hi Hi Hi forms far loss simple than those above, although the same in value ; they would be 
got by multiplying the terms of the simpler fractions, each by C. In bringing fractions to 
a common denominator, you should always be on the look out for the simplest multiplier 
of the terms of each that will accomplish the object, and use the rule only as matter of 
necessity — ^that is, only when simpler multipliers than the rule supplies do not present 
themselves. Suppose you had do you not see, from a glance at the denominators, 

that if the first be multiplied by 3, the second by 4, and the third by 8, that the products 
will bo all alike ? Multiply, then, the terms of the first fraction by 3, those of the second 
by 4, and those of the third by 8, and you will get the following — ^viz., for 

equivalent fractions with a common denominator. The rule would have given you these— 
f if » which, although equal to, are far less simple than the former. 

The amallest number that can be a common denominator of a row of fractions is 
evidently the smallest number that is divisible by each of the given denominators ; it is 
called the least common multiple of those denominators. There is a rule for finding the least 
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common multiple a set of numbers but you see that it may often be discovered, 
without any rule, by a little reflection. I shall give you but one more instance here, 
since the reduction of fractions to a common denominator, as observed above, will form 
a necessary preparation for addition and subtraction. Let the fractions be ^ f : 
here you see that the first two are brought to a common denominator by merely multi- 
pl 3 ring the terms of the first by 3 ; so that these two fractions are f f . Again, the last 
two are brought to a common denominator by merely multiplying the terms of the fourth 
by 3 ; BO that these two fractions are |, |. We have, therefore, now only to find the UmI 
number which will divide by 9 and 6 ; and it requires but little thought to discover that 
18 is that number : so that we reach the desired result by the following steps 

h k 

or, I, i, f 
or, -H, yV, ii 

where you sec that a fraction in either of the lower rows is merely -that above, with its 
terms multiplied by the same number. If you had applied the rule to the first row of 
fractions, you would have got 3 X 9 X 6 X 2 = 324 for a common denominator, instead of 
the more simple number 18. 

Addition and Subtraction of Fractions.— Eule. — ^Reduce the fractions to equi- 
valent ones, having a common denominator : then add or subtract the numerators, as 
proposed, and put the common denominator under the result. 

For instance, let the fractions be ^ and ^ : these, reduced to a common denominator, 
are and therefore M + sum : M— i^^eir difference. 

Again, let it be required to find the value of Here the second and third 

fractions will have a common denominator, if the terms of the third are multiplied by 
3 : the differing denominators will then be 5 and 9 ; that is, we shall have | + — 
that is, by the rule for the common denominator, 

Suppose the value of 1 — — ^ were required. It is easy to see that the denomina- 

tors will be made alike if the first be multiplied by 4 and the second by 3 ; so that, 
multiplying numerators, as well as denominators, we have 1 — t^=l--|^=f§ — 

And in like manner are the results following obtained : — 

(1.) (2.) (3.) S + J + f=2it. (4.) (5.) 

G}- 6 J= 1 A. (e.) nj+8j-9ii=i0i« 

In the subtraction of mixed quantities, it sometimes happens that the fractional part 
of the subtracted quantity is greater than the fractional part of the other : when this is 
the case, it is better to convert a unit of that other into a fraction, and to incorporate it 
with the fractional part : wo shall thus have an improper fraction, from which the 
subtractive fraction may bo taken ; thus, if we had to take 3f from , we see, when the 
fractions are brought to a common denominator, by multiplying the terms of the first by 
4, and those of the second by 3, that the subtractive fraction is greater than the 
other fraction ; wo therefore fractionize a unit of the 6, considering 5 to be 4 and 
therefore 6-|, or 6^, to be 4ff ; so that the work stands thus : — 3^=5^ — 

* The roles for finding the greatest common measure, and the least common multiple, of a set of 

numbers, are seldom aotuallj employed in the management of fractions. The investigation of these 
rules, too, is generally long and troublesome : the simplest investigation of them, to vrhich I can refer, 
is to be found in the ** Rudimentary Treatise on Arithmetic,*’ published by Mr. Weale ; and in the 
Key to that -work a shorter method of arriving at the common measure will be found than any other 
book fhmishes. 



30 


MULTIPLICATION AND DIVISION OF FBACTIONS. 


MiiltlpUeaAlon and HiTiaion of I^raotioni"^MTUtAplicatioi>.>-r-J>f w ham to 

Bkultiplj ft ^ftction by a whole number, the product will, of coutbc, be as xoany times 
that fcaetion as there are units in the whole number : thus, | x Sssf ; that 3 times 
two^Ji/ths : the dmomimtor is not operated upon, because this merely states ih&idmamma- 
tiornty not the number of them. If, instead of 3, the multiplier had been only a fourth 
pert of 3, that is ^ then osdy a fourth part of the above product, •§, could have raeiilted. 
A fourth part of f is because a number (in this instance ^^6) divided Brat by 5, 
ftnd th^ again by 4, gives the same result as a single division of it hy 20. We hnow, 
iher^ore, that f x ; that is, it is the product of the numerators, divided hy the 
product of the denominators. 

The same reasoning evidently applies, whatever be the fractions to be multiplied 
together : the product of the numerators, divided by the product of the denominators, is 
the product of the fractious. 

IHviflioii. — Let us now try to discover how fractions are to be divided ; and first let 
us consider the case in which the divisor, like the multiplier, in the foregoing instance, 
is a whole number. 

If wo have to perform the operation f-f-3, we see that the quotient of 2 by 5 is 
to be divided by 3 : but this wo know, from simple division, is the same as the quotient 
of 2 by 15 ; for, if anything is divided by 5 and then the quotient by 3, the result is 
the same as we should get by dividing that thing at once by 5x3 or 15; therefoere, 

But instead of 3, the divisor were that is, only a fourth part of 3, it is plain that 
the quotient ought to bo 4 times as great; namely, so that the same 

result as wo should get by inverting the divisor f, and multiplying , instead of dividing ; 
for -I X -f And a.? the reasoning evidently applies, whatever bo the fractions chosen, 

we iafer that di^dsion of fractions may always bo converted into multiplication by 
inverting the terms of the divisor ; that is, in fact, hy turning the divisor upside do'W’n. 
Thus, f-r f X We arc thus lead to the following rules, viz. : — 

Eule. — For multiplication. — Multiply the numerators together for the numerator of 
the product. 

?rfultiply the denominators together for the denominator of the product. 

Rule . — For division. — Invert the terms of the divisor, and then proceed as in multi- 
plication. 

It is desirable that fractions which appear in the results of any operations, should 
be reduced to their lowe:5t tenns ; that is, that both numerator and denominator should 
be divided by whatever number uill divide them. Thus, in the instance above, where 
the product of ^ and f was found to he the result should be freed from tbe factor 
2, common to both numerator and denominator ; that is, wo should divide both terms 
by 2, and write the result in the more simple form, The division of both terms by 
the same number cannot alter the value of the fraction, otherwise the multiplication of 
the tCTms of a fraction by the same number would alter its value, which we know to be 
not the case. 

In multiplication and division, wc may often prevent tho entrance of these super- 
fluous factors in tho result j and it is of courae better to do so than to allow them to 
enter, and then to remove them : thus, in multiplying ^ by f we foresee that, as 2 occurs 
in a numerator and 4 in a denominator, 2 will also occur in both numerator and denomi- 
nator of tho product, unless we previously prevent its entrance : this wc should do by 
regarding the proposed fractions as f ; the product of which is You should always 
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iuppuesB, m tlkifl way, all tibe factors tibafe enter alike into numerators and denomiuators, 
for you then get your product in the simplest form at once, without being at the trouHt' 
to reduce it to lower terms. I shall here give an example or two of this : 

(1.) iX* = iXA = H- (2.) fX^==^Xi=T^ (3.) = 

(4.)«-^i = HX|=:VX-f=:H=lA- («•) M-^f=MX^=yXi = it. 

In this way the entrance of common factors into the numerator and denominator of 
each result in the following examples is to be provided against : — 

(1.) (2.) (3.) A-^A=9. (4.) f-4-A=2t. (5.) 

= 1*. (6.) 4X4=1. 

In these examples, the rules are applied to pure factions. If we have to deal with 
mixed quantities, then we must reduce them to improper fractions before using either 
rule : 

Proportion. — Four quantities are said to be in proportion when the first divided by 
the second is the same abstract number as the third divided by the fourth : thus, the four 
numbers, 6, 3, 8, 4 are in proportion, because f =|; and of any two equal fractions the 
four terms are in proportion. 

The quotient which arises from dividing one quantity by another of the same Jcind^ is 
called tbe ratio of tbe former to tbc latter : thus, the ratio of 6 to 3 is 2, and the ratio of 
8 to 4 is 2 ; ratio being only another name for the quotient of two quantities of the same 
kind. A proportion is thus said to ho an equality of ratios : ratio implies two terms ; 
proportion^ four. The first term of a ratio (the dividend) is called the antceedenty the 
second (the divisor) its consequent. Instead of writing the antecedent and consequent as 
the numerator and denominator of a fraction to express the ratio, the same thing is indi- 
cated by simply putting two dots between them thus, 6 : 3 is the same as ; • and 8 : 4 
the same as | ; so that the proportion above may be expressed in this way, 6 : 3 = 8 : 4 ; 
but, instead of the sign of equality, it is more common to use four dots, and to write the 
proportion thus : 6 : 3 : : 8 : 4, which is read, G is to 3 as 8 is to 4 ; a foim of expression 
intended to imply that 6 is related to 3, in point of magnitude, just as 8 is related 
to 4. This idea of relative or comparative magnitude, which is essential to the 
correct notion of proportion, forbids our considering the term ratio in the same unre-. 
stricted sense as the term quotient : the two terms arc to be regarded as meaning the same 
thing only when dividend and divisor are quantities of the same kind : ratio is always an 
ahsiraci number ; but the name quotient, as we have seen, is applied not only to abstract 
numbers, but to tbe concrete quantities that arise from taking the third, fourth, fifth, &c. 
part of concrete quantities. Be careful to observ^e this distinction ; and to remember that 
tbc ratio of an antecedent to its consequent always has reference to the number of timesy 
and parts of a time, which the former contains the latter : so that it would bo absurd to 
speak of the ratio of one thing to another of a different kind ; as, for instance, of the 
ratio of £6 to the number 3 ; or of 8 cwt. to £4, &c. 

It thus appears, that if four quantities, ranged in order as above, fom a proportion, 
tbe first and second must necessarily be of the same kind ; and also tliat the third and 
fourth must be of the same kind ; thus the following are proportions ; they express equal 
ratios, the ratio in each case being the abstract number 2 — 

£6 : £3 : : 8 cwt. ; 4 cwt. ; 6 yds. : 3 yds. : : 8 oz. : 4 oz. 

From what has now been said, you see that the essential condition, and the only 
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conditi<m which foiix quantities must fulfil^ in order that they may form a p ropor ti on, is 
this, namely^ 

First term Third term 

Second term Fourth term 

each of these fractions being an abstract number. If two fractions are equal, we know 
that two equal fractions will also result from inverting their terms, so that from the 
above we may infer that 

Second term Fourth term 

First term Third term 

These being abstract numbers, we may multiply my quantity by either : the results 
will, of course, be equal, whichever we take for multiplier, since they themselves are 
equal. Let us multiply “ Third term" by each : tbe results will be 

Second term. 

X Third term = Fonrth term. 

First term 

You can have no doubt about the second result, as you know that divisor, multiplied 
by quotient, gives dividend ; and the fraction above, on the right, denotes the quotient of 
the division of ** Fourth term" by Third term." 

It appears, then, that in order to find the fourth tenn of a proportion, when the first 
three terms arc given, wo have only to divide the second by the first, and to multiply 
the third by the abstract number furnished by tbe quotient. Now, if the first and second 
terms are concrete quantities, you know that you cannot divide one by the other, and thus 
get the abstract number here spoken of, till the quantities are reduced to the same 
denomination (sec p, 26). When, however, this is done, you may entirely disregard 
dcnoimnatiortj and consider the resulting numbers to be abstract numbers ; for the quotient 

is the same in both cases : thus ilZ ig the abstract number 2 ; and so is or or 

£3 3 ** 


3 yds. 

This, though a very obvious, is yet an important fact ; as wc learn from it that, when 
the first and second terms of a proportion are reduced to the same denomination, we may 

Second term 

consider both numerator and denominator of the fraction abstract num- 

bers, as well as the fraction itself ; and therefore that, without violating any principle 
of arithmetic, we may write the above equality, namely — 


in the fbrm, 


Second term 

X Third term = Fourth term 


First term 

Second term X Third term 
First term 


Fourth terra 


which is often the more convenient in practice ; that is, after the reduction to the same 
denomination, as spoken of above, wo may multiply the third term by the second 
(regarded as a number), and divide the product by the number denoting the first term. 

We have thus established the general principle of what is called the Mule of Threty 
4.T.A nf which is. whcn throe terms of a proportion are given, to find the fourth. 
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Rule of TIutm^I. Write the three given terms in a row, taldng core thiat the 
third term is a quantity of the same kind as the required fourth term ; and also taking 
oare that, according as this fourth term is to be greater or less than the third, so may the 
second of the given terms be greater or less than the first. This is called stating the 
question, 

2. Having thus properly stated the question, bring the first and second terms to the 
same denomination ; and regard the results as ahsiraet numbers^ the denomination being 
suppressed. 

3. Multiply the third term by the second, which is now a number ; and divide the 
product by the first, which is also a number : the quotient will be the required fourth 
term, in the same denomination, of course, as that in which the third term was used. 

You may sometimes simplify this operation : for the first and second terms may each 
be divisible by the same number ; in which case you may employ nnly the quotients 
instead of the quantities themselves, on the principle that a fraction is not altered in 
value by discarding factors common to numerator and denominator. You may, also, in 
like manner, divide the first and third terms, when possible, on the same principle ; and 
I would recommend you, in rule-of-three operations, to be always on the look-out for 
these means of simplification. 

I shall now show the application of the rule to an example or two. 


1. If 16 cwt. cost £42 8«., how much will 26 cwt. cost ? 
As the answer or fourth term of the proportion is to be 
money y the £42 Ss. given in the question must bo the third 


£ s. £8. 
16:26 ;; 42 8: 68 18 
8:13 20 


As the greater the number of cwt. the greater will be the cost, ^ 

we must arrange the first two terms of the proportion, so that 

the second may be the greater ; consequently, the stating will be 2544 

16 cwt. : 26 cwt. : : £42 Ss. : the required fourth term. But, 848 

as the first and second terms are already in the same denomi- SM 

nation, namely, cwi;., no reduction of them is necessary ; we, [ 

therefore, in the stating, entirely disregard this common deno- 2.0)137Bs. 

mination, and insert merely the abstract numbers, 16 and 26, “ 

is in the margin. But, a glance at these two numbers shows * 

that each is divisible by 2 ; wc, therefore, replace them by the quotients 8 and 13 ; and 
it now only remains to multiply £42 Ss. by the number 13, and to divide the product 
by 8, to get the sum of money required. For convenience, we reduce the given sum to 
shillings, and thus bring out the answer or required fourth term in shillings, and then 
convert these into pounds, and when the work is finished, as here annexed, we complete 
the proportion, in the stating, by putting the result, viz., £68 18s. fbr the fourth term. 

You see that, by dividing the first and second terms in the statii:^ by 2, we have 
effected a little saving of figures in the work : but we might have simplified further, and 
have shortened the operation stall more, by dividing the third term and the reduced first 
term both by 8 ; so that, having regard to the utmost attainable ^ ^ 

simplicity, we should have proceeded with the preliminary statings 16 : 26 : : 42 8 

as here annexed, and thus have reduced the subsequent work to the 8 : 13 

small amount of figures here shown ; 13 times 6«. is 78s. ; that is, 1 ; 18 : : 6 ^6 

£3 18s. : putting down the 18s., and carrying the £3, we have 13 

times £5 = £65 ; and the £3 carried makes £68. Here is another x8s. 

example : 


£ s. 
16: 26:: 42 8 
8: 13 

1: 18:: 5 6 
18 

ieeS 18s. 
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Perwns. 
21: 36:: 28 
7: 12 

1: 12:: 4 

12 


Persoiw. 

48 


48 pei:son£. 


1 oz.; 1061b.:: 
12 


& 

4240 


2. If 28 pBBomas ret^ a harnrest iiL36 dasyOf, hcnrtnssjr will be naquaid to it in 
21 days ^ 

An the answer is to be number peisoost, 1ixe 2j^ persons 
girm is the (|iie 8 ti 0 ]!i must be the third term of the pro*- 
portion ; and as the fewer the days the greater must be the 
number of workmen^ we arrange the first two terms of the 
proportion; so that the second may bo tho greater ; the stat- 
ing is, therefore, 21 days : 36 days : : 28 persons : tho 
number of persons required. 

But, as the first two terms are in the same denomination, we suppress denwmnation^ 
and use only the abstract numbers 21 : 36. These we see have a common divisor, 3 ; we 
therefore replace them by the quotients 7 : 12 ; but the 7 and the 28 in the tJUrci' term 
will di’^ide by 7 ; we thus get the stating in the simple form 1 : 12 : : 4 persons ; and 
then proceed as in the margin, 

(Ine example more must suffice. 

• A mass of 106 lb. of Australian gold, found in July 1851, sold at the rate of £3 6^. 
per ounce : how nmeh did it fetch 

Stating the question as in the margin, putting 
the greater weight in the second term, because tho 
greater sum must bo in the fburth, wo see that the 
first and second terms difier in denomination ; we 
must, therefore, reduce tho second to ounces, before 
wc can regard tho stating in the proper form for 
working with : it then becomes 1 oz. : 1272 oz, : : 

£3 6^. 8d. 

The common denomination ounces is now sup- 
pressed, aud, for convenience, the money is reduced 
to pence^ the denomination in which the required fourth tenn must therefore appear : we 
have then merely to multiply 806 pmcc by the abstract number 1272 ; and the required 
value comes out 101 7600 pence ; for, as the first term is 1, there is no division. 

Instead of making 1272 the multiplfor of 800, we make 800 the multiplier of 1272, 
for convenience *, as we know that tho tumished for ihe product, is the same in 

one case as the other ; this mmher, therefore, is so many pence ; which, when reduced to 
pounds^ is £4240. 

The following axe a lew examples for exercise : — 

(1.) If 57 cwt. cost £216, what will 05 cwt. cost? — Ans. £360. 

(2.) If 148 gallons cost £119 10s., how many gallons will £89 12«. 6<7. buy.®— 

Aaf. 111. 


£ «. 

3 6 
20 


1272 

66 

800 

12 

12)1017600 

800 


2.0)8480,0 

dE4240 


(3.) What is ihe value of 2 qc. 24 lb. at £5 7«. id, per cwt. ? — £3 16«. 8d. 

{i.) What is the mcome of a person who pays £22 7«. 5eL for ineome tax^ at the rate 
of T(d* i» tile |©Tmd ? — Ans. £767. 

(5.) ii^ guineas used to be coined out of 1 lb. of standard gold : how many sove- 
reigns are now coined out of this weight ? — Ans. 46^. 

(6.) 66«. «se coined out of 1 Ih. of standard silver : what is gained in coining £100 
of silvfir, if Ihe price of Ihe silver be 2d. per oz. Ans. £6 9^«. 

Tlia llouble Bnle of Tluroo.-'The double rule of three is so called because 
there aie at least im smgle rule^^^three statings implied in it. The following is an 
example, namely > 
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I£ 12 IxoEsea plougb. 11 acres in 6 kow many haraeaf wiH plougk acves in 
18 days ? 

This may be diyided into two si n g le rale-o^three questions : tims— Ist. If 12 hoxses 
plough 11 acrofl) how many will plough 33 acres, in i/te aanie tiimf By the former ruie, 

11 : 33 : : 12 horses : horses = 36 horses. 

11 

2iid. If 36 horses can perform a work in 5 days, how many can perform the same in 
18 days ? By the former rule, 

36 y 6 

18 ; 5 : ; 36 horses •-Ar^ — hearses = 10 horses. 


It is plain that by these two single rulc-of-three operations, the correct answer to 
the questionis obtained but it is more readily obtained by the following arrangement 


1 « ’ • i2 horses ; ^ horses = 10 horses. 

IS: 11x18 

The fourth term of this cojnpound proportion, as it is called, being got by multiplying the 
third term by the product of the consequents, and then dividing by the product of the 
antecedents ; and it is by the same multiplications and divisions that the final result is 
arrived at in the two distinct stating* above. This more compaiet form of working is 
described in the following rule : — 

BrLB.— Put fur the third term that one of the given quantities which is of the 
same kind as the quantity sought, just as in the single rule of three. 

Then taking any pair of the remaining quantities like in kind, complete the stating, 
as if for the single rule of three, pa 3 ang no regard to the other quantities, or ralher con- 
sidering them to remain the same. 

Then take another pair, like in kind, as a new antecedent and consequent to be 
placed under the former pair ; these, with the third term above, completing a second 
single rule-of-three stating. And procecH.1 in this way till all the pairs are used. 

Multiply the third term by the product of all the consequents, and divide tihe result 
by the product of all the antecedents, and the answer will be obtained. 

Each given antecedent and consequent is of course to be regarded as an abstract 
number. It is convenient to indicato DK^rely the several multiplications, at first, to place 
the divisor under the dividend, in the form of a fraction, as in the above example, and 
then, before performing the operations, to expunge factors common to numerator and 
denominator. 

Example. — If £ld 12s. pay IG labourers for 18 days, how many labourers will 
£36 2?. pay, at the same rate, for 24 days ?' 

As the answer is to be a certain number of labourers, the given 16 labourers is to be 
the third term ; then taking daps for the first antecedent and consequent, and money 
for the second antecedent and: consequent, attending to wfiether either consequent s famM 
be greater or less than its antecedent, as in the former rule, the operation is os foUoWB 

£15 12s. : £35 2s. i ' * labourers : 27 labourers. 

20 * ' ‘ 20 


therefore 


8*12 702 

16 X 18 X 702 
24 X 3ir~ 


lab. 


4 X 3 X 361 


lab. lab. : 
13 


: 27 lab. 


156 
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The 18 is ]^aoed in the second tenn, because fmer labourers are required for 24 
days, the work being the same, than for 18 ; and the £35 2«. is placed in the second 
term, because more labourers can be paid for that sum than for £15 12«., the Hme being 
the same. If the question had been worked by two single rule-of-three statings, we 
should have had 

Ut 24 : 18 : : 16 Ub. : — ><*• 

24 

2nd. 312 : 702 : : Ub. : jg x ^8 x 70_2 ^ g; lab. 

24 24 X 812 

You see, therefore, that the double rule of three merely compounds the several single 
proportions into one ; it is thus called compound proportion. 

I add two examples for exercise in this rule 

1. If 8 persona can be boarded for 16 weeks for £42, how long will £100 support 
6 persons at the same rate ? — ^Ans. 50^ weeks. 

2. If a family of 13 persons spend £64 in butcher’s meat in 8 months, when meat is 
%d. per lb., how much money, at the same rate of consumption, should a family of 12 
persons spend in 9 months, when meat is 6ii. per lb. ? — Ans. £72. 

In this example, there would bo three separate statings, if the question were worked 
by the single rule of three ; these are hero to be compounded into one. 

]>eciiiialB.— It was observed at the commencement of this treatise, that in our 
system of arithmetic numbers are expressed in the decimal notation, and the reason for 
this designation was stated : — it is simply this— namely, that the unit of any figure in 
a number is always ten times tho unit of the figure in the next place to the right. Thus, 
in a number consisting of unit-figures — as for instance, in the number 1111 — ^the second 
unit, beginning with right-hand one, is 10 times the first, the third 10 times the second, 
the fourth 10 times the third, and so on ; or beginning with tho first on tho left, tho 
second is the tenth part of the first, the third the tenth part of the second, and so on 
tin we come down to the last unit, which is merely one. Now, we may evidently 
extend this principle still further ; and, on the same plan, may represent one-tenth oi 
owtf, one-tenth of this, or one-hundredth of one. one-thousandth of one, and so on, by 
simply putting some mark of separation between the integers and those fractions. The 
mark actually used is a dot, thus : llll'llll. The unit next the dot, on tho left, is 
1 ; the unit one place &om this on the left is 10 ; the next is 100 ; the next, 1000 ; and 
80 on. In like manner, the unit one place from the 1 on the right, is the next 
the next and so on. This being agreed upon, it is easy to interpret such a number 
18 36*427 : it is 36 -f- ^ -f. -f- ; each figure, to the right of tho point, being a 

fraction of known denominator; the denominator being 10 for tho first figure, 100 for 
the secozid, 1000 for the third, and so on. The sum of the fractions represented by the 
decimal *427, above, is obviously ; in like manner, the fraction expressed by *2643 
is ; and in general tho denominator of the equivalent fraction is always 1 fol- 

lowed by as many zeros as there are decimal places, the numerator being the number 
itself, when the prefixed dot, or decimal point, as it is called, is suppressed. You will 
thus easily see that the following are so many namely : — 

24*6 = 24*; 186*54 = 186*^^; 73*641 = 73*^^; 2*07= 2*^, &c. 

Any decimal may therefbre be converted into its equivalent fraction at sight ; it will 
be shown presently how any fraction may be converted into its equivalent decimal, 
though not with t^ same rapidity. 
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It is pretty eyidont that whatever whole number be prefixed to a decimal, the eome 
may be prefixed to the numerator of the fraction which replaces that decimal : thuB^ 
taking the values above, we have 

24-6 = ^ ; 136-64 = ; 73-641 = ; 2*07 = &c. ; 

for this is only reducing the foregoing mixed quantities to improper fractions. 


To reduce a Proper Fraction to a Decimal, 


Rule.— A nnex a zero to the numerator, and then actually divide by the denomina- 
tor : if there be a remainder, annex another zero, and continue the division, still 
annexing a zero, either till the division terminates without remainder, or till as many 
decimals as are considered necessary are obtained ; the quotient, with the decimal point 
before it, will be the value of the fraction in decimals. 

For example : letit be required to express |in decimals ; the ope- 8)3-000 
ration is that in the margin. That | = -375 is easily proved ; for f ““ 

; consequently, dividing numerator and denominator by 8, we ' 

have ^ = -375, from the very nature of decimals. If an improper fraction had been 

chosen, the operation would clearly have been just the same, only 
there would have been an integer prefixed to the decimal : thus, the 8)19-000 
operation for V* would have been as hero annexed, showing that 
2 - 375 . Wo need not take the trouble of actually annexing 


J-375 


the zeros, as hero ; it is enough that we proceed as if they were inserted, as in the mar- 
ginal work, for reducing -jfii to a decimal ; where it is plain, from 
the remainders, that 54 would recur continually; so that is 
equal to a decimal ; the recurring being 54. As ”^^4 &c. 

a final example, let it be required t3 convert ^ decimal. * 

When one 0 is annexed to the 8, the divisor 113 will go no times; therefore, the first 
decimal place is to bo occupied with a 0. Annexing now a second 113)8 (-07079, &c. 
0, the next decimal figure is 7, and the work proceeds as in the 
margin: the noughts being suppressed, though conceived to bo 
annexed to the 8, and brought down one at a time, as in ordinary 
division. The quotient shows that ^1^ = -07079, &c. : the decimals 
may be carried out to any extent ; but if wo stop the work hcre» 
the error cannot bo so groat as -00001 ; that is, it is loss than 
ioo Vtjc • obvious that, by continuing the work, we can 73, &c. 

make the error as small as wo please. 

The following are a few examples for exercise : — 


9 

791 

109 

1017 


(1.) v=im 

(4.) ^h=‘98125. 


(2.) ,V=-4375. 

(6.) iV=*076923, &c. 


(3.) ii=-276. 

(6.) TT,1r4=*00438,&c. 


Addition and Subtraction of Decimals.— -The rules 
for these fundamental operations ore in reality the same as 
those for integers. We must here be careful not only to place 
units under units, tens under tens, and so on, but also to place 
tenths under tenthsy hundredths under hundredths^ &o . : that is, the 
decimal points must all range under one another in the same 
vertical line. This attended to, the operations are just the same 
as those with integers. See the operations in the margin. 


Addition. 

Subtraotioii. 

23-628 

14-706 

4-1056 

3-9281 

•0137 


•0042 

10-7769 

•76 


— . — 

1-34 

28-5015 

•0667 

1-2743 
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SSnltipliaitioxi of ]KM:iJiiaU.~-»Multiplioatio7i requiros no special rule. The 
multiplier is to be placed under tbe multiplicand, just as if botli were integers, no 
regard being paid to the decimal points. The only thing to bo attended to is tbo 
marking off the proper number of decimal places in the product ; and this is a very 
easy matter. Wo have seen that a uiimber involving decimals is, in fact, a fraction 
with that number, the decimal point being suppressed, for numerator, and 1, fol- 
lowed by as many ciphers os there are decimal places, for denominator. Two such 
fractions multiplied together, being the product of the numerators di\ddcd 
by the product of the denominators, will therefore bo a fraction of 23 4G2 
which the denominator is 1, foUowtid by as many ciphers as there arc in 
both factors. Consequently, in the multiplication of decimals, as many 23402 
decimal places are to bo marked oit in the product as there ai’e decimal 70380 
places in both factors. 164234 

The example in the margin will suffice for illiLstration. As there are 
three decimals in the multiplicand, and two in the multiplier, fivo are 40uT2722 
marked off in the product. 

lUTision of Becimals. — Tliis operation, like that of multiplication, is the same 
for decimals as for integers ; and the way to estimate tlic number of decimal places in 
the quotient is suggested by the plan adopted in multiplication. 

All the decimals emplojmd in the dividend, including, of course, whatever ciphers 
may have been added to it to carry on the division, are to he counted. Wc havo thou 
only .to provide so many in the quotient, that when added to llie 
number of them in the ffivisor, wo may have just as many as in the 2"3d)23'621(10*0ol5 
dividend, ^ 

If the quotient figures, though all bo considered as decimals, bo 121 

too few in number to make up, v/ith those in the divisor, the number 1 

in the dividend, then ciphers sufficiont for this pui*pose arc to be “77“ 

prefixed to the quotient figures, and the decimal point to be placed 236 

before them. See the second example in the margin. In tlic first 

of these examples, six havo been used in the dividend, and as there llo^ 

are two in the divisor, there must be four in the quotient, which is 
therefore lO'Oold. The last decimal, 5, is a Httlo too great, but it 32'4)‘86 (*0205 
is^asy to see that if we had made it 4, the error in defect would have 048 

exceeded the present error in excess ; and in limiting the number of — — 

decimals, we always make the last figure as near the truth as pos- 

siblc. In the second example, five decimals have been used in the 

dividend ; and as there is but one in the di’vusor, four are required in 176 

the quotient; and to make up this number, a cipher is prefixed. 

The quotient is, iher^ore, *0265, as far as the decimals have been 
carried : that is, to four places. 

The fioUowii^ -ecamples will serve £or exemse in these two rules 
(1.) •^321<»6X'2465 ^ '079160164. (2.) 464*3x*0OS21 « ‘2'419003, 

(d.) 66-10333 ri- 17-371 = S'23. (4.) 2-419003 464*8 = '00621. 


82-4)*8G (-0-205 
048 


XastxactiMS ^ til# EfSHMe &oot< — If a number be multipHcd by itecl!^ the 
product is called stoond power f or the square, of that number. If this oIm be 

multiplied by the same aumbw, the product is called f/w third power, or the e%d>e of 
that number : and so on las the fourth power, fifth power, ic. This raising of 
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powers, wMch is also ealled invoktiion, is therefore nothing more than the multi- 
plication together of equal factors^ and is easy enough. But the reverse operation — 
that is, to find the factor which, involved in this manner, shall produce a given number 
— is a problem not so readily disposed of. The factor rofeired to is called the 
root of the power ; so that the reverse problem spoken of is the problem of tho 
extraction of roots. To extract tho square root of a given number, is to find a number 
which, when sejuared, or raised to tho second jmwer, or, which is the same thing, 
when multiplied by itself, shall reproduce the given number. The rule for this opera- 
tion is as follows : — 

Rule. — Commencing at the units* figure, cut off tu'o figures, then two more, and so 
on, thus dividing the number into periods^ as they arc called. 

If tho number of figiire.s bo we shall therefore have two figures in. eve ry 
l)oriod ; but if odd., the first period, on the left, will have but a single figure. 

Take tho square root of this iii'st period, or find the root of tho nearest square to it, 
which nearest square is not, however, to be greater than the number forming the first 
period. The root thus found will be the leading figure of the root of tho proposed 
number, and tho square of this leading figure is to be subtracted from the first 
period. 

To the remainder annex the second period : the resulting number will be the first 
dividend^ and the divisor for it is to bo found as follows : — 

I*ut twice the root-figure, ju.st found, in the divi.sor’s place ; the leading portion of 
the complete divisor will thus be obtained. This leading portion, as in common divi- 
sion, is enough to suggest tho corresponding quotient-figure, which is now to be found, 
and annexed to tho former root-figure, and also to tho balding portion of tho divisor 
employed in finding it, the divisor will then bo completed; bo that proceeding as in 
common division, a second remainder will bo obtained, to which tho next period being 
united, a second dividend will result. 

To find the corresponding divisor, put twice the nimiber, of two fguresy now in th(' 
root’s place, in the divisor’s place : wc shall thus have tho leading portion cf the com- 
plete divisor, by aid of which a third root-figure may be foimd ; which, as before, is to 
bo annexed to the former root-figures, and also to tho incomplete divisca*, in order 
to complete it ; and the work is to bo then carried another step, as in common division ; 
and so on, till all llio periods have been brought dcfvTi, and annexed, step after step, to 
tho successive remainders, thus supplying the successive dividends. If there bo a 
remainder after all the periods have been brought down, the operation may he con- 
tinued by a nn e x ing successive periods of ciphers to the successive remainders, (U’ 
successive periods of the decimals in the given number, should any bo there : in 
either cajse, the root-figures become decimals from the time that ciphers or decimals are 
annexed. 

As tho root multiplied by itself produces the original number, the decimal places in 
the root must, of course, always bo just half as many as have been employed in deter- 
mining it. And the root is only to be regarded as an approximation to the truth, 
whenever a re m a in der is left at tho step where the work toitoinates. As in diviaioii of 
decimals, tho departure from strict accuracy may be made as minute as we please by 
extendmg the decimals of the root. 

Here follow three easamides, worked by these precepts : the first is to find the aquaro 
root of 450684, the Beoond to find the equaro root of 31646625, and the third to find the 
square root of 3*66, 



40 


SQUAltE ROOT. 


(1.) 45,9634(678 

36 

(3.) 3/65(1-910497, &c. 

127)996 

889 

29m 

261 

1348)10784 

10784 

381)400 

381 

(2.) 31,64,06,25(6626 

25 

38204)190000 

152816 

106)664 

636 

382089)3718400 

8438801 

1122)2806 

2244 

3820987)27959900 

26746909 

11245)56225 

56225 

1212991, &c. 


The symbol for the operation of the square root is V ; which is no doubt a dege- 
nerated form of r, the initial letter of the word radixy or root : it appears from the 
foregoing operations that 

V459684 = 678 ; V31640625 = 5625 ; ^3*65 = 1-910497, &c. ; 
the last root being true as far as the sixth decimal place. 

By the same process it is found that 

(1.) V478256 = 687*936. (2.) _V784-375 = 28*0067. (3.) v'H = 3-316625. 

(4.) V-3236068 = -5688645. (5.) V794]t = V794*2 = 28*18155425. 


I here terminate tliis introductory treatise on the general principles of arithmetical 
computation. The plan of the present work has precluded the possibility of any exten- 
sive application of these principles to the various particular objects usually considered, 
under special heads, in books entirely devoted to Arithmetic. But I believe nothing 
has here been omitted which can be considered as essential to the dlear understanding 
of those practical inquiries ; for a comprehensive view of which, in moderate compass, 
the learner is referred to the work mentioned at page 29 ; and, for further remarks on 
the philosophy of the subject, to Professor Be Morgan’s “ Elements of Arithmetic.” 

Those who wish to inquire into the early history and progress of Arithmetic, should 
consult Peacock’s elaborate article in the Encyclopsedia Metropolitana,” and Be Mor- 
gan’s Account of Arithmetical Books also, Leslie’s Philosophy of Arithmetic,” and 
Belambre’s “ Arithm5tiquc dcs Gr^cs,” or the Eeview of it in No. XXXY. of tho 
“ Edinburgh Eeview.” 

To those especially who regard tho literature of Arithmetic, this latter work, and the 
able review of it to which I have alluded, will afford matter of the highest interest ; 
since the Greeks were ignorant of our system of decimal notation, and marked their 
i.umbcrs by the letters of their alphabet. 

The explanation of the process above ^ven, for the extraction of the square root, 
trill be found in the Algebra — ^the department of science to which the investigation of 
tho principle of it properly belongs ; and it is to this subject that the learner must refer 
for the necessary particulars respecting the cube-root. 
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A TABLE 

OP THOSS PAOTOaS OP THE COMPOSITE NUMBERS PROM 75 TO 10000, WHICH FALL 
■WITHIN THE LIMITS OP THE SIULTEPLICATION TABLE. 


No. 

Factors. 

No. 

Factors. 

No. 

Factors. 

75 

5 

5 

3 

405 

9 

9 

5 


1029 

7 

7 

7 

3 

98 

7 

7 

2 

432 

12 

9 

4 


1056 

12 

11 

8 


105 

t 7 

5 

3 

441 

9 

7 

7 


1078 

11 

7 

7 

2 

112 

8 

7 

2 

448 

8 

8 

7 


1089 

11 

11 

9 


125 

5 

5 

5 

462 

11 

7 

6 


1125 

9 

5 

5 

5 

126 

1 9 

7 

2 

484 

11 

11 

4 


1134 

9 

9 

7 

2 

128 

8 

8 

2 

486 

9 

9 

6 


1152 

12 

12 

8 


135 

9 

5 

3 

495 

11 

9 

5 


1155 

11 

7 

5 

3 

147 

7 

7 

3 

504 

9 

8 

7 


1176 

8 

7 

7 

3 

154 

11 

7 

2 

512 

8 

8 

8 

• 

1188 

12 

11 

9 


162 

9 

9 

2 

525 

7 

6 

5 

3 

1215 

9 

9 

5 

3 

165 

11 

5 

3 

528 

12 

11 

4 


1225 

7 

7 

5 

5 

168 

8 

7 

3 

539 

11 

7 

7 


1232 

11 

8 

7 

2 

175 

7 

5 

5 

567 

9 

9 

7 


1296 

12 

12 

9 


176 

11 

8 

2 

576 

12 

12 

4 


1323 

9 

7 

7 

3 

189 

9 

7 

3 

588 

12 

7 

7 


1331 

11 

11 

11 


192 

12 

8 

2 

594 

11 

9 

6 


1344 

8 

8 

7 

3 

196 

7 

7 

4 

605 

11 

11 

5 


1372 

7 

7 

7 

4 

198 

11 

9 

2 

616 

11 

8 

7 


1375 

11 

5 

5 

5 

216 

12 

9 

2 

625 

5 

5 

6 

5 

1386 

11 

9 

7 

2 

224 

8 

7 

4 

648 

9 

9 

8 


1408 

11 

8 

8 

2 

225 

9 

5 

5 

672 

12 

8 

7 


1452 

12 

11 

11 


231 

11 

7 

3 

675 

9 

5 

5 

3 

1458 

9 

9 

9 

2 

242 

11 

11 

2 

686 

7 

7 

7 

2 

1485 

11 

9 

5 

3 

243 

9 

9 

3 

693 

11 

9 

7 


1512 

9 

8 

7 

3 

245 

7 

7 

5 

704 

11 

8 

8 


1536 

8 

8 

8 

3 

252 

12 

7 

3 

7J26 

11 

11 

6 


1568 

8 

7 

7 

4 

256 

8 

8 

4 

729 

9 

9 

9 


1575 

.9 

7 

5 

5 

264 

11 

6 

4 

735 

7 

7 

5 

3 

1584 

12 

12 

11 


275 

11 

5 

5 

756 

12 

9 

7 


1617 

11 

7 

7 

3 

288 

12 

12 

2 

768 

12 

8 

8 


1694 

11 

11 

7 

2 

294 

7 

7 

6 

784 

8 

7 

7 

2 

1701 

9 

9 

7 

3 

297 

11 

9 

3 

792 

12 

11 

6 


1715 

7 

7 

7 

5 

308 

11 

7 

4 

825 

11 

5 

5 

3 

1728 

12 

12 

12 


315 

9 

7 

5 

847 

11 

11 

7 


1764 

9 

7 

7 

4 

324 

9 

9 

4 

864 

12 

9 

8 


1782 

11 

9 

9 

2 

336 

12 

7 

4 

875 

7 

5 

6 

5 

1792 

8 

8 

7 

4 

343 

7 

7 

7 

882 

9 

7 

7 

2 

1815 

11 

11 

5 

3 

352 

11 

8 

4 

891 

11 

9 

9 


1848 

11 

8 

7 

3 

363 

11 

11 

3 

896 

8 

8 

7 

2 

1875 

5 5 

5 

5 

3 

375 

5 

5 

5 3 

924 

12 

11 

7 


1925 

11 

7 

5 

5 

378 

9 

7 

6 

945 

9 

7 

5 

3 

1936 

11 

11 

4 

4 

384 

8 

8 

6 

! 968 

11 

11 

8 


1944 

9 

9 

8 

3 

385 

11 

7 

5 

972 

12 

9 

9 


2016 

9 

8 

7 

4 

392 

8 

7 

7 

1008 

12 

12 

7 


2025 

9 

9 

5 

5 

396 

11 

9 

4 

1024 

8 

8 

8 

2 

2048 1 

8 

8 

8 

4 
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No. 

Factors. 

No. 

Factors. 

No. 

Factors. 

2058 

7 

7 7 

6 

3872 

11 

11 

8 

4 

0336 

11 9 

8 

8 

2079 

11 

9 7 

3 

3888 

9 

9 

8 

6 

6468 

12 11 

7 

7 

2112 

11 

8 8 

3 

3969 

9 

9 

7 

7 

6534 

11 11 

9 

6 

2156 

11 

7 7 

4 

3993 

11 

11 

11 

3 

6561 

9 9 

9 

9 

2178 

11 

11 9 

2 

4032 

9 

8 

8 

7 

6615 

0 7 7 

5 

3 

2187 

9 

9 9 

3 

4096 

8 

8 

8 

8 

6055 

11 11 

11 

5 

2205 

9 

7 7 

0 

4116 

12 

7 

7 

7 

6776 

11 11 

8 

7 

22G8 

9 

9 7 

4 

4125 

11 5 

1 5 

• a 

; 3 

6804 

12 i:!, 

9 

7 

2304 

9 

8 8 

4 

4158 

11 

9 

7 

6 

6875 

il 5 5 

5 

5 

2352 

8 

7 7 

6 

4224 

11 

8 

6 

6 

6912 

12 9 

8 

8 

2376 

11 

9 8 

3 

!( 4235 

11 

11 

7 

5 

7056 

9 8 7 

7 

2 

2401 

7 

7 7 

7 

' 4312 

11 

8 

7 

7 

7128 

11 9 

9 

8 

2464 

11 

8 7 

4 . 

4356 

11 

11 

9 

4 

7168 

8 8 8 

7 

2 

2475 

11 

9 5 

5 

4374 

9 

9 

9 

6 

7203 

7 7 7 

7 

3 

2541 

11 

11 7 

3 

4375 

7 5 

5 

5 

5 

7302 

12 11 

8 

7 

2592 

9 

9 8 

4 

44“55 

11 

9 

9 

6 

7425 

11 9 5 

5 

.3 

262.5 

7 0 

i 5 5 

S 

4536 

9 

9 

8 

7 

7546 

11 7 7 

7 

2 

2646 

9 

7 7 

6 

4608 

9 

8 

8 

8 

7623 

11 11 

9 

7 

2662 

11 

11 11 

2 

4704 

12 

S 

7 

7 

7744 

11 11 

8 

8 

2673 

11 

9 9 

3 

4725 

9 7 

0 

5 


7776 

12 9 

9 

8 

2688 

8 

8 7 

6 

4752 

11 

0^ 

8^ 

e" 

7875 

9 7 5 

5 

5 

2695 

11 

7 7 

5 

4802 

7 7 

7 

7 

2 

7938 

9 9 7 

7 

r> 

2744 

8 

7 7 

7 

4851 

11 

<j 

7 

7^ 

7986 

11 11 11 

o" 

2772 

11 

9 7 

4 

4928 

11 

8 

8 

7 

8019 

11 9 

9 

9 

2816 

11 

8 8 

4 

5082 

11 ; 

11 

7 

6 

8064 

9 8 8 

7 

2 

2835 

9 

9 7 

5 

5103 

9 

9 

9 

7 

<S085 

11 7 7 

5 

3 

2904 

11 

11 8 

3 

5145 

7 7 

7 

5 

3 

8192 

8 8 8 

4 

4 

2916 

9 

9 0 

4 

5184 

9 

9 

8 

8 

8232 

8 7 7 

7 

3 

3024 

9 

8 7 

6 

5292 

12 

9 

7 

7 

8316 

12 11 

9 

7 

3025 

11 

11 5 

5 

6324 

11 11 11 

4 

8448 

12 11 

8 

8 

3072 

8 

8 8 

6 

6346 

11 

9 

9 

6 

8505 

9 9 7 

5 

3 

3087 

9 

7 7 

7 

6376 

12 

8 

8 

7 1 

8575 

7 7 7 

6 

5 

3125 

5 5 

5 5 

5 

6445 

11 11 

9 

5 1 

8624 

11 8 7 

7 

2 

3136 

8 

S 7 

7 

6488 

8 7 

7 

7 

2 1 

8712 

11 11 

9 

8 

3168 

11 

9 8 

4 

6544 

11 

9 

8 

7 

8748 

12 9 

9 

9 

3234 

11 

7 7 

6 

6625 

9 5 

5 

5 

5 

9072 

9 9 8 

7 

2 

3267 

11 

11 9 

3 

6632 

11 

8 

8 

8 

9075 

11 11 5 

5 

3 

3375 

9 5 

5 5 

3 

6775 ; 

11 7 

6 

6 

3 

9216 

9 8 8 

4 

4 

3388 

11 

n 7 

4 

6808 

11 11 

8 

€ 

9261 

9 7 7 

7 

’a 

3402 

9 

9 7 

6 

6832 

9 

9 

9 

8 

9317 

11 11 11 

7 

3466 

9 

8 8 

6 

5929 

11 11 

7 

7 

9376 i 

5 6 6 5 

i 5 

3 

3465 

11 

9 7 

5 

0048 

12 

9 

8 

7 

9408 

8 8 7 

7 

3 

3528 

9 

8 7 

7 

6075 

9 9 

5 

5 

3 

9504 

12 11 

9 

8 

3564 

11 

9 9 

4 

6125 

7 7 

6 

5 

6 

9604 

7 7 7 

7 

4 

3584 

8 

8 8 

7 

6144 

12 

8 

8 

8 

9625 

11 7 6 

5 

5 

3645 

9 

9 9 

5 

> 6174 

9 7 

7 

7 

2 

9702 , 

11 9 7 

7 

2 

3675 

7 7 

5 5 

3 

6237 

11 

9 

9 

7 

9801 

11 11 

9 
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3696 

11 

8 7 

6 

6272 

8 8 

7 

7 

2 

9866 

11 8 7 

4 

4 

3773 

11 

7 7 

7 













EUtJLIT) — DEFINITIONS. 




FLAKE GEOMETRY. 

THE ELEMENTS OF EUCT.ID : BOOKS I.— VT. 


In order to acquire clear conceptions of a pointy a line^ and a surface, with the defi- 
nitions of which Euclid sets out, it will be best for the learner to consider them, at 
first, in connection with a solid; that is, ’svnth something that has lengthy breadth^ and 
thickness. AJl external objects — ^thingB that can be seen and felt — are solids; and 
however small the solid may be, it must have some length, some breadth, and some 
thickness : using these terms in their ordinary acceptation — that is, in the sense in which 
th(;y are used in common discourse. 

The hotmdorics of a solid are called the surface^ or the superficies^ of the solid ; and, 
as a boundary, cannot have thickness ; because, if it had, it would be a part of the colid, 
and not a side, or face, or boundary of it : it follovrs that a surface can have length and 
breadth only. 

Again : the surface its(.‘lf has its boundaries, or limits : these boundaries are called 
lines : and as a boundary of a surface cannot have either breadth or thickness, since it is 
no part of tlio surface, much loss a part of the solid, it follows that a line has length 
niily. 

Lastly, a line has its limits — a beginning and a termination ; we spealc of these, in 
common language, as the ends of the line. Euclid calls them points; and it is plain 
that a point, being no pari of tho line, cannot have length ; and as breadth and thick- 
ness are excluded even from the line itself, it follows that a point has no dimensions or 
magnitude. It merely indicates position ; the position, namely, of the commencement or 
termination of a line. 

Euclid frequently speaks of taking a point in a line, without meaning an extremity 
of the line ; but w'O may conceive a line to be crossed, or cut by other lines, and thus to bo 
divided into sboiixu portions. Each portion has its extremities ; so that we may con- 
ceive as many points in the lino as wo please. "We cannot represent length only to the 
eye ; it is necessary, therefore, in contemplating tho black marks on paper, by which 
lines are represented, entirely to disregard tho breadth of them ; and to fix the attention 
upon tho length alone : the eye may see breadtii and thickness; the mind takes note of 
length only. 


BOOK I. 

DEFINITIONS. 


A point has no magnitude : it has position only. 

II. 

A Um is length only. 

in. 

A straight line is that wMdi lies wenly between its extreme points. 

It is distinguished by uniformity of direction : a straight line is a stretched line. 
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EUCLID—DKFINITIONS, 


IV. 

Ltwrfacey or superjiciesy is that which has length and breadth only. 


V. 

Therefore the boundaries of a surface arc lines. 


VI. 

A plane surface^ or simply ek plane j is that in which, whatever two points be taken, 
the straight line, having these points for extremities, lies wholly in that surface. 


A plane reeiilimal angle is the opening between two straight lines, «vhich meet 
together, but which do not unite so as to form one continued straight line. 

Thus the two straight lines A B, C B, meet each other in the point B, forming an opening^ of 
which B A and B C arc the boundaries, or limits : this opening is 
called 9k plane rectilineal angle^ or simply an angle. 

The two straight lines A B, C B, in the second representation, also 
meet each other ; but they form 
no opening or angle ; they unite 


A" 


-b- 



B 


in forming a continued straight n 
line, A C. 

An angle is sometimes referred to by simply naming 


the letter, placed at the point in which the 
lines forming the angle meet : in this way 
reference is made to the angle B, or the 
angle F, meaning the opening between 
B A, B C, or that between F D, F E. But 
if there be two or more openings, or angles, 
at the same point, this mode of reference 
will not do : the sides, or boundaries, of the particu- 
lar one of those angles meant, must also be pointed 
out. Thus, if we wish to refer to the angle whose sides 
are B G, B n, attention must, in some way, be distinctly 
directed to these sides ; because, as there are several 
angles at B, a reference to this point alone would be 
insufficient. The plan adopted is this : not only the 
letter (B) at the vertex of the angle, ns this point is 
called, is used, but the other two letters (G, U) which 
mark the sides of the angle— the former letter being 
always placed between these two. Thus GBH, or II BG, 
means the angle whose vertex is B, and whose sides are B G, B H. In like manner A B H, 
or HB A, refers to the angle whose vertex is B, and whose sides are B A, B H : but there is 
no necessity to use three letters to denote an angle when there are no other angles at the 
same point or vertex. 



VIII. 

When a straight line (A B) standing on another straight 
lino (C D) makes the adjacent angles (A B C, A B D) equal to 
one another, each of the angles is called a right angle ; and 
the straight lines are said to be perpendiotdar to each other. 

Thus the two lines, AB, CD, are perpendicular to each other. Q 
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IX. 


An obtuK angle is that which is 
greater than a right angle. 



X. 

An acute angle is that which is less than a 
right angle. 


XI. 

A figure is that which is enclosed by one or 
more boundaries. 




XII. 

A circle is a plane figure enclosed by one line, which is 
called the circumference of the circle : it is such, that all 
straight lines, drawn from a certain point within the figure 
to the circumference, are equal to one another. 

XIII. 

This point is called the centre of the circle. 

And any lino drawn from the centre to the circumference is 
called a radiua of the circle. 

XIV. 



A diameter of a circle is a straight line drawn through the centre, and terminated 
both ways by the circumference. 

A radius is therefore half the diameter, or a semidiameter. 


XV. 


A semicircle is the figure contained by a diameter and the part of the circumference 
cut off by the diameter. 

XVI. 

ItectUineal figures are those which are enclosed by straight lines only. 


xvri. 

Trilateral figures^ or triangles, are enclosed by three straight lines. 

xvni. 

Quadrilateral figures, by four straight lines. 


XIX. 

Multilateral figures, or polygons, by more than four straight lines. 

The term polygon, however, is often employed as a general name for rectilineal figures of all 
kinds, without regard to the number of the sides ; so that the rectilineal figures defined 
above may, without impropriety, be called polygons of three and of four aides respectively. 


XX. 

An equilateral triangle is that which has its three sides equal 
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EUCUD—DEFINITIONS. 


An isosceles triangle lias two of its sides equal. 


A aedlene triangle has its three sides unequal. 


A right-angled triangle has one of its angles a right angle. 


An obtuse-angled triangle has one of its angles obtuse^ 
or greater than a right angle. 






An acute-angled triangle has each of iti? angles aculc^ or less 
than a right angle. 


Of four-sided figures, a sqmre is that which has oil its sides equal, 
and all its angles right angles. 

If the four eides are equal, and only one of the angles affirmed to be right, 
the other three angles must be right, of necessity, as will be hereafter 
proved ; this definition is therefore redundant. 

XXVII. 

A rectangle is that which has all its four angles right angles, whether 
its sides be equal or not. 


A rhonTh^ is that which has all its sides equal, hut its angles 
are not right an^es. 



A rhomboid is that which has its opposite sides equal to one 
another, but all its sides are not equal, nor its angles right angles. 
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XXX. 

JParaUel straight Inm are such as are in the saane 

plane, and which, being produced eyer bo far both ways, 
do not meet. — 

XXXI. 

If each pttiir of q)pQii^ sides of a quadrilateral be 
parallel Hnes, the figure is called fi. parallelogram. 

It will be seen hereafter that squares, rectangles, rhombuses, and rhomboids, are all 
parallelograms.. 



xxxn- 

All other four-sided figures, besides those 
here defined, are called trapeziums. 


XXXIIl. 

A line drawn across a figure, joining two 
opposite comei-s, or vertices^ is called a diagonal. 



POSTULATES. 


Let it bo granted that a straight line may be drawn from any one point to any 
other point. 

II. 

That a terminated straight lino may he prolonged to any length in a straight line. 

in. 

And that a circle may be described from any centre, at any distance from that 
centre. 


AXIOMS. 


I. 

Things which axe equal to the same thing are equal to one another. 


If equals bo added to equals, the wholes will bo equal. 


in. 

If equals be taken from equals, the remainders wOl be equaL 

IV. 

If equals be added to unequals, the wholes wiU be unequal. 

T. 

If equals be taken from unequals, the remainders will be unequaL 
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ELEMENTS OP GEOMETRY. 


VI. 

Things which are double of the same are equal to one another* 

vn. 

Things which are halves of the same are equal to one another. 


vra. 


Magnitudes which coincide, or which may be conceived to ooinoidei with one 
another, are eq\w.L 

IX. 

The whole is greater than its part. 


X. 

Two straight lines cannot enclose a space. 


XI. 

All right angles are equal to one another. 

MAHXS AND SIGNS USED FOR ABBREVIATION. 

= is the sign of equality, and signifies that the quantities between which it is 
placed are equal, 

+ is the sign of addition, and signifies that the quantities between which it is 
placed are to be added. 

— is the sign of subtraction, and implies that the quantity after it is to he 
traeted from the quantity before it. 

I /. stands for the word therefore, or consequently. 

I Besides these marks the following contractions are also frequently used ; namely, 

( ax. for axunn ; post, for postulate ; prob. for problem ; thco. for theorem ; prop, for propo^ 
i sition ; const, for construction ; and hyp. for hypothesis, Q. E. D. stands for Quod erat 
j demonstrandum^^ which was to be demonstrated. 

PKOPOSITION I.— Problem. 

I To describe an equUaieral triangle (A B C) upon a given finite straight line (A B). 

• Post. 3. With centre A, and radius AB, describe the circle BOD;* and with 
centre B, and the same radius, BA, describe the circle 
ACE. 

I From C, the point in which the circles cut each other? 

I • Post. 1. draw CA, CB,* the triangle ABC shdU 
I be equUaieral. 

•f Dcf. 12. Because A is the centre of the circle BCD, 

• Ax. 3. AC = AB,t and because B is the centre 
of the circle ACE, BCsAB, /,AC=BC;* sothat AC,BC, 

AB, are equal to one another, consequently the triangle 
ABC %» equilateral, and it is described upon AB, which was to he done. 

PEOPOSITION IL— Problem. 

Trom a given point (A) to draw a straight line (AL) equal to a given etraight 
line (BC). 

• Post 1 . ‘Prom A to B draw AB,* and upon AB describe the eqiiileteral tri- 
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* Pr. 1. angle BDA,* With, centre B, and radius BO, describe the circle 

+ Post. 3. CGH,t and produce DB to meet it in j, 

G. Again : with D as centre, and D G as radius, describe — ^ 

the circle G K L, and produce D A to meet it in 

* Post. 2. L ;* AL shall be eqml toBC. / \ 

Because B is the centre of the circle CGH, B 0= / — --w \ 

+ Dcf. 12. BG.f I \ J 

Because D is the centre of the circle GKL, DL= \ \/ \ 

DG. \ r )/ 

“ Const. But DA, DB, parts of DL, DG, are also equal,* V \ 

+ Ax. 3. the remainders, A L, B G, are equal ;t so 

that AL, B C are each equal to B G, and are, consequently, 

* Ax 1. equal to each other.* Wherefore, from the given pointy A, a straight 
lincy AL, /«w been drawn equal to BC. Which was to be done, 

PROPOSITION III.— Problem. 

Troni the greater (AB) of two given straight lines (AB and C), to cut off a part equal 

to the less (C), 

* Pr. 2. From A draw AD = C,* and with 

centre A, and radius A D, describe the circle ‘'N. 

f Post. 3. D E r,t cutting off A E from A B : / \ ^ 

A E shall bernC. / 

Because A is the centre of the circle DEF, I C A j- ■■ . ^ 

^Def.i2. AE=AD.* But C=:AD,t/.AE \ j 

t Const. andCaroeach=AD,.'.AE=C;* so ^ yv 

■* Ax. 1. from the greater linCy AB, a 

party AE, has been cut offy equal to the lesSy C. Which 
was to be done. 

PROPOSITION IV.— Theorem. 

If two triangles (ABC, DEF) JMve two sides (AB, AC) of the one equal to two sides 
(D E, D F) of the other y each to each ; that is, A B = D E, and A C = D F, and have 
likewise tlw angles contained by those sides equal, that is, the angle A:=the angle D, then 
their bases or third sides (B C, E F) shaU be equal, and also their other angles each to 
each, namely, those to which the equal sides arc opposite, that is, the angle BssUhe angle 
E, and the angle Q=ihe angle F ; the surfaces of the triangles shaU also be equal. 

For, conceive the triangle A B C to bo laid upon, or applied to, the triangle DEF 
so that the point A may be on D, and the line A B 

on D E ; then tha point B sh^ fall on E, he- 2 

•Hyp. cause AB = DE.* And A B thus /\ 
coinciding with D E, AC must fall on D F, / \ / \ 

t Hyp. because the angle As=the angle D ;t / \ / \ 

also the point C must fall on F, because A C= / \ / \ 

* Hyp. D F.* But B was proved to coin- j \ ^ 

cide with E ; and since B coincides with E, and g ^ E y 

0 with F, the base BC must coincide witii the 

base E F, otherwise the two straight lines B C, EF, thus made to ooixLoide at their 
t Ax. 10. extremities, would inclose a space, which is impossible ; f has$ \ 
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* Ax. 8. BC, coinciding with the base EF, is eqmlioEY.^ Moreover, since the 

two lines A B, B C coincido with the two D E, E P, the angle B coincides with the 
angle E ; and since the two lines A C, C B coincido with the two D F, P E, the angle 
C coincides with the angle F \ , \ the angle B = the angle E, and tlw angle C = the 

* Ax. 8. angle F.* And as the triangle ABC thus coincides, in every respect, 

+ Ax. 8. with the triangle D E F, the surfaces of the triangles must he eqtcal 

if two triangles., &c. Q,. E.D. 

PROPOSITION V.—Theorem. 

The angles (ABC, ACB) at the base (BC) of an isosceles triangle (ABC) are equal; 
and if the equal sides (A B, A 0) be prolonged^ the angles (D B C, E C B) upon the other 
side of the base shall he equal. 

In BD take any point, F, and from AE, the greater, cut off AG=AF, the 

* Pr. 3. less ;* and draw F C, G B. 

+ Coast. Because FAj=G A,t and A C =A B^/.F A, A C arc equal to G A, A J), 

* Hyp- to ^'^ch ; and the angle A is common 

to both the triangles AFC, AGB;.\FC=GB,t the angle ^ 

+ Pr. 4. A C F = the angle A B G,t and the angle /\ 

AF 0 = the angle A G B,t these being the angles to which / \ 

the equal sides are opposite. / \ 

Again: because the whole AF = tho whole AG, and j \ 

that the parts A B, A C are equal, the remainders B F, C G / \ 

’S Ax. 3. are equal;* and it was proved thatFC= b/. 

GB, the two sides B F, F C, arc equal to the two C G, G B, 

each to each : it was also proved that the angle B F C = the ^ 

-j- Pr. 4. angle C G B, the angle FBC = the angle GCB,t ^ 

and the angle B C F = the angle C B G. And since it was j 
demonstrated that the whole angle A B G m the whole angle D E 

A C F, the parts of wliich, the angles C B G, B C F, arc also 

Ax. 3. equal, the remaining angle A B C = the remaining angle A C B.* Those 
are the angles at the base of the isosceles triangle ABC, and the angles FBC, G C B, 
before proved to be equal, are the angles on the other side of the base. Therefore the angles 
at the base, &c. Q. E. D, 

Corollary. — Every equilateral triangle is equiangular. 

PROPOSITION VI.—Theorkm. 

Ifiwo angles (A B C, A C B) of a triangle are equal, the sides (A C, A B) which subtend, 
or are opposite to, the equal angles shall he eqmi. 

For, if A B he not equal to A C, one of thorn, as A B, must bo the 
♦ Pr,3. greater. Let a part BD, equal to AC, the less, be cutoff,* 
and draw D €. Then, because in the triangles DBC, ACB, DB=: /\ 

A C, and B 0 common to both, the two sides D B, B C are = the two \ 

sides AC, CB, each to each; and the angles DBC, ACB are / \\ 

* Hyp- equal;* the triangle DBC == the triangle AC B,f j \\ 

4 Pr. 4. a pirt to the whole, which is absurd. Therefore, A B, / ^ 

A C are not unequal — that isj they are equal if two angles^ t T 

Q-B-D. 

Cob.— E very wmimitikr triangle is equilateral. 
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PROPOSITION Vn.— T heohsm. 

Upon the aatne base (AB), and on the same side of it^ there cannot be two triangles 
(ACB, ADB), having their sides (AC, AD), which are terminated in one extremity 
of the base, eqml to one anoilier^ and likewise (BC, BD) those which arc terminated 
in the other extremity. 

Join CD : then, in the case in which the vertex of each triangle is without the 

• Hyp. other triangle, because ACssAD,* the angle 

t Pr. 5. ACD=AD C.f But the angle ACD is greater 

than the angle BCD, which is only a part of it ; the angle 

ADC is greater also than BCD: much more, then, is the 
angle B D C greater than BCD. Again : because B C = 

* Hyp. BD,* the angle BDC=BCD;t but it has 
+ Pr. 5. been demonstrated to be greater than BCD, 

which is impossible, in this case it is impossible that AC 
= A D, and likewise B C = B D. 

But if one of the vertices, as D, be within other triangle, prolong AC, AD 

♦ Hyp. to E, F. Then, because AC = AD* in the 
triangle ACD, the angles E C D, F D C, upon the other 

+ Pr. 5. side of thti base C D, are equal ;t but the 

• Ax. 9. angle E C D is greater than BCD,* F DC is 

likewise greater than BCD: much more, then, is B D C greater 

t Hyp. than BCD. Again: bccau8eBC = BD,t the 

• Pr. 5. angle BDC = BCB;* hut B D C was proved 
greater than BCD, which is impossible, in this ease also it 
is impossible that A C = AD, and likewise B C = B D. 

Tho case in which the vertex of one triangle is upon a 
+ Ax. 9. side of the other, needs no demonstration.f 
Therefore, upon the same basc^ &c. . Q. E. D. 

PROPOSITION yilT.— T heorem. 

If two triangles (ABC, DEF) have tico* sides (AB, AC) of the one equal to two sides 
(DE, DF) of the othc7', each to each, and have likewise their bases or third sides 
(BC, EF) equalf then the angle (A) contained by the two sides of the one shall he equal 
to the a)iglc (B) contained by the two sides equal to them of the other. 

For if tho triangle A B C bo applied to DEF, so that tho point B may be on E, and 
B C on E F, tho point C shall coincide 

* Hyp. -with F, because B C = E F.* 

And B C thus coinciding with E F, BA 
and AC must coincide with ED and 
D F ; for if the base B C, coinciding with 
E F , tho sides B A, A C could fall other- 
wise than on E D, D F, and have different 
situations, as E^G, G F, then upon the same 
base E F, and on the same side of it, there 
could be two triangles having tho sides E D, E G, terminated in one extremity of tho 
base, equal to one another, and likewise the sides F D, F G terminated in the other 

+ Pr. 7. extremity. But this is impossible ;t-’- if the bases coincide, the remaining 
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sides cannot but ooincido, and the angle A mmt coincide with the angle B, and be equal 

• Ax. 8. toiU^ Therefore, if two triangUiy &c. Q,E.D, 

PROPOSITION IX.-Peoblem. 

To hieect a given rectiliTieal angle (B A C) ; that w, to divide it into two equal angles. 

• Pr. 8. Take any point D in AB, and firom A C cut off AEi= AI>:* draw D E, and 

+ Pr. 1. upon it describe an equilateral triangle D E F,t 

so that the vertex F may be on the opposite side of D E to 
the vertex A. Draw A F, then A F shall bisect the angle 
BAG. 

• Const. Because AD=AE,* and that AFis com- 
mon to the two triangles D A F, E A F : the two sides 
DA, AF are = the two sides EA, AF, each to each, 
and the base DF=riie base EF; .‘.the angle DAF 

• Pr. 8. s— the angle £ A F the given angle BAG 
is bisected by the straight line A F. Which was to be done. 



PROPOSITION X.— Problem. 

To bisect a given finite straight line (AB) ; that is, to divide it into two equal parts. 

* Pr. 1. Upon AB describe an equilateral triangle ABC,* and bisect the angle 
t Pr. 9. ACB by the straight line CD;t A B shall be cut into 

tv/o equal parts in the point D. /j^ 

Because C A = C B, and C D common to the two triangles A C D, / \ 
BCD, the two sides C A, C D arc = the two C B, C D, each to each ; / \ 

and the angle A C D = the angle BCD;.', the base A D = the / \ . 

* Pr- 4. base B D ;* :,the given line AB is divided into two equal ^ 
parts in the point D. Which was to be done. 


PROPOSITION XI.— Problem. 

To draw a straight Ivie at right angles to a given straight line (A B), from a given 
point (C) in it. 

Take any point D in A C, and make C E = C D. Upon D E describe an equilateral 
*Pr.l. triangle DFE,* and draw CF; CF 
shall be at right angles to A B. j ^ 

Because D C = E C, and that F C is common / \ 

to the two triangles D C F, E C F ; the two sides / \ 

D C, C F aresstho two E C, C F, each to each, / \ 

and the base D F =base E F ; the angle DCF / \ 

* Pr. 8. s=: an^e EOF,* and they are adja- / \ 

cent angles. But when the adjacent angles which D A J! B 

one straight line makes with another ore equaly 

1 Def.«. eatiiiaealilxAarightttngUi^ :.fromthegkenpointC i»th»fiv«nttraightUM 

AB, 0 ttraifht Kne 0¥ hat hem drawn at right angks fo A B. Which wot to bt done. 
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PROPOSITIOIT XII.— Problem, 

To draw a straight line perpendicular to a given straight line (A B) of unlimited lengthy 
from a given point (0) without it. 

Take any point D upon the other side of A B, and with centre 0 and radius C D 

* Post. 8. describe the circle E G F * 
meeting AB in F, G: bisect F G in H,t 

t Pr. 10. and join C, H, 

The straight lino C H shall be perpendi- 
cular to A B. 

Draw C F, C G. Then because" F H = 

* Coiiflt. GH,* and H C common to the 
two triangles FHC, GHC, the two sides 
F H, H C are = the two sides G H, H C, 

(^ach to each, and the base C F = the base 

t Def. 12. C G ;t the angle C H F = the 

• Pr. 8. adjacent angle C H G ;* each of 

g them is a right angle, f and consequently C H ie perpendieular to 

t De . . B j-j. :^from the given point C a perpendicular C H the given line A B 
hoe been drawn. Which was to he done. 

PROPOSITION XIII.— Theorem. 

The angles which one straight line (A B) inahes with another (D C) upon one side of it, are 
cither two right angles^ or are together equal to two right angles. 

For the angle A B C is either equal to A B D, or it is not. 

* Def. 8. If AB C be = AB D, each 
from B draw B E at right angles to 

t Pr. 11. D C :t then the angles 
E B C, E B D are right angles, also 
EBC=EBA4-ABC. To each 
of these equals add EBD, /. EBC 
+ E BD = EBD4-EBA + 

• Aac. 2. ABC.* Again: ABD 
= EBD + EBA. Add ABC to 
each of these equals, A B D -J- 
ABC=EBD + EBA-f 

•f Ax. 2. A B C ;t it was demonstrated that EBC + EBD are equal to the 

• Ax. 1. latter three angles, .•.ABD + ABC = EBD-fEBC:* that is, the two 

angles A B D, A B C orre together equal to two right angles. 

Therefore the angles which one straight line, &c. Q E D. 

Cob. 1. — ^It is ihanifest from this, that if two straight lines cross one another, 
forming four angles at the point of intersection, these four angles are together equal 
to four right angles. 

Cor, 2. — ^And moreover, that if in a straight line any point between ita extremities 
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be taien. from whicli any number of straight 
lines are drawn, some on one side and some on 
the other, all the angles thus made at the point 
will together be equal to four light angles ; those 
on one side of the proposed line being together 
equal to two right angles, and those on the other 
side equal also to two right angles. 



PROPOSITION XIV.— Theoubm. 

If (it a point (B) in a straight line (AB) tivo other straight tines (BC, BD), upmt j 
opposite sides of ity make the adjacent angles (AB.C, ABO) together equal to two right 
angles^ the two straight lines (B C, B B) shall be in one and the same straight line. j 

For, if B D be not in the same straight line with C B, lot BE be in the same straight 
lino with it. Then because A B makes, with tho 

straight line C B E upon one side of it,* the angles A 

ABC, ABE, these arc together = two right / 

* Pr. 13. angles.* But A B C, ABB are j 

+ Hyp. likewise together = two right angles, f j 

.‘.ABC-i-ABE^ABC-f ABB.* j 

Taljc away the common angle ABC, and there 

t Ai. 3. remains A B E = A B B,t the loss ^ ^ ^ 

to the greater, which is impossible ; B E is not 

in the same straight lino with B C. And in like manner may it ho proved that no line, 
except B B, can be the prolongation of C B ; C B, B B are in one and the same straight 
line. Wherefore, if at a pointy &o. Q.. E. B. 

PROPOSITION XV.--THEOIUSM. 

If two straight lines (A B, C B) cut one another^ the vertical (or opposite) angles shall he 
equal; that is, AEC = BEB, and CEB=AEB. 

The angles which A E makes with C B, on one side of it, are together equal to two 
Pr. 13. right angles;* that is, AEC-|- 
A E B =r two right angles. Again; the angles 

which B E makes with A B arc also together A . ^ 

t Pr. 13. equal to two right angles ;* that 
is, BEA*4"I^EB = two right angles ; .'. 

fAx. 1. AEC-f-AEB=:BEA-J[-BE B.f Take away the common angle j 

• Ax. 3. AEB, and there remains AEC = DEB.* And in a similar manner it i 
may be proved that CE B = A E D. Therefore, if two straight linesy &c. Q. E. B. j 


PROPOSITION XVI.— Theorem. 

If one side (BC) of a triangle he prohngsdy the exterior angle (A C D) shall be greater than 
$&her qftke inUrtcr opposite (or more remote) angles (B AC, ABC). 

• Pr. 10. Biaect A C in E,* draw B E, which prolong, and make E F sssequal 
t Pt. s. BErfjoinFC. 
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* Const. Becanso AE=GE,* an<iEB=£F;* A£,EBaxe=sC£,iIF) etu^toieaoli; 

+ Pr. 15. and the angle AEB = CEF;t .‘.AB 

j Pr. 4. = C r,$ and the angle A=E C F 4 but 

A C D is greater than E C F, A C D is greater 
than A ; .'.if one side, B C, of a triangle be pro- 
longed, the exterior angle A C D is greater them, the 
interior angle A opposite to the side prolonged ; but 
if the side prolonged bo A C, the exterior angle 
win bo B C G, and tho interior angle opposite, ABC; B 
.-.BCG is greater than ABC. But ACD = 

* Pr. 15. B C G,* A C D is greater than 
ABC; and it was before proved that A C I) is 
greater also than A, .'.AC D ts greater than eitJier 
of the interior opposite angles B A C, ABC. There- 
fore, if one sidCj &c. Q. E. D. 

PBOPOSITION XVII.—Theorem. 

Any two angles of a triangle (ABC) are together less than two right angles. 

Prolong one of the sides, as B C to D ; then the exterior angle A C D is greater 

* Pr. 16. tho interior opposite angle B.^ To 
each of these add A C B ; then A C I), A C B are 

+ Ax. 4. together greater than B, A C B ;t but 
A C D, A C B arc together ec^ual to two right 

* Pr. 13. angles B, ACB are together less 
than two right angles. And if B A he prolonged, it 
may bo proved, in like manner, that A, B are together 
loss tlian two right angles ; or if C A ho prolonged, 
that A and A C B are together less than two right 
angles. Therefore, a7iy two angles^ &c. Q. E. D. 

PBOPOSITION XVIII.— Thbobsm. 

The greater side of every triangle (ABC) is opposite to the greater angle. 

Let AC bo greater than AB; the angle ABC shall be greater than the angle C. 

From A C tho greater cut oft' A D = A B the less, 
and draw B I). Then because A D B is an exterior 
angle of the triangle BBC, it is greater than 

* Pr. 16. C :♦ hut A D B = A B D,t .’. the angle 

t Pr. 5. abb is likewise greater than C ; much 

more, then, is the angle ABC greater than C. There- 
fore, the greater aide, &c. Q. E. B. 

PEOPOSITION XDC.— Theorem. 

The greater angle of every triangle (ABC) is suhtetided by the greater side, vet Isos tbe 
greater side opposite to it. 

Let the angle B be greater than C; then AC shall be gi’oatcr than A B. 
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For, if it be iiot greater, AC must either be 
equal to A B, or less than it. If it were equal, A 

* Pr. 5. the angle B would = C ;* but it is 

not,.*. AC w «o^ = AB. If it were less, the angle / 

t Pr. 18. B would be less than C ;t but it is not, /. / 

AC is not less them AB ; and it was shown that it is / 

not eqml to AB, A C iff greater than A B, .*. the greater 

angle, &c. Q. E. D. ^ 

PROPOSITION XX.— Theorem. 

Any two sides (B A, AC) o/rt triangle (ABC) are together greater than the third side (BC). 

* Pr. 3. Prolong one of the two sides, as BA, to D, and make AD = AC,* the 
other of the two sides : join D, C. 

+ Pr. 5. Because AD = AC, the angle ACD = D ;f 1) 

but the angle B C D is greater than A C D, .*. B C D is greater 
than D. And because the angle B C D of the triangle D B C is 
greater than the angle D, and that the greater angle is sub- 
I • Pr. 19. tended by the greater side,* the side BD is I 

greater than BC : but BD = BA-f AD = BA-|- AC, ^ 

B A+AC iff greater' than'hi^. Therefore any two sides, &c. ^ 

Q. E. D. ^ 

PROPOSITION XXI.— Theorem. 

If from the ends of a side of a triangle there he drawn two straight lines (B D, CD) a 
point within the triangle, these shall he together lessdhan the other two sides (AB, AC) 
of the triangle, hut shall contain a greater angle. 

Prolong BD to E. The two sides BA, AE of the triangle ABE are together 

* Pr. 20. greater than BE.* To each of these unequals 
add EC, .*. B A, A C are greater than B E, EC. Again : the 

two sides CE, ED of the triangle C ED are together greater /\f* 

+ Pr. 20. than C D.f To each of these add DB, 

C E, E B are greater than CD, D B. But it was shown that 
BA, AC are greater than BE,EC; much more then areB A, AC 
greater than B D, D C. Again : the exterior angle B D C of ^ 

* Pr. 16 . the triangle CDEisgreaterthanCED;* and the ® ^ 

exterior angle C E B of the triangle A B E is greater than B A C : * 

much more then iff B D C greater than B A C. Therefore, if from the ends, &o. Q. E. D. 
PROPOSITION XXII.— Problem. 

To make a triangle of which the sides shall he equal to three gwen straight lines (A, B, C), 

* Pr. 20. each to each, but any two of these must he greater than the third,* 

Take a straight lino DE, terminated at the ^ 

point D, but unlimited towards E, arid make ^ 

tPr. 3. DF=:A,FG=B,andGH=C.t / 

With centre F and radius F D describe the / I \ \ 

circle DKL; and with centre G and radius ^ t " yf qT — j E 

GH describe the circle HKL, cutting the \ Vi / y 

former in K. Draw K F, KG: the triangle 

KF G has its three sides equal to the three 

lines A, B, C. 
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Becaiifle F is the csentro of the circle DK L, F D = F K ; but FD = A, /. 
FK = A. Again : because G is the centre of the circle LKH, GH = GK ; but 
G H = C, GK=:C; but FG = B, the sides of the triangle K F G ar<> equal 
to A, B, Cf each to each» Which was to be done, 

Notb.‘— I t is plain that the oirclea oouldnotcut unless their radii were togrether greater than the 
distance between their centres : if such were not the case, they would be wholly toithout one 
another. And if the distance of the centres, together with one radius, were smaller than or 
equal to the other radius, one circle would be wholly withm the other ; the hypothesis pre- 
cludes both of these ciroumstances. 

PROPOSITION XXIII.—Problem. 

At a given point (A) in a given straight line (AB) to make an angle equal to a given 

cmgle (0). 

In C D, C E take any points D, E, one in 
each, and draw DE. Make the triangle AFG, 
the sides of which shall be equal to those of 
ODE, namely, AF = CD,AG = CE, andFG= 

« Pr. 22. D E ;* then the angle A shall be equal 

to C. 

Because AF = CD, AG=CE, and F G = 

* Pr. 8. D E, the angle A = the angle €,♦ at 
the given pointy &c. Which was to he done. 

PROPOSITION XXIY.-Theoeem. 

If two triangles (ABC, DEF) have two sides (AB, AC) of the one equal to two sules 
(DE, DF) q/* the other ^ each to each, but the angle (BAC) contained by the two sides 
of one of them greater than the angle (EDF) contained by the two sides equal to them 
of the other; the base (BC) of that which has the greater angle shall be greater than tl\A 
base (EF) of the other. 

Of the two sides DE, D F, let DE be the side which is not greater than the other. 

• Pr. 23. Make the angle EDG = A,* and 
I Pr. 3. make D G = A C or D F.f Draw 

EG, GF, and let H ho the point where EG is 
cut, either hy D F or by D F prolonged. 

Because D E is not greater than D G, the angle 

• Pr. 19. D.GE is not greater than DEG 
hut D H G w greater than D E G, D HG is 
greater than DGH, and.*. DG is greater than 

t Pr. 19. D H ;t hut D P = DG, .*. D F is 
greater than DH, .*. H GP is a part of DGF. 

Again : the two sides B A, A C are = the two ED, D G, each to each, and the 
♦Hyp. & Const angle A=:EDG,* B C = EG. And because DF = DG, the 
t Pr. 6. angle DFG = DGF :t hut it was proved that DGF is greater than 
EGF, DFG is greater than EGP ; much more then is EFG greater than EGF, .*. 
in the triangle PEG the angle EFG is greater than EGP, .‘.EG is greater than 

* Pr. 19. E F but, as already proved, E G = B C, .'. B 0 is greater than E F. 
Therefore, if two triangles^ &c. Q. E. D. 
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PEOPOSITION XXV.— THuoKiai. 


If two triangUs (ABC, DEP) have two eidee (AB, AC) of the one eqwd to two eidet 
(D E, D F) of the other ^ each to each^ hut the bme (B C) of one greater than the hose 
(EE) of the other i the angle (A) contained by the sides of that with the greater baseshaU 
be greeder than the angle (]>) eoniained by the sides squat to them of the other. 

A. D 

For if A be not greater than D, it must be cither K k 

equal to it or less. A is not equal to D, for then \ \ 

* Pr. 4. BC -would be = EF but it is not. \ 

A is not less than D, for then B C -would be less than \ \ 

t ^ not.f As therefore Ny \ 

it is neither equal to nor less than D, A must he -g ^ \ 

greater than D, if ttvo triangles^ &c, Q.E.D. 


PEOPOSITIOK XXVL— Theoekk. 

If two triangUs (ABC, DEF) have two angles (B, C) of the one equal to two (E, F) of the 
other y each to each ; and one side equal to one side^ vtc., either the sides (B C, !E F) adja- 
cent to the equal angles^ or the sides (A B, D E) opposite to equal angles in each ; then 
shall the other sides be equals each to each, and also the third angU of the one to the third 
angle of the other. 

First let BC = EF, the sides adjacent to the 
angles that are equal each to each. Then if 

AB, DE be unequal^ one of them must be the \ \ 

greater. Lot AB be the greater, and make G \\ \ 

* Pr. 3. BG = DE,* and draw GC: then >v 

t Hyp. because B G=ED, and BC=:EF,t N. 

-and that the angle B =E, the angle GC B == \ 

* Pr. 4. F:* but the angle ACB=:F,t.\ . \ -r— 

+ Hyp. the angle G C B = A C B, the less to ' 

the greater; which is impossible; AB is not unequal fo DE, that is, itia equal to itj 
in the two triangles AB C, D EF, the two sides AB, B C and the included angle B in 
the one, are respectively equal to the two sides DE, EF and the included angle E 

* Pr. 4. in the other, AC = DP, and the angle A= D.* 

Next let A B=D E, the sides opposite to equal ^ 

angles ; in this case, likewise, the other sides shall L 

be equal, namely, AC=D F, and BC=^F; and 

also the angle BA C = D. For, if BC, EF be 'vS. 

unequal, let BC be the greater, and make BH \\ \ 

* Pr. 3. =:EF.* Join A, H: then because W, 

BH = EF, andAB=DE, thetwoAB, BH=: \\ \ 

DE, EF, each to each; and they contain equal ' B H C E ^ 

* Pr. 4. angles ; AH=DF,* and the angle 

♦^^6. BHAssjEFD: but EFD csBCAj-f BIIA=:BC a, the exterior angle 
equal to the inteiior and opposite, which is impossible’; ♦ . \ B C is not unequal to E F, 
BC = EF : and AB sDE, the two AB, BC — DE, EF, each to each ; and they 
contain equal angles, A C =: D F, and BAG =:ED F, if two irimgUs, &c. Q.E. D. 
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PEOPOSITION XXVII.— Tkborbm. 

4/ « rtraiffht lim (E P) facing ujnrn itm other etraight Imee (AB, C B) make ike atU mei te 
at^e (AEF, EFB) eqml^ these two etn^ht Ures shaU be paraMel. 

For, if they be not J)arBllel they will meet, jj 

when prolonged, either towards B, D, or .A -k.. 

towards A, C. Let them be prolonged and yx 

meet in the point G ; then GE F will be a C ^ 

triangle^ and its exterior angle AEF must / 

* Pr. le. “bo greater than the interior and opposite angle EFG;* but it is also equal 
t Hyp. to it, t which is impossible; AB, CB, when prolonged, do not meet 

towards B, B. In like manner it may be proved that they do not meet towards A, C, /. 

* Dcf. 31. they areiparallely* if a straight linCy &c. Q. E. B. 

PROPOSITION XXVIIL— Thborbm. 

If a straight line (EF) falling upon two other straight lines (AB, CB) make the exterior 
angle (E GB) eqical to the interior and opposite oftgle (GHB) upon the same side of the 
line; or make tJiC interior angles (BGH, GHB) upon the same side together equal to 
two right angles; the two straight lines (AB, CB) shall he parallel. 

Because the angle E G B = the angle GHB,* and E GB = AGH, f . • . AGH = 

* Hyp. GHB ; and these are alternate angles, 

* Pri27. AB is parallel i'o CB.* 

Again: because the angles BGH, GHB are V, 

together = two right angles,* and that AGH, — — AJ 

* Hyp. B G H arc together also = two right \ ^ 

tPr.lS. angles,! AGH + BGH = BGH 

+ GHB. Take away BGH, then AGH= C 5 

GHB ; and these arc aUmiate angles, . AB w F 

Pr. 27. parallel CB,* if a straight line, 

Ac. Q.E.B. 

Note,— Propositions XXVII, and XXVIII. dearly prove the existence of parallel 
lines, or of lines such that, however far they bo prolonged, they can never meet. And 
by aid of the first of these propositions, if a straight lino be given, one parallel to it may 
always be drawn (boo Prop. XXXI,) But, to proceed further in the doctrine of parallel 
lines, requires assent to a principle which must now be foniially stated, and unhesi- 
tatingly admitted as true : it is the principle affirmed in Euclid's twelfth axiom. In 
most editions of Euclid, this is placed, with the other axioms, at the commencement of 
the Book. It has been here kept out of view till it can no longer be dispensed with ; 
and this has been done because, in the first j^acc, we should not bo called upon to give 
assent to what concerns anything, of the possible existence of which there may bo rea- 
sonable doubt : till ho has reached Prop. XXVTI. (which prqposition is all-sufficient for 
the construction of Prop. XXXI.) the learner may fairly question whether it be possible 
for w'hat are called parallel linos to exist : he now knows that parallel or never-meeting 
lines may be actually drawn. 

In the next placsc, from the property demonstrated in Proposition XVII., namely, 
that any two angles of a triangle are together less than two right angles, he knows — 
what he could not know at an eaidier stage of bis progress — on important particular 
respeoting a pair of meiing-lines, crossed by a third line, namely, that in a pair of 
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meeting-Unes the two interior toigles on ono side of the crossing line are together Uai 
thm two right angles ; and, as a consequence (Prop. XXVIII.), that when these interior 
angles are together equal to two right angles, the lines crossed must be non-meeting^ or 
parallel Urns. It is the oomerse of the first-mentioned property that he is now to bo 
called upon to receive as true ; viz., that if a straight line, crossing a pair of lines, make 
the two interior angles, on the same side of it, together less than two right angles, the 
pair crossed shall be meeting-lines. This is the twelfth axiom, and is thus expressed 
in Euclid 

Axiom XII. — If a straight line meets two straight lines, so as to make the two 
interior angles, on the same side of it, taken together, less than two right angles, these 
straight lines, being prolonged, shall at length meet upon that side on which are the 
angles that are less than two right angles. 

The propositions already referred to enable us to see distinctly what it is that this 
axiom assumes, and moreover inlbrm us that the assumption is, at least, perfectly 
consistent with demonstrated truth ; and that it itself is necessarily true, must be ad- 
mitted, upon refiecting for a moment upon that peculiarity of a straight line, really 
implied in its designation, though not expressly adverted to in its definition — its unde- 
viating sameness of direction. 

It is obvious, from this uniformity of direction, that if two straight lines, however 
far prolonged, never meet, then, at no part of their coiu^c, can either make any approach 
towards the other ; for if two straight lines approach ono another, their continuance in 
the same undeviating directions necessitates their meeting, if indefinitely prolonged. 
We cannot doubt this, and yet have an accurate conception of an unlimited straight 
line ; since uniformity of direction must enter that conception. It follows, therefore, 
that parallel lines must be, throughout, equidistant lines. But two distinct straight 
lines, through the same point, cannot be throughout equally distant from a third ; so 
that two straight lines, through the same point, cannot both be parallel to the same 
straight line. It has been seen (Prop. XXVIII.) that one (C D) is parallel to another 
(A B), if the interior angles (B G H, D H G) be equal to two right angles ; a second 
(H K), which would cause the interior angles (B G H, K H G) to be few than two right 
angles, being a distinct line from C D, must therefore meet A B if prolonged. And this 
is the assertion of the twelfth axiom. 

PROPOSITION XXIX.— Theorem. 

If a straight line (E F) fall upon two parallel straight lines (A B, C D) it makes the 
ediemate angles (A G H, GH D) equal ; and the exterior angle (E G B) = the interior and 
opposite (G H D) upon the same side ; and likewise the two interior angles (B G H, G H D) 
upon the some side together — two right angles, — [See the preceding diagram.] 

For if A G H be not = G H D, ono of them, as A G H, must be the greater. Add 
the angle B G H to each of them, .*. A G H -f B G H are greater than B G H + G H D. 

• Pr. 13. But AGH+BGH = two right angles,* .*. BGH + GHDaro less 

+ Ax. 12. than two right angles, .*. A B, C D, if prolonged, will meet,t which is 

impossible, since (by hypothesis) they arc parallel; A GH is not unequal fe GH B, 

• Pr. 15. that is, it is equal to it. Again: AGH = EGB,* EGB s= GHD. 

Add to each of these B G H, .*. EGB + BGH = GHD + BGH; but E G B + 

+ Pr. 18. B G H = two right angles, t BGH-l-GHBssfeao right mgUs; 

if a straight line, &c, Q. E. D. 
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PROPOSITION XXX.— Theorem. 

Straight hmi (A 0 D) which are parallel to the same straight line (E F) we parallel ’ 

to each other. 

Let the straight line G H K cut A B, E F, 

CD: then, because A B is parallel to E F, the 

• Pr. 29. angle A G K = G H F,* and 
because E F, CD arc also parallel, the angle 

t Pr.29. GHF=GKD,t.-.AGK=GKD, 

• Pr. 27. is parallel to .'.straight 

lincs^ &c. Q. E. D. 

PROPOSITION XXXI.— Problem. 

To draw a straight line through a given point (A) pa/rallel to a given straight line (B C). 

In B C take any point D : join A D ; and at the point A in A D make the angle 

* Pr. 23. D A E = A D C ;♦ and prolong E A 

to F ; then E F shall he parallel to B C. 

Because A D, falling upon E F, B C, makes the E 
alternate angles E A D, ADC equal, E F is pa~ 

* Pr. 27. rallcl to B C,*.‘. through the given B 
point A a line E F parallel /o B C is drawn. Which 
was to he done. 

PROPOSITION XXXII.— Theorem. 

1/ a side (B C) of a triangle (A B C) he prolonged^ the exterior angle {A CD) is — the 
two interior and opposite angles (A, B) ; and the three interior angles of every triemgU are 
together = two right anglee. 

* Pr. 31. Through C draw C E parallel to A B then the alternate angles 

t Pr. 29. B A C, A C E are equal and 

because BD falls upon the said parallels, the 
exterior angle E C D is = the interior and opposite 

* Pr. 29. angle ABC:* and it was proTed 
that A C E = B A C, whole exterior angle AC D 
= A + B, both the interior and opposite angles. To 
each of these equals add A C B, .*. A CD+ACB = 

A + B + A C B : but ACD + ACB = two right 

* Pr. 18. angles, * the three angles of the 
triangle are = two right angles^ .’.\f a side qf a triangle^ &c. Q. E. D. 

CoR. 1. — ^All the interior angles of any rectilineal figure, together with four right 
angles, are = twice as many right angles as the figure has sides. 

For, any rectilineal figure A B C D E can be divided into 
as many triangles as the figure has sides, by drawing straight 
lines from a point F within the figure to each of its vertices, jj 

And, by the preceding prop., all the angles of these triangles 
are = twice as many right angles as there are triangles ; that 
is, as there are sides of the figure. But these same angles 
are equal to the angles of the figure together with the angles 
at F, the common vertex of the triangles ; that is, together 

**Cor*i angles;* all the angles of the figwroy together with 

four right angles^ we tunee as many right angles as the figure haa sidee. 
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Cob. 2. — ^AU the extcrwr angles of any rectiimeal figure are together == four right 

Because every interior angle ABC, with its adjacent 

* Pr, 13. tvvo right angles, ♦ .*. all the interior -f- all 
the exterior are = twice as many right angles as there are 
sides to the figure ; that is, by the above corollary, to all 
the interior angles + four right angles, .*. ail the exterior 
a/tigles are = four rigJU angles. 

This remarkable property can scarcely fail to arrest the 
student’s special attention ; as, previously to its demon- 
stration, he would be little likely to expect that if the sides of 
a rectilineal figure be prolonged, one after another, the 
exterior angles thus formed would have the same amount 
whether the figure had three sides, or three thousand. 

PROrOSITION XXXIII.— Theobem. 

The straight Urns (AC, BD) xvhich join the extremities of two equal and parallel straight 
lines (AB, C D) towards the same parts^ arc also themselves equal and parallel. 

Draw B C, which joins the extremities of the parallels towards opposite parts j then the 

* Pr. 29. alternate angles A B C, B C D arc equal. * 

And because A B = C D, and B C common to tlic two ^ 

triangles ABC, DCB, tbe two sides AB, BC and 
the included angle are respectively = the two D C, 

f Pr. 4. C B and the included angle ; . A C = B D, f 
and the angle AC B = D B C ; and these are alternate ^ 

♦ Pr. 27. angles, A C is parallel fo BD ;* and it was shown that AC = B D ; 
straight lines, &c. Q. E. D. 

PKOPOSITIOK XXXIY.— Theobem. 

The opposite sides and angles of a parallelogram ACDB are equal, and the diagonal (B C) 
bisects it ; that is, divides it into two equal parts. 

parallelogram is a four-sided figure, of which the opposite aides are parallel ; and the 
diagonal is the straight line joining two of its opposite vertices. 

Because AB is parallel to CD, and BC meets 

* Pr. 29. them, the an^e ABC = DCB;* and 
because A 0 is parallel to BD, and BC meets them, 

f Pr. 20. the angle ACB = D BC,t the two 
triangles ABC, DCB have two angles ABC, ACB, 
in the one = DCB, DBC, inthe other, each to each, 
and the side B C, a^'acent to the equal angles, common to the two triangles ; A B = 

♦ Pr. 26. C D, and A C = BD ; and the angle A = D.* Again : because the angle 
A B C = D C B, and the angle D B C = A C B, .-. Mi? whole angle A B D= the whole angle 
A C D; and it was proved that A = D, .*. the opposite sides and angles of a parallelogram 
are equal. Also the diagonal bisects it : for it has been shown that the triangle ACB 
has two sides, and the included angle A = respectively to two sides, and the included 

♦ Pr.4. angle D in the triangle DBC, .% these triangles are equal, ^ the dia- 
gonal BO divides the parallelogram into two equal parts. 



exterior angle A B D, is = 
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BctraTMofframs (A BO D, EEC F) upon the same base (BC) 
and between the same parallels (AF, BC) are equal. 
Suppose, first, that the sides AD, E F, oppofidte to th© 
base B C, temuuate in the same point D ; then, since each 
• Pr. 34. p^allelogram is double of the triangle B D C,* 

the parallelograms arc equal. 

Next, let the sides AD, EF terminate in different 



Pr.34. points, D,E; then AD=:BC, and EF=BC,t AD=EF, and DE 
is common, the whole, or 
remainder, A E = the whole, 
or remainder, D F : also A B 
* rr.34. =DC,^.-.AE,AB 

= D F, DC, each to each ; also 

tPr.29. thcangleA-FDC,t B 0 ^ , 

the triangle EAB=: triangle FDC. Take the triangle EAB from the trapexium 
ABCF, and from the same trapezium take the equal triangle FDC : the remainders 
must bo equal ; that is, the parallelogram E B C Y-=^the parallelogram A B C D ; . parallelo- 
grams upon the same base, &c. Q. E. D. 



PEOPOSITION XXXVI.-Tiieohem. 


Faralklogram (A BCD, EFGH) upon equal bases (BC, F G) and between the same 
parallels (A H, B G) arc equal. 


Draw BE, CD, Then because BC==FG, 
and FG = EH; BC = En; and these are 
parallels, and joined towards the same parts by 
BE, CH, EB, HC arc equal and paral- 

* Pr. 33. Icl,"^ .-. E B C H is a parallelogram f 
t H and it is = ABC D,* also EBCH 

* Pr. 35. =F F G H,* the parallelogram 

ABCD = EFGH, parallelograms upon equal 
bases, &c. 0,. E. D. 



PROPOSITION XXXVII.— Theoeem. 

Triangles (ABC, DBG) on the same base (B C) and between the same parallels 
(E F, B C) arc equal. 

.'This proposition is only a jjarticular case of that which follows ; and as the particular is not 
made use of in the more general demonstration, it may he omitted, as quite superfluous. 
Prop. XXXVIII. proves that triangles between the same parallels arc equal, prcrvddcd only 
that their bases are equal, without any restriction as to whether the bases coincide or not. 
Whatever is proved as to egwaUhings is, of course, proved when the things are not only equal, 
but identical. Prop. XXXV. is, like the present, only a particular case of that next in 
order, but the proof of the latter requires that the particular case be previously established ; 
•o that, although Prop. XXXVL reaUy includes Prop. XXXV., yet Prop. XXXV, must not 
on that aooount be suppressed. 

The enunciation of the present useless proposition is retained here, solely in order that Euclid’s 
subsequent propositions may not be disturbed. 
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PROPOSITION 


Triangles (ABC, DEF) upon equal hoses (BC, EF) and between ^ earn pvraXl/eU 
(BF, GH) are equoL 

* Pr. 81. Through B draw BG parallel to CA, * c 
and through F draw FH parallel to ED,* the 
lines thus drawn terminating in GH. Then 

t Pr. 34, GBCA, DEFH are parallelograms, f 
and, being on equal bases, and be- 
tween the same parallels, they are equals * .*. ^ ^ ^ 

* Pr. 86. their halves are equal, that is, the 
triangle ABO=^/^ triangle DEF, triangles upon equal hases^ &c. Q.E. D. 

PROPOSITION XXXIX.— Theorem. 

Equal triangles (A B C, D B C) upon the same base (B C) and on the same side of itf are between 

the same parallels. 

This proposition, like Prop.tXXXYll*, is superfluous ; it included in the next. 



PROPOSITION XL.-Theorem. 

: Equal triangles (ABC, DEF) mihe same side of the same straight linCy and having equal 
basesj are between the same parallels. 

Draw AD. Then if AD be not parallel to BF, 
let some other line AG be parallel to BF, and draw 
* Pr. 38. GF. The triangle ABC = the triangle 
I GEF,* as they are on equal bases and between the 
! same parallels. But the triangle A B C = the triangle 
i 4 Hyp. D E F,t . • . triangle D E F = triangle 
; G E F, though one is only a part of the other, which 
j is impossible, .’. any other line A G is not parallel to B F, A D w the parallel <o B F 
i drawn from A, .*. equal trianglesy &c. Q. E. D. 

Note .—Whether the supposed parallel, AG, be considered to meet E D, or ED prolonged— 
that is, whether A G be imagined on the one side of A D, or on the other— the reasoning 
{ remains the same. 



PROPOSITION XLI.— Theorbm. 

Jf a parallelogram (A B C D) and a triangle (E B C) ^ upon the same base and between the 
I same parallelsy the parallelogram shall be double the triangle, 

! Draw A C, then triangle A B C = triangle E B C, because 

j » Pr. 87. they are on the same base and are between the a D ’ E 

t Pr. 84. same parallels.* But A B CD is double the " 
triangle A B C,t A B C D ii also double the triangle £ B C, 

.\ifa parcMogramy &c. Q. E. D. 

Kotx.— T he learner will perceive that this thorem is unnecessa- 
rily restricted to the case in which the bases ooinoide ; he may 
I generalise it himself, proving that if a parallelogram and 

a triangle be npon equal bases, &o« 
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PEOPOSITION XLII.— Peoblbm. 

To describe a paraUdogram that shall he equal to a given triangle (ABC), and have me cf 
its angles equal to a given angle (D). 

♦ Pr. 10. Bisect B C in E,* and make tlie angle C E P = D.f Also tlirougTi A 
t Pr. 23. (iraw A F G parallel to B C, and through 

* Pr. 31. 0, C G parallel to E F :* then F ECG 
is the parallelogram required. For driiw A E : the 

+ Pr. 38. triangle A B E = triangle A E 0, f 
since they are on equal bases and between the same 
parallels, triangle ABC is double the triangle 
AEG. But F E C G is likewise double the triangle 

* Pr; 41. AEG,* .'.parallelogram, F EC G = Ui- ju - 

+ Const. angle ABC, and the angle C E F = D,t.*. a parallelogram has been described 
as required. 

PBOPOSITION XLIII.-Theorem. 

The complements (B K, K D) of ike parallelograms (E H, G F) which are about the diagonal 
(A C) of a paralleUogram are equal. 

The pamllelograms E TI, O ^ through which the diagonal A C passes, arc said to be nhout the 
diagonal^ and the remaining parallelograms B K, K D, which make up the whole ftgurc, 
are called the complements of the former. 

Because B D is a parallelogram, and A C its diagonal, 

•Pr. 34. .'.triangle A BC^trianglc ADC.* Again, 
because E H is a parallelogram, triangle A E K = 
t Pr. 34. triangle A H K ;t and, for a like reason, 
triangle K G C = triangle KFC, AEK-f-KGC = 

A H K + KFC. But the whole A B C = the whole 
ADC, .*. the remainders — that is, the complements B K, 

K D—are equals .'. the complements, &c. Q. E. D. 

PEOPOSITION XLIV.— PiioBLBM. 

To a given finite straight line (A B) to apphj a parallelogram which shall he equal to a given 
triangle (C), and have one of its angles equal to a given angle (D). 

Make the parallelogram B F = triangle C, and having the angle E B G = 

* Pr. 42. and so that BE may be in the same straight line with AB ; and 

t Pr. SI. prolong F G. Through A draw A II, parallel to B G or E F,t meeting 

the prolongation of F G in H, and draw H B. 

Then because H F falls on the parallels A H, 

E F, the angles A H F, H F E arc together 

• Pr. 29. two right angles,* BHF 
-f- HFE are less than two right angles, .'. HB, 

t Ax. 12. F E, if prolonged, must meet. f 
Let them meet in K ; and draw K L paraUul 

• Pr. 31. to E A, or F H ;♦ and prolong 
HA, G B, to L, M. Then L F is a parallelogram, of which the diagonal is H E ; and 
L B, B F are the oompletnefits of the parallelograms AG, ME, about the 
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t LB = B P ;t but BFsse €,♦ LB sbC. And because the angle 

t P??!*. G B E = A B M,t imd G B E = D,* A B M = D, /e siraighi 

* Court. A B parallelogram L B w applied sss C, and havhtg an angle A B M = 
D. Wbicb was to be done. 

PROPOSITION XLV.-Problem. 

To describe a parallelogram equal to a given reeiilineal figure^ and having an angle equal to 

a given angle (E). 

First, let the figure be a four-sided one, AB C D. Draw D B, and describe the 

* Pr. 42. parallelogram F II = the triangle A D B, and having the angle K = E 
and to GH apply the parallelogram G M = the triangle DBG, having the angle G H M 

+ Pr. 44. = E.f The figure FM shall he the parallelogram required. 

* Const. Because the angles K, G H M are each = E,* K=GHM. Add 
to each of these the angle K H G, K + 

KHG = GHM + KHG; butK+KHG 

+ Pr. 29. = two right angles, t GHM 

-J- K n G = two right angles, and conse- 
quently K H, H M are in the same straight 
*Pr. 14. line.* And because H G meets 
the parallels K M, F G, the angle M H G = 

+ Pr. 29. H G F it add to each of these 
the angle HGL, .*. MHG + HGL — HGF-f-HGL; hut the former are = two 

* Pr. 29. right angles ;* H G F -4-H G L = two right angles, F G, G L are in 
t Pr. 14. the same straight line.f And because K F, M L are each parallel to 

* Pr. 30. H G, KF is parallel to ML,* and KM, FL arc by construction 
t Pr, 34. parallel ; F M is a parallelogram. f And because the triangle A B D 

Dcf. ^ jp triangle D B C = G M,* .'.the whole A C = the paralklo- 

* Const. Again, let the figure he five-sided : then, having drawn D C, 

there will be, besides the four-sided figure A C, a triangle upon DC. A paraUelograra, 
equal to this triangle, may be applied to L M, just as G M = D B C was applied to 
G H ; and thus, however numerous be the sides, a parallelogram may he described equal 
to the given rectilineal figure.^ and having the angle lL~the given angle E. 

Con. — From this it is manifest how, to a given straight line, to apply a parallelogram 
which shall have an angle equal to a given rectilineal angle, and shall be equal to a 
given rectilinoal figure. 

PROPOSITION XLVI.— Pkoblem. 

To describe a square upon a given finite straight line (A B). 

* Pr. 11. Draw A C at right angles to A B,* and make A D = 

f Pr. 3. A B.f Through D draw D E painllel to A B, and ^ 

•Pr. 81. through B draw BE parallel to AD,* AE is a 

fPr. 84. parallelogram, AB = DE, andAD = BE;t but 

AB sa: A D, the four sides A B, A D, DE, E B are all equal, B 
A E is equilateral. Likewise, all its angles are right angles ; for, since 
A D meets the parallels A B, DE, the angles A -J-'A D E srs two right 

* Pr. 29. fliigle® l>ut A is a right angle, f A D E is a right 
4 Conrt. angle ; but the opposite angles of a parallelogram are 

* Pr. 84. equal,* B, £ are each right angles, the figure A B ^ 
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is reeian§uUgt^ and it was pro red to be equilateral; it sb /; a square^ and it u deemM 
upon the qi0en straight line A B. Wbioh wsi to be done. 

Cob.— H ence, eyeiy parallelogram that has one right angle, has all its angles right 
angles. 

Notji.— It may be easily proved that the fiffure A E is rectangular, provided it havt one right 
angle A, and that it be equilateial ; for if the diagonal D B be drawn, the figure will be 
divided into two equal triangles (Pr. VIII.), A = K, .•. the triangles are right-angled 
isoceles triangles, and (Pr. V. and XXXII.) each base angle is half a rigfht angle, the 
angles A, B, £, D arc all right angles. Hence a square is a four-sided Jiguref ichich has all 
its sides equals and one of its angles a right angle ; that the other three are also right 
angles is demonstrable, as above, and ought not to be assumed in a definition. 


PROPOSITION XLVII.— Thboebm. 


In any right-angled iriaitgle (BAG), the sqmre (BE) described upon the side (BO) sub- 
tending the right angle is equal to the squares (B G, C H) described upon the sides 
containing the right angle. 


* Pr. 46. The squares being described,* through A draw A L parallel to B 1) or 

•f Pr. 31. draw also A D, F C. Then, because B A C is a right angle,* and 

* Hyp. that B A G is also a right angle, C A, AG are in the same straight 
+ Pr. 14. line.f For a like reason, AB, AH are in the same straight line. Now 

the angle D B C = F B A, each being a right angle ; ^ ^ 

add to each the angle ABC, DB A = FBC; 
also the two sides A B, B D = the two F B, B C, 
each to each, the triangle ABB^the triangle 
■» Pr. 4 . FBC.* Now the parallelogram B L 
is double the triangle A B D, because they are on the 
same base B H, and between the same parallels B D, 
tPr. 41. AL;t and the square BG is double 
the triangle FBC, because these also are on the same 
base, and are between the same parallels F B, G C ; 
but the doubles of equals are themselves equal, 

BL=BG. 

In like manner, by drawing A E, B K, it may bo 
demonstrated that C L = C H, .*. the whole square 

B E = the two squares B G, C H ; that is, the square described upon B C is equal to the 
squares described upon A B, A C, in any riyht-angled triangky See. Q. E. D. 



PROPOSITION XLVIII.-Theorbm. 

If the square desciibed upon (BC) one of the sides of a triangle (ABC) he equal to the 
squares described upon the other two sides, the angle (A) con- 
tained by these two sides is a right angle, 

" Pr. 11. From A draw A D at right angles to A C,* and 
+ Pr* *• make A I) = A B,t and draw D C. Then, because 
A D = A B, the square of A D = the square of A B : to each of 
these add the square of AC, .*. the squares of A D, A C = the 
squares of AB, AO. But the square of DCt=the squares of 
• Pr. 47 . A 0, AO, because D AC isa right angle,* and the 

square of BC is by hyp. ss the squares of A B, AO, .’.the square of D Css lihaiqum 
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of BO, D C = B 0. Hence, in the two triangles A B 0, A D 0, there are two sides 
B A, A C in the one, equal to ihe two D A, A G in the other, each to each, and the base 
»Pr. 8. BC equal to the base DC, .•*the angle BACssHAC.* But DAO is a 
right angle, /. B A C is a right angle, if a square^ &c. Q. E. D. 


BEHABXS AND COMMENTS ON THE FIRST BOOR OF EUCLID. 

The following observations on the general character of geometrical reasoning, and 
on the First Book of Euclid in particular, are intended for the guidance and instruction 
of those whose acquaintance with tho subject is limited to what has now been delivered. 
I think it very probable that, among such persons, there may be some who, however 
attentively they may have read the portion now completed, may yet have failed to 
perceive, so clearly as is desirable, the main object and intention of a course of geo- 
metrical study. It is true that tho demonstrations themselves ai-c so free from 
obscurity, and so thoroughly convincing, that no doubt can remain on the mind of an 
attentive reader as to the truth of the several conclusions arrived at ; so that anything 
added to these demonstrations, by way of elucidation of the steps, or as confirmatory of 
the results, would be felt by the merest beginner to bo an incumbrance rather than an aid. 

There is no doubt, however, that Goometry is sometimes taken up with erroneous 
expectations as to what it tegches ; and is read with a pliant docility of mind— a passive 
acquiescence in the dicta of the teacher — ^which Euclid himself w'ould bo tho first to 
condemn. It is chiefly for the purpose of guarding you against such mistakes that I 
append the following remarks to the first book of the elements. I should have prefixed 
them, could I have been quite certain that you would have been familiar with tho geo- 
metrical terms I shall be compelled to employ. I offer them here in the expectation 
that you will give the foregoing part a second reading, guided by the additional light I 
hope here to give you, in reference to the objects and advantages of Geometry, and also 
as regards the true spirit in which its principles should bo studied. 

A youth, destined ultimately for some mechanical or scientific occupation, is told — 
and properly told— that, to excel in his calling, he must study Euclid ; this study is 
usually associated in his mind with a case of mathematical instruments, with scales, 
compasses, parallel-rulers, &c. Now, without expressly forbidding tj^icsc things, it is of 
importance that he should be distinctly informed that, for aught that appears to tho 
contrary, Euclid never handled, or even saw, compasses, parallol-rulcrs, &c., in his life. 
It is certain that he gives no countenance to the use of any such mechanical contrivances 
in his work. Had Euclid been asked, there is no doubt that he would have declared 
his inability to describe a circle, and even to draw a straight line. What we call 
practical geometry Euclid was entirely regardless of; indeed tho application of geometry 
to the practical business of life was viewed by the ancient geometricians rathel* as a 
degradation of the purely intellectual science they cultivated than as enhancing its 
value ; and wo accordingly find that but few of Euclid's probUmty or practical construc- 
tions, are such as a skilful workman would follow. 

Important and extensive as are the practical applications of geometry, it should 
nevertheless be borne in mind that tho Ekmente would have existed, just as they now 
do, if these applications had never been thought of. The availability of geometry in 
practice is merely a contingent and accidental circumstance, uncontemplated by the 
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gefmetricians, just as their theory of the conic sections was elaborated without any pro- 
spective regard to the future demands of physical astronomy, or to the discoveries of Newton, 

And it is right to contemplate geometry under this purely intellectual aspect, and to 
study it as a strictly abstract science. Practical operations are all more or less imperfect 
There are imperfections of vision, of the hand, of the instruments employed. Pure 
Euclidean geometry tolerates no such imperfections, however minute or unimportant 
they may bo in a practical point of view. The circle of Euclid is a perfect circle— such 
a circle, in fact, as no human being ever formed. In like manner, the straight lino of 
Euclid is rigorously what it is affirmed to 'perfectly straight, and perfectly breadthlcss. 
You sec, therefore, that I was fully warranted in saying, as above, that Euclid could 
not describe a circle, nor draw a straight line ; he has not, indeed, attempted to do 
either ; the marks and diagrams which he exhibits to the eye, in connection with his 
reasonings, are nothing more than the outward symbols of what actually exists in the 
mind alone. And the truths of geometry become applicable to visible and tangible 
squares, circles, &c., only on the supposition or assumption that they are perfect copies 
of our intellectual conceptions of these things. A very able writer on Logic and Mental 
Philosophy (Mr. Stuart Mill) denies to the linos and figures of geometry the perfection 
hero contended for. Assuming that all our conceptions of form originate in our contem- 
plation of outward objects, which is no doubt true, ho maintains that our ideas of 
squares, circles, &c., are only copies of the confessedly imperfect forms presented to our 
eyes. I would submit, however, that the mind can conceive what it may surpass the 
powers of the hand to execute; and that W'e can imagine a perfection which art cannot 
attain. A mere approximation to the perfect form— which is all that can bo presented 
to the eye— will suggest the practicaUy-unattainable perfection to the mind ; and it may 
be safely asserted that the very infirmity of our visual organs contributes to this per- 
fection ; since defects, too minute to bo visible in the outward object, cannot possibly 
accompany the mental impression of that object. 

I have thought it right, in these introductory remarks, thus to state broadly, and I 
hope unambiguously, what the subject-matter of geometry really is. The objects with 
which it deals, and to wliich its reasonings arc applied, are our perfect mental concep- 
tions of figiurc, and not the imperfect. pictured forms which, to help these conceptions, 
are traced upon the paper ; these are merely the outward representations, or visible 
symbols, of the purely intellectual forms which they very conveniently serve to suggest ; 
though, from the j^hysical and instrumental imperfections which we know to bo attached 
to them, they are not accurately the things themselves ; these latter, by an act of 
abstraction, being freed from all material encumbrances ; so that, in fact, the forms and 
figures of geometry are exclusively in the mind., and not in matter. 

^ This is no bar to the practical applications of the science. "Whether a tangible 
square bo perfect or imperfect is of no moment, practically speaking, so long as its 
imperfections are imdiscoverablo by the senses ; inasmuch as the rigorous conclusions 
of geometiy may bo applied to it without practical or appreciable error. 

I now proceed to consider the basis upon which the entire structure of geometry 
rests — a basis so simple that a child might lay the foundation-stones ; yet supporting a 
fabric which, though so extensive, is, at the some time, so secure, that the most power- 
ful intellect cannot disturb its stability, I need scarcely say that I allude to the axioms 
and postulates of tho scienue ; and, in connection with the consideration of these, I 
shall take occasion to offer some suggestions as to the proper frame of mind in which 
Euclid should be studied. 

t 
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Bitpposmg, i&CBiy tliatyou hare your Eudidin your hands, l oomxneasce hy first diroo^xg 
your attesrtion to the fact, that the work is divided into <^8tinot sections, cor Books ; and 
that oadi book commences with an explanation of the technical terms employed in it ; 
with a concise hut satisfactory description of the lines and figures to be reasoned 
about, and a statement of the elementary propositions to be admitted as possible^ in ^ 
practical constructions, and of the elementary propositions to be admitted as true^ in the 
seasonings. 

Tou will at once see, that in entering upon any doctrine which is to be established, not 
by the infiuence of authority but by the force of reasoning and sound argument, it is of 
much importance that preliminaries such as these should be clearly and satisfactorily 
settled. If a person desire to communicate his own convictions to another, and, in 
undertaking to do so, make reasoning the only channel through which to convey them, 
there must bo— first, a mutual concurrence as to the meaning of the terms employed ; 
and secondly, a like concurrence as to the fundamental principles to be assumed by the 
one party, and admitted by the other. A good deal of what goes by the name of reason- 
ing and argument, in the common affairs of life, is nothing but a sort of wrangling 
disputation, solely from the neglect to establish a clear understanding on these points at 

outset. Euclid is careful to preclude this fertile source of ambiguity, confusion, and 
error. He commences the several portions of his subject with Definitions of the things 
to be discussed, and of the peculiar terms to be employed in the discussion ; he then tells 
you what he expects you to admit as practically, or at least as conceivably possible ; and 
husUy, what he requires you to concede, without demonstration, as necessarily true. 

You should not hurry over the definitions ; they have been framed with groat care. 
The character of a good definition is this : that it is just sufficiently descriptive of the 
thing defined to distinguish it from all other things, but not more than sufficient for tbia 
purpose. If anything more than what merely suffices to identify the object defined be 
declared in a definition, that definition is said to be redundant : it involves tbe assump- 
tian of some property or peculiarity of the object, which it is the province of reasoning 
to deduce from the properly-restricted definition of it. All the properties of geometrical 
figures are in this way deduced from, or as it were drawn out of, the definitions of 
those figures ; for in the definitions they arc all virtually implied, and lie concealed. If 
you were to define an equilateral triangle as that which has three equal sides and three 
equal angles, you would make a statement which is quite correct, as a statement^ but very 
fruity as a definition : the equality of the three sides necessitates the equality of the three 
angles (Prop. V. Cor.), so that the equality of the angles is virtually implied in the equality 
of the sides : a truth which must be discovered to us by reasoning, not assumed in a 
so-called definition. You will observe that Euclid invariably constructs his figures 
aolely in reference to the descriptions of those figures embodied in the definitions, quit^ 
regardless, at the time, of all other properties of them ; and you will perceive that he 
has furnished particulars just sufficient for this purpose, without one superfluous item. 

I need scarcely state, that in speaking of Euclid hero, the emendations of Simson and 
other modem editors are uniformly kept in view. It is much to be regretted that, in 
tbe editions of Euclid most generally studied, acknowledged blemishes are allowed to 
remain m the text, while the proper emendations are given in the form of notes at the 
end. Our veneration for a writer on science should never be considered as ground 
sufficient for us to endorse his errors and defects, nor even to except to them only 
indirectly, and in the form of supplementary annotation ; they ought, injustice to liim, 
as well as to those for whom he wrote, to be expunged from the text of hfr instructions. 
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In ft wo(dc of taste or imagumtiox^ tke case would be different ; an editor would ba^e ju> 
right to replace the author’s riews and peculiarities by his own ; but a book of science^ 
so extensivftly used in education as Euclid is, should be rendered as perfect as possibla; 
and an editor of suoh a book could incur little blame for expunging eyery admitted 
biemiah from the text of his author. I have generally acted under this impression. 

Having thus previously established the existence of his geometrical forms, Euclid then 
proceeds, in his Theorem^ to deduce, by reasoning, all those propmlies necessarily, 
though not obviously, implied in the d(^Snitions ; but, as already notioed, before these 
existences can be proved, that is to say, before the constructions employed by Euclid in 
his Frohlems can bo actually effected, assent must be given to tho practicability, or, to 
be more explicit, to the conceivability of certain fundamental operatione; these are 
enumerated in the Foetulatea : and that before the reasonings in his Tiieomm can be 
entered upon assent must, in like manner, be given to certain fundamental and necessary 
iruthe ; these are enumerated in the Axioms. You perceive, therefore, that tho defini* 
tions furnish the raw material worked upon, and that the postulates and axioms furnish 
the implements worked mt/i : — tho postulates supplying the elements of the constructions, 
tho axioms the elements of the reasonings. 

And here I must caution you against a very prevalent mistake. Do not for a moment 
imagine that Euclid required his postulates to be granted because the fundamental 
operations, under that head, are so easy of performance ; nor that his axioms are to be 
assented to because the truths so-called are so easy of proof. His reasons for those pxe- 
liminiary stipulations were of a directly opposite kind ; he bargains with you to grant 
the possibility of his fundamental problems (the postulates), solely because be is unable, 
practically, to perform them ; and ho calls upon you to admit, without proofs his funda- 
mental theorems (tho axioms) soldy because be is unable to demonstrate them. A 
postulate an axiom should each have a twofold character ; a postulate should be a 
conceivable, but at the same time a really impracticable operation ; an axiom should be 
a self-evident, but at the same time an indemonstrable truth. Euclid asks us to gratU 
thqf. a straight lino may be drawn from any one point to any other,’" from sheer neces- 
sity ; the apparent simplicity of the operation is in reality a cause of its difficulty. What 
operation, still more simple, could be made subsidiary to the drawing of a straight line ? 
And how could he direct the performance of the latter, without some operation stiU more 
elementary ? Besides, an isolated straight line, according to Euclid’s strict definition, 
has no visible or external existence. Euclid’s line is merely tho abstraction length ; and 
length, imaccompanied by otlior dimensions, cannot, of course, be actually exhibited. 
The finest line that you or I could draw upon paper would be a solid bar of ink ; and 
the finest line an artist could engrave upon steel would bo a sunken channel, with both 
breadth and depth. You may possibly think that, as the physical or material lines here 
adverted to are so very slender, it is not worth while to make any objection to them on 
the score of their width or thickness; but tho <'near enough,” or tho that’ll do” 
system, has no place whatever in s system, which is one of rigid, imcompromising 
accuracy. A line that you could draw and exhibit would no more be regarded as a line 
that Euclid had defined, than a beam of timber would be so regarded. Remember that 
with him ‘‘ a miss is as good as a mile.” 

As with tho postulates, so with the axioms ; they are inserted from necessity, and 
solely because Euclid was unable to demonstrate them. That self-evidence ffione was 
not considered by biiY^ as sufficient to justify the claim of a proposition to a place among 
the is plain from bis uniform practice of demonstrating whatever can bedemon- 
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Btrated, and assuming only what cannot ; taking care, however, in general, that the truth 
assumed shall be not only an ultimate truth, but also a thing perceived to be true as soon 
as enunciated. I say in general, because there is one remarkable exception — ^the 12th 
axiom of the first book is indemonstrable, but not self-evident ; it has one of the charac- 
teristics of an axiom, buf not the other. In the preceding book I have thought it 
prudent to keep this so-called axiom out of sight till the 29th proposition was reached ; 
because up to that point its aid is not required, and because arguments, abundantly 
sufficient to produce full conviction of its truth, could be adduced then, though they 
could not have been employed at the opening of the subject. 

Now you must not be surprised or disappointed that geometry — ^pre-eminently the 
science of demonstrated truth— -should thus require to rest upon principles which must 
bo gratuitously admitted. No reasoning process whatever can oven be conceived to 
exist, unsupported by a like foundation. A proposition may be affirmed on the one 
side, and denied on the other ; but tho matter cannot be reasoned out — ^it cannot be 
argtted, unless some common first principle or principles be at the commencement agreed 
to by both parties. If everything be denied, there may be assertion and contradiction, 
dispute and altercation, but certainly no argument. The noticeable thing in Euclid’s 
first principles, or axioms, is, that with the exception mentioned above they are such 
as nobody in his senses would think of controverting, inasmuch as the truth of them is 
self-evident ; that is, so immediately obvious, that nothing of the kind, anterior to them 
in obviousness and simplicity, can possibly be adduced ; for if anything could, then that 
thing— being the more simple and elementary— would itself become the axiom, or first 
principle, by aid of which the former might be demonstrated. You see, therefore^ that 
it is essential to tho very nature of an axiom that it should be too simple and elemen- 
tary to admit of demonstration by help of anything more simple and elementary. 
The axioms are, on this accoimt, self-evident indemonstrable truths. Proposition II. 
of Book III. — ^namely, that If any two points be taken in tho circumference of a 
circle, the straight line which joins them shall fall within the circle" — is a proposition 
as self-evident, to any one who has a clear conception of a circle, as that which affirms 
that ^ two straight lines cannot inclose a space but as it is demonstrable it is very 
properly placed in the body of tho work. 

But it is time that I give you a few words of advice as to tho disposition of mind 
with which you should sit down to tho study of geometry, and to notice some of the 
intellectual advantages which you have a right to expect from tho time and attention 
devoted to the subject. 

You have already seen what tho preliminary conditions are which Euclid makes 
with you : he considers these to have been conceded, without the slightest qualification 
or reserve. As far as he is committed, he will take care that they arc faithfully adhered 
to, and he stipulates that they shall be equally binding upon you. They are fully 
and fairly placed before you in tho Definitions, tho Postulates, and the Axioms. In 
these matters he seems to assume a sort of magisterial authority, from which he allows 
no appeal. If you refuse to subscribe to the conditions which he himself lays down, 
he, on his part, refiises to bo your guide : ho can conduct you through the rich domain 
you wish to explore upon no other terms : ho is inflexible as to his preliminary arrange- 
ments for the journey ; and he as good as tells you, as he told King Ptolemy of old, 
that there is no royal road to geometry.” 

If, therefore, you have any notion still lingering in your mind, about a line, or a 
triangle, or a cirde, djc., not strictly in accordance with what ho authoritatively 
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declares to he the notion, you must dismiss either it or him. If you have any scruples 
or misgiving about his postulates, or axioms, you must, in Hko manner, overcome them *. 
you must examine them, and re-examine them, till you are fully convinced that the 
postulates are really conceivable operations, and that the axioms are really unquestion- 
able truths ; for, depend upon it, he will tie you down most rigidly to the eonditions, and 
allow of no escape, evasion, or qualification. It matters nothing to him by what pro- 
cess of mind you satisfy yourself of the truth of his axioms, nor by what mechanical 
contrivances you seek to give an outward representation of lines, triangles, and circles ; 
you may use pen, ruler, compasses, or whatever you please, for your own individual 
convenience or assistance ; but remember, that ho himself takes no cognizance of these 
things. If, without any instrumental aid at all, and by mere freedom of hand, you were 
to sketch the outline of an inclosed figure, and make that the representation, to yourself, 
of a circle, Euclid would find no fault with you, provided only you still, in imagination, 
endowed it with the characteristics of the true circle that he had defined. You would find 
a carpenter, or a mason, much harder to please, in a matter of this kind, than you would 
find Euclid. If you have carefully read what has preceded, you will sec that I am quite 
justified in making tliis statement; for you will have learned that Euclid is not concerned 
with the representations, but with the things themselves, the purely intellectual conceptions. 

Taking it, then, as a settled matter, that you receive Euclid’s definitions — ^that you 
do grant” his postulates, and that you do fully acquiesce in the truth of his axioms, 
all preparatory ground is cleared ; and you may proceed at once to the business pro- 
posed. And here, you are to observe, that both you and your author occupy different 
positions. Euclid at once, from this point, drops his authority as a master ; you with- 
draw your submission as a docile and obedient pupih What he says, you are to regard 
no longer— only what ho proves. You are to exercise a vigilant watchfulness over 
every statement he makes, receiving just so much of it as you cannot help receiving, 
and no more. Faith, in anything ho advances, is not to bo thought of. Bo as sceptical 
as you please — nay, as sceptical as you can. Euclid would not thank you for any 
gratuitous concession whatever ; all he demands is, that you will honestly respect the 
preliminary articles of agreement ; and, in spite of all your opposition, and of all your 
scepticism, he will compel you— however much against your wish— to do unqualified 
homage — not to /«>«— but to the truths he propounds. 

And this is the attitude of mind you aro to assume in entering upon the propositions 
of geometry. There must be no yielding to the dicta of a teacher — ^no intellectual 
obeisance to the authority of a great name. Every truth you acquire, you must so 
acquire as to feel and know it to bo a truth, from your own perfect individual conviction 
that it is so. Your conviction must bo so thoroughly inwrought and complete, that if 
a Norton, or even a greater than Newton, should attempt to controvert a truth thus 
secUd, tho effect of such an attempt upon your mind would be about the same as an 
endeavour to convince you that you are an inhabitant of the moon. 

Now I think that, finm these unqualified statements, you may fairly make two 
inferences, well worthy of consideration. Tho first is, that even in this, our frail and 
erring state, there is offered to our notice a system of unadulterated and incontrover- 
tible Truth, built up by puinly human effort, and consolidated and rendered imperish- 
able by purely human reason. The second inference is, that tho reasoning process, 
by which such an intellectual structure has been reared, must surely be of idle most 
faultless kind— no logical error con have been committed — no conceivable objection 
unanticipated, and no case of exception unprovided for. 




74 


EX.EMKNT8 OF QEOMUmX. 


These consideratioDS alone scorn to me amply sufficient to indiue. all who haFe the 
time and opportunity to a diligont study of geometry, apart from all regard to practical 
applications. Only lefloct for a moment upon the Jiabits of mind which such study must 
neoossaiily foster, where they in any way exist, or create where they are wanting. The 
frequent oontemphtion of Truth has a salutary and an ennobling influence. Neirt to 
Inspired Truth, the truths of pure science furnish the most exalted materials upon 
which the human mind can exercise its powers. He who is earnestly and mccmfuUy 
engaged in this exercise, comes, at length, to love truth for its own intrinsic excellence ; 
to be fascinated with its unadorned beauty; and to entertain increased repugnance 
towards the deformities of falsehood. Habits of mind, whether good or bad, are the 
fimits of seeds usually sown in youth ; they hooom© formed and fixed from the natural 
effects of those trains of thought in which we most frequently indulge in early life; and 
hence the study of geometry, and of the sciences which carry out its pure principles, 
have an important influence, even in a moral point of view. To secure the operation of 
this influence is surely deserving an effort. The properties of geometrical figures 
may bo matters of perfect indifference to us — wo may take hut little direct interest 
in what relates to triangles, and parallelograms, and circles ; but wo cannot be indif- 
ferent to a truthful habit of mind ; and though all the theorems of Euclid bo forgotten, 
yet if ihie remain as an abiding ^sult, how great will be the acquisition wo shall have 
made ! 

But the intellectml advantages connected with the study of the “ exact sciences,’' 
are even more certain and palpable than the moral advantages here alluded to. You 
cannot read a proposition of Euclid as it ought to be read — and indeed as it must he 
read, in order to be fully understood— without a concentration of attention more intense 
than most other subjects, out of mathematics, demand ; and since, as noticed above, 
there must be no disposition to admit anything whatever, without the most complete 
conviction of its truth, a habit of scrutinizing evidence, and of distinguishing between 
plausibilities and proofs, is insensibly but securely acquired. There is, perhaps, no 
faculty of the mind which in early life stands in more need of cultivation than the 
reasoning faculty ; for that every one reasons, or at least engages in what goes by the 
name of reasoning, is so generally admitted as a distinguishing peculiarity, that man 
has been even defined to he “ a reasoning animal.” Locke says, “ Would you have a 
man reason let him learn goometiy ;” that is to say, if to reason well bo the only 
end in view — aU the truths of Euclid being regarded as utterly valueless — still let 
geometry bo studied. Yet geometry supplies no rules ; it prescribes no directions for 
conducting a logical process ; but, what is better, it places before us a collection of the 
most exquisite models. It teaches by example, not by precept ; and.no one, with proper 
attention, can fail to profit by its lessons. 

You see, therefore, that Euclid is something more than a mere problem-hook ^the 
use of architects and surveyors : it is the most finished treatise on the “ Art of Keason- 
ing ” that the world possesses ; an 1 it is chiefly as such that I am anxious to recom- 
mend to my young Mends a careful study of its contents. It may fail to render you 
much direct piofessional service ; hut the mental discipline it furnishes will strengthen 
your judgment, improve your logic, give additional acuteness to your penetration, and, 
in fact, 80 enlarge and invigorate all the faculties of your mind, that you will be 
enabled to bring a highm: degree of intellectual power to bear upon any pursuit in which 
you may oameatly engage. It is not the properties of geometrical figures that can do 
this : it is the reasonings by which they.m’e established. The several stages at which 
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you arrive, in your progroas through Euclid, may present but tew points of atteactiaii ; 
but you must be benefited by the invigorating influence of the journey. 

And her© it may perhaps be as well, in order to prevent misunderatanding, I 

should offer a remark or two in reference to a direction I have given you above 

namdy, that you should approach the demonstrations of Euclid in a seeptical spirit. It 
has been fodlishly, and most unjustly, affirmed by some, that the study of pure science 
has a tendency to produce general seepticism. Now all truths are harmonious ; they 
have common features and common attractions, recommending themselves to our homage 
by the same dignified aspect and bearing. How can scientific truth ever he out of 
keeping with inspired truth ? A religious sceptic is generally something more a 
mere neutral as respects divine things : he is usually a denier ; that is, he embraces a 
negathe proposition^ and acts upon it without proof ! How does geometry aanAtioTi this ? 
In Euclid there arc negative propositions as well os affirmative ones. I recommend you, 
anterior to proof, to be equally, sceptical as to hoik. In things out of geometry, geome- 
trical demonstration is, of course, not to be had ; it would be folly to look for it ; yet, 
if in such things an affirmative be declared on the one hand, and a negative on the 
other, do you not think that the logic of geometry, as well as the logic of common 
sense, would incline us to that^ in support of which some evidence was offered, rather 
than to that which had no such support at ail ? 

But there are sceptics of a different stamp from the dasa noticed above ; men of 
literary and jffiilosophical habits, who do not content themselves with a “ cold nega- 
tion,” They address themselves to the task of undermining the fixiating evidences for 
the truth of Christianity. Such a man was David Hume, a distinguished writer of the 
last century. He wrote an Essay to prove that a miracle never could have been per- 
formed, or, at least, that we have no reliable evidence of its performance. He laid 
down certain preliminary principles, and dressed his performance in the garb et fair 
reasoning. But Hume knew nothing of mathematics ; and, in invading its province, he 
tood upon slippery ground — and feU. Those who did know something of the “exact 
sciences” betook themselves to the investigation ; they started upon precisely the same 
principles as Hume did, without the assumption of a single additional particular, and 
they arrived, by a train of reasoning which it is impossible to disturb, at a conclusion 
directly opposite to his. Had Hume- known but a little of mathematics, and had he 
revised his so-called argument^ in the same sceptical spirit which I recommend to you, 
a regard for his own literary reputation merely would have precluded him from ever 
publishing to the world his “ Essay on Miracles.”* 

Tou have already seen that the propositions of geometry are of two kinds— 
problems and theorems. A proposition is called a problem^ when the thing proposed is 
an operation to be performed— a construction to bo effected : its object is a practical 
result, to be brought about by a suitable disposal and combination of the elementary 
materials furnished by the postulates. A proposition is called a theoreUy when the thing 
proposed is a truth to be demonstrated ; and for this demonstration the elementary 
materials are furnished by the axioms. It usually happens, however, that the proof of 
a theorem requires the ^evious introduction of certain lines and constructions; and 
hence it is that Euclid commences his first book with problems instead of themrema. 
The only thewem in this book, that is quite independent of a problem, iaBropositionlV. 

I Bridgewater TreatUe**— Appendix. Also Young^s « Three Leetores on ICa- 
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I suppose Euclid considered it to be more systematic to introduce the problems, which 
he foresaw would be indispensable as soon as the fourth proposition was disposed of, at 
the beginning of the book, than to interpose them between propositions so closely related 
as the fourth and fifth. 

Of the three problems thus found to be necessary to meet the demands of the sub- 
sequent theorems, the second is the only one which seems to require any comment. 
Beginners in general find it difficult, and are apt to consider that there is an unneces- 
sary parade of geometrical apparatus exhibited to effect so simple a matter as the 
drawing of one straight line equal to another. There is no doubt that a mere mechanic 
would pronounce the proceeding a very round-about one ; he would accomplish the 
business at once, by drawing a straight line from A at random ; and then, having taken 
the length B C in his compasses, he would apply one foot at A, fixing it there as a 
centre, and with the other foot would cut off the required length A L ; thus dispensing 
with all Euclid's machinery — the circles and the equilateral triangle. Now this is all 
very well for the purposes of the practical workman, who neither socks nor expects 
rigid accuracy in his constructions ; but you must remember that Euclid ignores com- 
passes, and that the instrumental transference of one line to another is not warranted 
by any postulate. No one can take accurately any stipulated length in a pair of com- 
passes ; the limitation of his vision precludes his pronouncing, with perfect certainty, 
that he has got exactly the proposed length, neither more nor less. If the minute error, 
whether in excess or in defect, be only so small as to escape his senses, he cannot take 
cognizance of it ; and he not only practically, but from necessity, disregards it. But 
without any additional postulate, Euclid shows you how the thing proposed may bo 
done without the possibility of any error at aU. In the ordinary editions of Euclid, I 
think justice is scarcely done to the process indicated. You are directed, first, to draw 
a line A E longer than B C, and are then shown how to cut off a part A L equal to B C. 
The ingenuity of Euclid’s mode of proceeding would be more apparent, if no superfluity 
of length were at first introduced. It certainly seems a thing of much greater difficulty 
to draw a line from a point A, till a certain prescribed length be attained, and then, but 
not tUl then, to stop. I would therefore recommend you to leave the prolonging of D A 
to the very last ; so that, having performed every other part of the construction, prolong 
D A, as a final step, till the prolongation reaches to the circumference of the outer circle. 
A line A L will tlius have been drawn equal to B C, and there will be no excess of 
length to throw away. This is the mode of proceeding adopted in the present edition. 

As to the other two problems, the first and third, but little need be said ; the direc- 
tions given by Euclid, for the construction of them, are too clear and explicit to render 
further explanation necessary. It may be well, however, to invite your attention to 
two particulars in connection with Proposition I., which instructs us how to describe 
an equilateral triangle upon a given finite straight line. Some commentators object to 
the word finite as superfiuous, considering the condition, “ a giv€i% straight line," to 
imply that the length is fixed and determinate. But a line may be given in position 
only, without any limitation as to length, as in Proposition XI. ; or it may be given in 
length merely, without any restriction as to position; thus the line to be constructed in 
Proposition II. is to have a given length, but is unrestricted sS to position or direction. 
By a given finite straight line," Euclid means a line of given length, and with given 
extremities ; and if any objection at all is made, in reference to this word finite, I think 
it should be urged against the omission of it in Proposition II. rather th an against the 
introduction of it in Proposition I. In the first proposition, I dare say Euclid thought 
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it prudent, to prevent all cavil, to state explicitly that the extremities, A, B, are giyen ; 
and that ho did not consider it necessary to repeat this in Proposition II. Whenever a 
line is given in position merely, and restriction as to its length forbidden, Euclid charac* 
terixes it as “a given straight line of unlimited length, as in Proposition XII. ; but 
when it is matter of perfect indifference whereabouts the extremities are (position alone 
being all that we are concerned with), the terms ‘‘a given straight line” are those 
always employed, as in Proposition XXXI. A mere glance at this proposition will 
show you that the given straight line of Proposition I. cannot be so entirely free from 
restriction, as to length, as the given straight line of Proposition XXXI. ; and hence 
the propriety of the restrictive term finite in the former. I should not have said so 
much about a more word, had it not been for the hypcrcriticism of others. You must 
therefore regard these remarks, not as a comment upon Euclid^ but as a comment upon 
his commentators. 

The other matter I should wish you to notice, in connection with this first pro- 
position, is, that what is called “ the point C, in which the circles cut,” is in fact either 
of two points, one on each side of A B, so that a second equilateral triangle may be 
described, on the opposite side of the given line ; and it is this latter position which the 
equilateral triangle, introduced into the construction of Proposition IX., is to take. I 
shall only further notice, that it would have been somewhat more explicit, if Euclid 
had referred to the point C as where the circumferences cut, rather than as where the 
circles cut ; though it is quite true that the circles themselves interpenetrate there ; but 
the distinction, very properly made by Euclid in his definitions, between circlo and 
circumference, is in danger of being overlooked by a beginner, in consequence of Euclid^s 
mode of expression, in reference to intersecting circumferences. 

Proposition IV. is the first of Euclid’s theorems ; and, being the first, and involving 
no construction, its proof depends solely on the axioms. The demonstration hinges upon 
what has been called the method of superposition ; that is, the imagining one figure to 
bo placed upon another, with a view to their perfect adaptation and coincidence, and 
thence to the inference of their complete equality (Axiom 8). If you wash to try the 
experiment, whether or not you have any taste or aptitude for geometrical reasoning, 
you may, if you please, commence with this theorem, and study the three preceding 
problems afterwards. It is a very beautiful specimen of Euclid’s mode of argumen- 
tation ; and is quite within range of the powers of the merest beginner. But before 
you address yourself to it, it may be as well to reflect that the relative positions of two 
things can have nothing to do with their relative magnitudes ; that the two triangles, 
affirmed under certain conditions to be equal, and placed side by side before you on the 
paper, must remain equalf however their relative positions be altered ; whe^er one bo 
turned upside dovm, or be made to overlap the other, can make no difference as to the 
equality or inequality of the two in magnitude. You will thus see that, for the purpose 
of instituting an inquiry as to the equality of the triangles, it is quite allowable 
to imagino one to be placed upon, or to be applied to the other, with the view of 
ascertaining whether, by a suitable adjustment, a complete adaptation may be brought 
about. In this manner Euclid directs you to apply the triangle A B C to the triangle 
D E P in a certain way— namely, so that the point A may bo on D, and the straight 
line A B upon D E. He then affirms that B must coincide with E ; and as he never 
affirms anything without immediately answering the inquiry uhy f ho adds, became A B 
is equal to DE. The adjustment is thus brought about as far as the sides A B, DE 
are concerned. He then asserts that, this partial adjustment remaining undisturbed, 
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A C must fiall upon B F, because the angle or opening A ia equal to the angle or opening 
D. If A C fell beymd B F, the angle A ■would be greater than the angle B ; and if AC 
fell shert of D F, the angle A would be less than the angle B ; Euclid's conclusion, 
Iherefore, is irresistible. As A C then necessarily falls upon B F, the point C must as 
necessarily Ml upon or coincide •with the point F, because A C ia equal to B F. And 
thus haying proved, first, that B coincides with E, and then that C coincides with F, 
he infers, in virtue of the 10th axiom, that the base B C must coincide ■with the base 
E F. Hence the adaptation is complete ; there is perfbet coincideneo, and therefore 
perfect eq'uality in every respect. 

Proposition V. is al^ways found to be more or less perplexing to a learner ; and it is 
certainly one of the most, if not the most knotty of the propositions in the first book. 
I would recommend a beginner, after completing the construction as directed, to erase 
the base B C of the original triangle, in order that nothing may divert his attention 
from the two triangles AFC, A G B. The line thus expunged may be restored after 
these triangles have been proved to be in all respects equal : they are nothing more 
than the two triangles already considered in Proposition IV. in a different position, one 
triangle partially overlapping the other. Young students are sometimes deterred from 
prosecuting the study of Euclid by the length and difficulty of this proposition. They 
should be apprised that the propositions are not arranged in the order of their difficulty ; 
that none more troublesome than this fifth will ever after be met with, and that the 
last theorem in the book is quite as easy as the first. A great point will be gained, if 
you master this fifth proposition ; for you may then conclude with confidence that you 
will find yourself fully adequate to all that follows : but you must not come to this 
conclusion till, closing the book, you find yoiu'sclf able to demonstrate the theorem step 
by step without a reference to it. This mode of testing your progress must be resorted 
to all along. It is not enough that you read and understand Euclid's demonstrations — 
you must acquire the ability of furnishing these demonstrations yourself ; you may vary 
the language, but you must preserve the rigour of the argument, affirming nothing 
without a reason ; which reason, mind, must be the reason. 

I do not clearly see why the fifth proposition should bo called Tons asinorum^ or 
the asse^ bridge. They say it is because “ asses” stick at it ; but I believe it was the 
twentieth proposition that was so designated by some of the ancients ; for Proclus 
informs us, in his Commentary on Euclid,” that the Epicureans derided the twen- 
tieth proposition as being manifest “ even to asses ;” for if a bundle of hay wore placed 
at one extremity of the base of a triangle, and an ass at the other, the animal would 
not be such an ass as to take the crooked path to the hay instead of the straight one ; 
as he would know the direct course to be the shorter : this was therefore called the 
bridge. 

The sixth proposition you will find very easy after the fifth : it is what is called the 
converse of the first part of the former proposition. A theorem is said to be the converso 
of another, when the hypothesis and the consequence in that other change places. Tho 
hypothesis in Proposition V. is, that two sides of the triangle are equal ; the inference 
or consequence is, that the two cmgles opposite to them are equal. The hypothesis in 
Prop osi tion VI. is, that two angles of a triangle are equal ; and the consequence is, 
that the two sides opposite to them are equal : the one proposition is therefore the con- 
verse of the other. In general, Euclid demonstrates the converse of a previous theorem 
indirectly ^ or by ■what is called the reductio ad ahsurdum method ; that is, he commences 
■aith a denial of the trath stated ; and, reasoning from the contradictory statement, as 
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if it Tfope Ito#, tkam tiiat aa absurdity, or impossibility, is the unavoidable ooqbo- 
quenco ; tiras proving that the thing contradicted cannot be otherwise than true. 
Throughcmt tiie whole of this book, the last proposition is the only converse theorem 
that is not demonstrated in this indirect manner. It is not every theorem that is true 
both directly and conversely. You should take note of those that Euclid proves to be 
comirtibh, and endeavour to discover for yourself which of his propositions hold con- 
versely, though only proved directly. For example, Proposition XXXIV. proves that 
if the opposite sides of a quadrilateral are parallel^ they are likewise equal. It is also 
true conversely, that if the opposite sides are eq^l^ they are likewise paraUely as you 
may prove for yourself, after the direct proposition has been established. j 

Proposition VII. is merely subsidiary to the proposition next following ; it is what 
in some geometrical writings would be called a Lemma. You see that the demonstra- | 
tion of it rests almost entirely on Proposition V. In some modem books on geometry j 
this proposition is dispensed with, and the eighth established independently of it ; but, 
as an intellectual exercise, Proposition VII. is as useftil as any in the book. Besides, 
a proposition, though manifestly introduced as merely subsidiary to something else, may 
yet possess intrinsic excellence of its own sufficient to justify its retention in the system. 
For instance, the proposition before us teaches us this fact, which is certainly not without 
interest ; namely, that a physical triangle, supposed to have its sides freely moveable 
about joints at its vertices, cannot possibly be thrust out of shape by any forcer what- 
ever. You may break the bars forming the framework, but you cannot make the frame 
itself assume another shape. It is a very different thing with the frame of a common 
school-slato, as I dare say you well know from practical experience ; for I have no 
doubt that you have often twisted such a slate-less frame into a great variety of 
shapes. You now know, not from experiment, but from abstract science, that this 
would have been impossible if your slate-frame had been triangular, instead of rect- 
angular. 

Proposition VIII. is the second proposition, in the geometry of triangles, which 
proves that two triangles are equal in every respect — ^that is, that each is but an exact 
copy of the other— provided three things in one are respectively equal to three corre- 
sponding things in the other. The three things may be two sides and the included 
angle, as we learn by Proposition IV., or the three sides, as the present proposition 
teaches. And I may as well observe here, that there is only one other proposition in 
the Elements where the like equality of two triangles is inferred from an equality of 
three things in one to three corresponding things in the other : it is Proposition XXVI. 

On these three propositions the practical part of plane trigonometry is founded. A 
triangle, in the langusige of trigonometry, is said to have six parts — the three sides and 
the three angles ; and when certain sets of three of these are given — either of the sets, 
namely, mentioned in Propositions IV., VIII., and XXVI. — ^the remaining three, which 
we see by these propositions must be fixed and invariable, become determinable, and 
ore matters of computation. 

Aflid here it may not he amiss to say a word or two about the form of expression 
oontinuaDy employed by Euclid, when comparing figures together, fbr the purpose of 
establiidung their equality. He always speaks of two sides or angles of the one being 
equal to two sides or angles of the other, each to each. Learners are apt to omit this 
qualifying oonditionj each to each,” as if the frequent repetition of these woords were 
only so amdi useless tautology ; W precision requires that they should always be 
retained. If 3rou were to say thqt two sides of one triangle are equal to two sides of 
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another, your meaning might bo taken to be, that the aggregate or sum of the two sides 
I of one triangle is equal to the aggregate or sum of the two sides of the other ; but the 
I addition of the words each to each’’ would preclude the possibility of such a mistake, 
and would show that the sides, taken separately and indiTidually in the one triangle, 
were affirmed to be equal to corresponding sides in the other. 

The four propositions next following are problems^ You may be pretty sure that Eudid 
’ has postponed them tiU they became indispensable. I don’t think Euclid lihd pro- 
blems ; at all cyents there is less careful finish about them than in his theorems. 
; Proposition IX., for instance, needs mending a little ; it professes to teach how to bisect 
i an angle, of whatever magnitude it may be. Now, suppose that the triangle A D £, in 
. the book, is an eguilateral triangle, and that wo wont to bisect the angle I) A E. 
j Euclid tells us to construct an equilateral triangle on DE; and without the diagram 
; before our eyes, where the construction is exhibited in its completed state, we should 
naturally describe the equilateral triangle he directs, above I) E, and not below ; in 
j which case we should get nothing ; for our new equilateral triangle would simply cover 
I the one already there, and the point, F, falling on A, would have no separate existence ; 

I so that there would be no guide to the drawing of A F, the bisecting line ; it should 
I have been distinctly stated, therefore, that the equilateral triangle, to bo described on 
i D E, should have its vertex, F, on the opposite of D E to the point A. This restriction 
I is introduced in the present edition. 

j In going over Euclid’s propositions without the book, as I have recommended above, 

I always refrain from copying the diagraim. I know that such is the usual practice ; but 
I it should be condemned. The progress of the diagram should just keep pace with that 
I of the text, and no line should be introduced till it is actually demanded by the text. 

' It would be nearly as faulty as to write out the whole text, and then to supply the diagram 
i (as the boy did who said he would teU the story first and draw the picture afterwards), 
i as to commence with the completed diagram and then supply the text. In a printed 
book, the diagram must, of course, be presented completed; but in your own private 
j practice you should make it grow to maturity along with the text. In the whole course 
j of your geometrical^ studies, let me urge upon you never to allow your judgment or 
I conviction to be in the slightest degree biased by your visual impressions from tlie 
t diagram. Let two lines look ever so hke two equal lines, don’t forestall the reasoning, 
j and conclude them equal from their appearance; remember always that you are 
] engaged in a purely intellectual process, and that you arc not to be allured by the matter 
from the mind. Graphical accuracy, in the figured form, is of no moment ; logical 
j accuracy, in the abstract reasoning, is all that you have to attend to ; and therefore I 
I think it worse than waste of time to be over-scrupulous “with scale and compasses, in 
I reference to the lines introduced into Euclid’s demonstrations ; but I have already 
j given you some hints on this matter at pages 68 and 73. 

I do not sec anything that calls for special notice till wo reach Proposition XVL 
This is easy enough, as far as Euclid carries the demonstration ; but when, at the close, 
he says, as in other editions of the Elements he is made to do, in the same manner it 
may be demonstrated,” a beginner is likely to feel a difficulty. There is really a good 
deal to do before the proof can be completed ; and, when completed, “ in the tame 
manner,” there is a needless amount of complication. I would advise you to fitiinb the 
reasoning rather diflferently. By carefully looking at the argument, you will see that 
this truth is established, and nothing more ; namely, that if one side of a triangle {firry 
side, of course) be produced, the exterior angle is greater* than that interior angh which it 
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oppoiite U the eide fhtte produced; the angle A 0 D is thus greater than A. Let now 
A 0 he produced to G, then, since the exterior angle is greater than that interior one 
which is opposite to the side produced, the angle B C G is greater than ABC; but 
B C G is equal to A C D (by the fifteenth), therefore A C D is greater that ABC; but 
A C D was shown to be greater also than B A C ; therefore A C D is greater than either 
of the interior and opposite angles, B A C, A B C. It is this form of completing the 
demonstration that has been adopted in the present work. 

Proposition XVII. would seem, at first sight, to have been introduced without any 
object. The truth of it is clearly implied in Proposition XXXII., and it is not required 
in any of the intervening propositions. But that Euclid had an object is not to be 
questioned ; and it seems to have been this : — It was desirable that, at some convenient 
place, before the introduction of the theorems respecting parallel lines, something 
should be established by demonstration that would diminish the repugnance, very 
properly felt at the outset, to the twelfth axiom. You know I have recommended you 
(p. 69) to keep this axiom in the background till you arrive at Proposition XXIX., 
where a reference to it becomes indispensably neeessary. The axiom is no other than 
the converse of this seventeenth proposition ; this shows that if two meeting or non>parallel 
lines, B A, C A, bo cut by a third lino, B D, the two interior angles, C B A, B C A, on the 
same side of it, are together less than two right angles ; and the twelfth axiom asserts, 
conversely^ that if a straight line cutting two others make the two interior angles on the 
same side of it less than two right angles^ those others must be non-parallel or meeting 
lines. 

The seventeenth proposition, therefore, enables us to see more clearly the exact 
amount of assent demanded of us by the twelfth axiom, and prevents our overrating 
that amoimt ; if two lines cut by a third meet,, the two interior angles are less than two 
right angles — ^this is proved ; if two Hues cut by a third make the two interior anglift less 
than two right angles, tlwy meet — ^this is assumed. 

Passing over, for the present, the intermediate propositions, let us suppose Proposi- 
tion XXIX. to be reached. The two propositions immediately preceding sufficiently 
show that the lines called parallel lines exist; the twenty-ninth demonstrates a property 
of them, admitting the truth of th<j axiom just mentioned. Geometers without number 
have tried, some to evade this axiom altogether, and others to prove it by establishing 
the converse of Proposition XVII. ; but all have failed. "WTiat can be the cause of this 
failure ? Is it not in the imperfect definition of a straight line? Our conception of a 
straight line, independently of all formal definition, necessarily involves two ideas ; 
namely, that of length, and that of uniformity of direction. Length is implied in the 
word line ; and invariability of direction in the term straight, A line which changes its 
direction is a crooked line or a curved line ; a lino that never changes its direction is 
a straight lino. Now it necessarily follows, from this uniformity of direction, that if 
two straight lines, however far prolonged, can never meet, then at no part of their 
course can either make any approach towards the other ; for if two lines, proceeding in 
any two directions, approach and continue undeviatingly to pursue those directions, 
they cannot fail eventually to meet. It follows, therefore, that parallels must throughout 
bo equidistant; but two distinct straight lines, through the same point, cannot through^ 
out be equidistant from a third ; so that two straight lines through a point cannot both 
be parallel to the same straight line. Proposition XXVIII. shows that one (0 B) will 
be parallel to another (A B), provided a Bne, cutting both, makes the interior an^es 
together equal to two right angles ; a second lino through H, which causes the int^or 
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to bo than two zi^ angles, being distinot &om C D, must therefore meet 
A B, if prolonged ; and this is the assertion of the twelfth axiom. 

Whalia here said, remember, is not A dmonstraiion of this aa^um. An aadotn, you 
know, is an indemonstrable truth. AH I wish to show is, that it m an axiom ; that is, 
a truth neocssanly impUod in the correct conception of the thing to which it refers, lx 
you steadily contemplate your conception of a straight line, giving due consideoration to 
its distinguishing peculiarity — uniformity of direotion^jou mu&t see ttvo^ from the 
some point, cannot both be equidistant from a third ; one may be parallel to this third, 
or everywhere equidistant from it, since, as we have seen, paroHels are poeeible ; but 
must of necessity meet it. 

Of the propositions passed over, the 22nd and 24th are the only ones requiring any 
q^ecial notice here. Both these, as given in the text of Dr. Simson, are open to objec> 
tion. In the first of them, it is taken for granted that the two circles employed in the 
construction must cut one another ; and in the second, it is assumed that the point F fait* 
beloto the line E G. You will find these defects acknowledged in the notes at the end of 
Simson’s Euclid ; but they were first pointed out by Mr. Thomas Simpson, in his 
Elements of Geometry.*' The emendations of the latter were, however, but ill received 
by the “ restorer of Euchd,'* who treated “ the remarker,” as he called him, with a good 
deal of contempt j the more to be reprobated, as the poor self-taught weaver (for such 
Simpson in early life was) was very superior as a man of science to his academical 
opponent, great as were the merits of the latter in the field of ancient geometry. The 
biography of Thomas Simpson is full of instruction and encouragement to the young and 
unaided student, who cannot fail to view with interest the steps by which a person in 
Simpson’s position, without books, money, or friends, plying his humble calling among 
the lowest ranks of society, was conducted, by the force of perseverance, to the proud 
eminmee which he eventually attained. In the annals of science he ranks among the 
most distinguished mathematicians of the last century ; and yet, at the age of nineteen, 
he was ignorant of the first rudiments of common arithmetic.* 

The defect above alluded to in Dr. Simson’s version of the 24th Proposition is 
removed in the present edition ; and the objection made to the reasoning in the 22nd 
may be disposed of as follows : — ^Aiter having described the circles, as at page 56, reason 
thus : One of t/ieee circles cannot be wltolly without the other y for then F G, the distance of 
their centres, would be either equal to, or greater than the sum of the radii ; but, by 
hypothesis, it is Use. Neither can one of the as, for instance, that whose centre 

is (j — be whoUg within the other; for then the radius, F D, of the latter would be eqtzal 
to, or greater' than F H ; but, by hypothesis, it is less ; hence, since one circle can be 
neither whAG/g without the other, nor wlwlly within— they must bo partly without and 
partly within one another, they must cut in some point K. This completion of the 
pp>of may be introduced in a second reading of the first book. 

Proposition X X X II. is among the most interesting theorems of this first book ; but 
an objection to the demonstration of it may be made, the occasion for which had better 
be removed. You are directed to draw, through the point C, a line C E parallel to A B, 
by Proposition XXXI. ; and it is then inferred that the alternate angles B A C^nA C E 
are equal by an appeal to Proposition XXIX. ; but to draw the parallel C E, surely every- 
body would proceed by making the angle ACE equal to B A C ; that is to say, we 
should first make the alternate angles equal to get the parallels, and should then 

* Some account of Simpson will be found in **The Pursuit of Knowledge under Difficulties;” as 

also in Dr. Hutton’s ” Mathematioal and Philosophical Dictionary.” 
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use of the parallels to prcnre the alternate angles equaL You will at once see that -WO 
should avoid this circuitous method of |ffooeeding, by malring the angle ACE equal to 
B A 0 by Proposition XXIII. ; and then inferring the parallelism of A C E from Pro- 
position XXVII. ; so that Proposition XXXI. need not be called into operation at aH. 

The corollaries to this {nroposition are remarkably beautiful ; and the second^ espe- 
cially, cannot fail to excite, in a person who reads it for the first time, a feeling of sur- 
prise. It would indeed be a feeling of incredulity^ if this wore possible in geometry. 
That the sum of the exterior an^es, formed by prolonging the sides of a rectilinear 
figure, should always be exactly the same, whether the figure have three sides or as 
many thousand, is a truth so far beyond the reach of practical observation and experi- 
ment, and apparently so improbable, that, in the absence of geometry, its existence 
could scarcely have been suspected, much less established ; and yet an argument of 
half-a-dozen lines produces in every mind the fullest conviction of the fhct. 

But the corollary that precedes this, though less striking, has, perhaps, the greater 
practical interest ; among other things, we learn from it that— the sum of the angles of 
a four-sided figure is twice as great as the sum of the angles of a three-sided figure ; 
the sum of the angles of a five-sided figure, three times as great ; of a six-sided figure, 
four times as great, and so on ; but the most noticeable practicable inference is, that 
only three regular figures,* namely, the equilateral triangle, the square, and the regular 
six-sided figure or hexagon, can, by repetition, completely cover a surface : in other 
words, that, without leaving any blanks or interstioes, we may cover a surface with a 
mosaic work of equilateral triangles, or of squares, or of regular hexagons, but not with 
regular figures of any other kind. It would be impossible, for instance, to form apiece 
of tessellated pavement with slahs of any other regular figure but one of these three ; 
because the uniting together of any other forms, by adjusting side to side, would not 
fill up the space about the comers — ^there would be either left an angular gap, or else 
the stones must overlap one another. You will readily see the trath of this from the 
following considerations : — 

Let us first consider the equilateral triangle : as the three angles make two right 
angles, each must ho -J- of two right angles, that is ^ of four right angles ; consequently 
if six equilateral triangles were placed side by side, a comer or vertex of each being at 
the same common point, all the angular space about that point would be completely 
occupied ; and no one triangle would overlap another, for the angles about a point 
amount to just four right angles (Prop. XIII., Cor. 2). Let us next consider the 
square ; an^ as each angle of a square is a right angle, it is plain that four squares, 
each with a vertex at the same point, when placed in contact, will exactly fill the space 
about the point. 

The figure next in order is the vQguiKc pentagon, or five-sided figure. The corollary 
teaches us that the sum of its five equal angles amounts to six right angles ; conse- 
quently each angle is one right angle and a ffth. Now you cannot multiply 1-^ by any 
whole number that will make the product 4 — ^no sudi number exists ; in other words, 
you cannot arrange the angles of pentagons round a point, as the common vortex of all, 
so as to fill up the four right angles about that point ; the pentagon, therefore, must be 
ejected. The next figure is the hexagon. By the owoUary we leam that its six 
equal angles amount to eight right angles ; consequently each angle is equal to 
eight rigl^t angles ; or, which is the same thing, to I- of four right angles. It foUows, 

* Right-lined figures are said to be regular, when they are both equilateral and equ^ang^dar* 




84 


ELEMENTS OF GEOMETRY. 


therefore, that three regular hexagons, placed side by side, round a point, as a common 
vertex, will exactly fill the space about that point. 

We need not extend the examination any further ; for, as the sides of regular 
figures increase in number, the angles increase in magnitude ; and, as it has just been 
seen that three angles of a six-sided regular figure make four right angles, more than 
two of a seven, or eight, or nine-sided figure, could never bo required ; but if two equal 
angles of any figure could make four right angles, each angle would equal two right 
angles, which is absurd. It thus follows, that if space about a point is to be filled up 
by the juxtaposition of regular figures, these figures must be either equilateral triangles, 
squares, or regular hexagons. 

Of ihese three classes of figures, it is demonstrable, by more advanced principles, 
that the hexagon will inclose a given amount of space with less extent of outline or 
border than either of the others ; so that if a given surface were to be divided into 
regular compartments, of equal area, by a network of costly materials, economy, guided 
by science, would suggest the hexagon as the figure to be chosen. And this is the 
figure selected by the bee in the construction of the honey-comb. You have seen that 
of all the figures of geometry, there are but three which can so cover a surface as to 
leave no waste of room — ^no interstices. The bee chooses one of them. Of these three, 
the hexagon is that which most economizes material : — the bee chooses it. It is neces- 
sary, too, as well for compactness and strength, as for the safe lodgment of the grub, 
that the hexagonal coll shoxild terminate in a solid angle. Her choice of angles, that 
would db, is to be made from an infinite variety ; but among all these, mathematicians 
have discovered, by a profound analysis, that there is one^ and but one, mode of forma- 
tion by which the object would be attained with the least expenditure of materials; and 
this one the bee adopts. She closes her hexagonal tube with an angular termination, 
formed by throe plane faces. Each plane cuts off or excludes a portion of the tubular 
space ; but the space within the solid angle just makes up for what is thus rejected ; 
and the faces of the solid angle are so shaped, and so inclined, as to fulfil all the mathe- 
matical conditions of a minimum of surface ; so that while the angular space just com- 
pensates for the tubular space cut off, it effects the compensation not only with less 
amount of material, but with the leant amount possible. The compensating space might 
bo secured in an infinite niunbcr of ways. Of this endless variety there is one way more 
economical than any other, and that one is chosen by the bee. 

You must regard this reference to the architecture of the bee as a digression, into 
which I have been allured by the preceding examination of Euclid's corollary. But the 
subject is fuU of instruction ; and when your mathematical knowledge is sufficiently 
extensive to enable you fully to estimate the science of the honeycomb, you may, like 
the ancient geometrician Pappiis, feel even additional reverence for the Creator’ s power, 
and additional gratitude that you have been endowed with faculties to comprehend and 
admire the exquisite geometry of the bee. 

I ah nil only further remark here, that this interesting subject will bo fully investi- 
gated, on mathematical principles, in the treatise on the Differential Culculus, to bo 
hereafter given. 

Proposition XXXVII. may be omitted. It is included in the more general theoren|^ 
which follows, and which is demonstrated independently of the particular case. What 
is proved of triangles upon eqtKil bases is, of course, proved of triangles on the earn base. 

Propositions XXXV. and XXXVI., about parallelograms, seem to be related to one 
another, just as these two propositions about triangles are related. But there is a dif- 
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feronoe; for, although the thirty-fifth is only a particular case of that which follows, 
yet it is not superfluous, since the particular case is required in the proof of the general 
theorem. The thirty-ninth proposition, however, like the thirty-seventh, is superfluous ; 
as the general theorem which follows does not require its aid. The forty-first, too, 
might have been replaced by a proposition of wider generality. You can give it the 
extension here suggested by putting “ equal bases'^ for “ the same base” in the enuncia- 
tion, and modifying the construction and demonstration accordingly. 

Before passing on to the few remaining propositions, it may bo worth while to 
notice that the term trapezium is used in the thirty-fifth proposition for the first time. 
This is, §1 fact, the only place in which it occurs in the BUments^ though, it is a term 
frequently employed in ^e applications of geometry to practical matters, such as men- 
suration, surveying, &c. 

Proposition XLII. requires a word or two. The line A E is improperly introduced, 
in other editions, into the construction ; you will see, by attending to the details, that 
the required parallelogram is completed without any aid from this line ; it is in the 
demonstration alone that A E becomes necessary, and therefore its introduction should 
be deferred till the construction is completed. 

Of the forty-seventh proposition but little need be said here. It is stated to have been 
discovered by Pythagoras, who is recorded to have sacrificed a hundred head of oxen to 
the gods on the occasion ; but this is probably fable. The multiplication table has also 
been generally attributed to the same philosopher ; but the modem French geometrician, 
M. Chaslcs, in his historical researches, has shown this to be a mistake. 

The proposition in question is one of the most important, in its practical applica- 
tions, of all the theorems of geometry. Many forms of demonstration have been given ; 
but that of Euclid is not to be surpassed in elegance and clearness. 

The last proposition is remarkable only for the peculiarity of its demonstration ; it 
is the converse of the preceding, and is demonstrated in the direct manner, contrary to 
Euclid’s general practice of demonstrating converse propositions indirectly. As an exer- 
cise, you may supply an indirect demonstration yourself : other exercises on the first 
book arc here subjoined. 


XXEECI8E8 ON BOOK 1. 

1. Prove that the two diagonals of a parallelogram bisect each other. 

2. If in the sides of a square, at equal distances from the four vortices, four points 
be taken, one in each side, the figure formed by the four straight lines, joining the four 
points, win also bo a square. 

3. From two given points to draw two straight linos, to meet in a given straight line, 
and to make equal angles with it. 

4. Prove that the two linos drawn, as in the last exercise, are together less than any 
other two lines from the points meeting in the given line. 

5. To divide a right angle into three equal parts. 

6. The diagonals of a rhombus intersect each other at right angles. 

7. If the three fades of a triangle bo bisected, the perpendiculars drawn to tho sides 
from the three points of bisection will all meet in the same point. 

8. The straight line which bisects two sides of a triangle will be parallel to the 
third side. 
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9. If the middle points in the sides of any quadrilateral figure are joined by four 
straight lines, the hgure so formed will be a parallelogram. 

10. The sum of the angles of a four-aided figure is twice as great as the sum of the 
angles of a throe-sided figure ; the sum of the angles of a fiye-sided figure, three tunes 
as great ; of a six-sided figure, four times as great; and so on. 

11. Through a given point, between two non-parallel straight lines, to draw a 
third straight line, toninatmg in the former, which shall be bisected at the given 
point. 

12. From whatever point within an equilateral triangle porpondioulars be drawn to 

the sides, their sum shall always be the same. H 

13. If fix)m any point within a parallelogram lines be drawn to the four ver- 
tices, each pair of opposite triangles thus formed wdll be together equal to half the 
parallologram. 

14. If two triangles have two sides of the one equal to two sides of the other, each 
to each, and if the angle contained by the two sides of the one, together with that con- 
tained by the two sides of the other, make two right angles, the two triangles will be 
equal in surface, or area. 

15. In the figure to Proposition XLVII., if F D, G H, E K, be joined, the triangles 
F B D, G A H, K C E, will all be equal to one another, and to A B C. 

16. Prove the oonaerae of Proposition XXXIV., namely: if the opposite sides of 
a quadrilatezial be equal, or if the opposite angles be equal, the figure will bo a 
parallelogram. 

17. If the points of bisection of the three sides of a triangle be joined, the triangle 
will be divided into four component triangles, all equal to one another. 
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DEFINITIONS. 


I. 

Every right angled parallelogram, or rectangle^ is said to be contained by any two 
of the sides which contain one of its angles : that is, by any two adjacent sides. 

Thus the rectangle AC is said to be contain^ by the adjacent sides AB, B C, or by AD, DC, 
and is often called, tor brevity, “the rectangle A B-BC;” or •* the rectangle AD-DC." 
And when the adjacent sides are made equal to two detached lines, each to each, it is 
common to refer to the rectangle as contained by the lines to which the adjacent sides have 
been ithvI a equal. Thus the rectangle BH, in Proposition 1. following, is referred to as the 
rectangle A*B C, because B G = A. 


In every parallelogram, either of the parallelograms 
about a diagonal, together with the two ownplements, is 
called a gnomon. Thus the parallelogram H G, together 
with the complemcmts AF, F C, is a gnomon ; it is expressed 
by the three letters A G K, or E H C, at the opHJsite vertioes 
of the parallelograms, which make the gnomon. 


A E 



B- fir' 
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PEOPOSITION I.— THBOBffli. 


If there he two etraifht lime (A and B G), one of whieh (BC) is divUei into my n%mber of 
partSy the rectangle contained hy the two etraight lines is egml to the rectangles contained 
by the undivided line and the severed pmts (B B, BE, &c.) of the divided line. 


From B draw B F at right angles to B C,* and make B G= A. f Through 
G draw G H parallel to B C, and through B, E, C, draw BE, EL, 


* 11 I. 

+ 3 L 

* 31 L C H parallel to BG.* Then tho rectangle B H 
=:BK-|- BL-f- EH; but B H is contained by A and B C, 

+ Const, .for B G = A,t and BE is contained by A and 
BB, for BG=:A; also, B L is contained by A and B E, for 

* 34 I. DK = BG* =A; and, in like manner, EH is con- 
tained by A and EC, .*. the rectangle A*BO= A’BB -f" A’BE-j- 
A‘EC, however many divisions there may bo in BC ; there 
he two straight Unes, &c. Q. E. B. 


DEC 


PROPOSITION II.— Tiibobiw. 

If a straight line (AB) he divided into any two parts (A C, OB), the reetangles contained hy 
the whole and each of the paerts, are together equal to the square of the whole line : that 
is, AB AC4-AB BC=:AB«. 


» 46 L Upon AB describe the square AE,* and through C draw OF parallel 
tsil. toABorBE.t Then AE = AF+ CE ; but AE 

* Const, is AB«,* and A F = AB-AC = AB'AC, because A C_B 

AB ssAB; also CE = AB BC, for BE = AB, AB AC + 

AB’BCs= AB * ; if a straight Une^ &c. Q. E. B. 

Note.— This proposition might have been made a corollary to the pre- 
ceding, since it is only that partioular case of the former in which the 
two proposed lines (A, B C) are eyual. It is also obvious that the re- j J 

•triotion of the number of parts to two is unnecessary. 


PROPOSITION III.— Theobbm. 

Tf a straight line (AB) be divided into any two. parts (AC, CB), the rectangle contained 
hy the whole and one of the parts is equal to the rectangle contained by the two parUy 
together with the square of tJte aforesaid part : that is, AB*BC = AC’CB -f- 


* 46 1. Upon BC describe the square OE;* pro- j 

t 81 1 . long EB to F, and through A draw A F parallel 

to CB or BE.f Then AE=AB-l-CE; but AE is the 
rectangle A B*BC, for BCssBE; and AB is the rectangle » 

AC'CB, for 0B «5 OB; aUo OE is BC*, AB*BG i jb — M 
a® A C*0 B + B C * ; .\^f a straight Umy &xi. Q.E. J>. 
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PBOPOSITION IV.— Theoeem. 

^ a straight line (AB) he divided into any two parts (AC, C B) the square of tJw whole line 
is eqwU to the squares of the two parts^ together with twice the rectangle contained hy 
tJhe parts : that is, AB* = AC* + C B* + twice A C C B. 

• 46 I. Upon A B describe the square AE :* draw B D ; through C draw C G F 
+ 81 I. parallel to AD or B E, and through G draw H K parallel to A B or D E ;t 

• 29 I. then C F, AD being parallels, the angle BGC=: ADB :♦ but A D B = 

t 5 I. A B D, because AB =AD,t AE being a square,.*. OGBssC 

^ 6 I. CB=CG;* butCB=GK,andCG=BK,.*.CK is 
equilateral. It is likewise rectangular., for C G, B K being parallels, , 
t 29 1. the angles K B C, G C B are = two right angles : f but 

E B C is a right angle, .*. G C B is a right angle, .*. C GK, GKB, jj 

• 34 I. opposite to these, are right angles, ♦ C K is rect- 
angular ; and since it is also equilateral, itis « square — ^the square 
of CB. For a similar reason H F is the square of H G, or of AC, 

.’.HF, C K are AC*, CB*. And because the complement AG 

t 43 I. = the complement G E,t and A G is the rectangle 
ACCB, for CG = CB,.*.GE=ACCB,.*.AG + GE=: twice ACCB; and HF 
4* CKsssA C* + CB*, .*, HF + CK + AG-|" GE = AC * C B* + twice AC’CB j 
that is, AB® == AC* + C B* + tmce A C*C B, .*. if a straight line, Ac. Q. E. D. 

Coe. — ^From this it is manifest, that parallelograms about the diagonal of a square 
ore likewise squares. 

PKOPOSITION V.-Theoeem. 

If a straight line (A B) be divided into two equal parts (inC), and also into two unequal parts 
(in D), the rectangle contained by the unequal parts, together with the square of (C D), 
the line between the points of section, is equal to the square of half the line : that is, 



* 46 I. Upon C B describe the square C F :* draw BE; through D draw D H G 
+ 81 1. parallel to C E or BF,f and through A draw AE parallel to C L or BM. 

* 43 1 . The complement CH = HF:* to 

eaohofthieBeaadDM,.-.CM=DF:butCM= 4= ? ^ 

t 36 I. A L, t since AC = C B , .*. A L = | 

DF; to each of these add CH, .*.AH = DF-}- jl . 

CH : but AH is the rectangle AD'DB, for DH 
•4ILCor. =DB;* and DF + CH is the 
gnomon CMG, .*. CM Grs AD’DB : to each of 
+ 411. Cor* these add LGorCD*, f.'.CMG-f- 
»: but CMG + LG=:CF 

= C B*, .*. A D'D B + CD* = C B* ; .*. a straight line, &c. Q. E. D. 

Coe.— F rom this it is manifest, that the difference of the squares of two unequal 
lines, A C, C D, is equal to the rectangle contained by their siun and difference ; that is. 
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PEOPOSITION VI.-^T 

ff a straight Une (A B) he bisected {in C), and prolonged to any point (D), the reetangU 
contained by the whole line (A D) thus prolonged^ and the prolonged part (B D), together 
with the square of (C B) half the line bisected^ is equal to the square of (0 D), the Une 
made up of the half and the prolonged part : that is, A D’D B + C B*= C D*. 

* 48 L Upon C D describe the square C F : * draw D E, and through B draw 
B H O parallel to C E or D F, and through H 

+ 81 draw KLM parallel to AD, or EF ;t 
also through A draw A K parallel to C L or D M. 

*86 1. Then because AC=CB, AL=CH;* ^ | 

t43L but CH = HF,t .-.ALrsHF: K 
to each of these add CM, A M = gnomon 
0 M G ; but A M is the rectangle A D*D B, for 
*4n.Cor. DM = DB,*.\CMG = ADDB: 

+ 4 II. Cor. add LG or C B^f to each of these, 

*. CMG + LG = AD-DB+CB*; but CMG + LG = CF = CD,* .‘.AD-DB 
+ 0 B* = C D* ; if a straight line, &c. Q. E. D. 

PROPOSITION VII.— Theouem. 

ff a straight line (A B) be divided info any tioo parts (in C), the squares of the whole line, and 
of one of the parts, are equal to twice the rectangle contained by the whole and that part, 
togetlwr with the square of the other part: that is, A B*+ BC*=twico AB'BC + 
A C*. [See Diagram, Prop. IV.] 

• 46 I. Upon A B describe the square A E,* and construct the %ure as in the 
t 43 I. preceding propositions. Then because AG=:GE,tifCKbe added to each, 

AK = CE, AK + C E= twice AK. But AK + CE = gnomon AKP + OK, 
A K F + C K =s twice A K ; but twice A K =s twice A B*B C, for B K = 
* 4 II. Cor. B €,♦ A K F + C K = twice A B*B C. To each of these add H F or 
AC*, A K F 4 - C K + H F = twice A B-B C + AC*: but AKF + CK + HF = 
A B* + B C*, A B* + B C* = twice A B-B C + A C*; if a straight line, &c. Q. £. D. 


PROPOSITION VIII.— Thboeem. 


If a straight line (AB) be divided into any two parts (in C), four titnes the rectangle con- 
iained by the whole and one of tlw parts (B C), together with the square of the other part 
(A C), is equal to the square of the line (A D =* A B + B C), inode up of the whole and that 
part : that is, four times A B’B C + A C* = A D*. 

* 3 I. Prolong A B to D, so that B D = C B and upon A D describe the square 
1 46 I, A F ;t and construct two figures such as in the preceding. Then because 


• 34 I. c B = BD, and C B = GK, and BD=K: N,* 
GK KN. For a like reason, PR = RO; and be- 

causeCB = BD, andGK = KN, .*. C K=: BN, and GR 
t 86 1. B N.f But C K = R N, being complo- 

* 48 I. ments,* .’.BN G R, .’. the four Rectangles, 
BN, C E, G R, R N, are equal, and are therefore qua- 
dniple of C K. Again, because C B = B D, and B D = 

i B Kt » c G, and 0 B = G K* = GP,t c 0 

ttll.bor. =GP, and because OGssGP, and PE«> 
• 861. EO, AG = MP,* and PL = BP. But 
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t 43 1. MP = PL, being oompleinents,t /. AG w RP; /. tlie four, AG, MP, 
P R F, are equal, and are togetber quadruple A G. And it was proved that the four, 
CKyBK, GB, BN, are quadruple CK, the eight rectangles, which compose the 
gnomon A 0 H, are quadruple of A K ; and because A B = AB’BC, for B K = B C, 
four times AB*BC = four times A K : but it was proved that A 0 H = four times A K, 
•4 II, Cor. four times AB-BC = AOH. To each of these add XHor AC^,* 
four times A B B C 4- A C® = A 0 H + X H ; but A 0 H + X H = A I)*, four times 
A B'B C 4- A C* = A D- ; *\if a straight linsy &c. Q,. E. D. 

Notk.— F or another and shorter demonstration of this proposition, see the remarks at the 
end of Book II. 

PROPOSITION IX.-THEOBEM. 

If a straight line (A B) be divided into two equals and also into two unequal parte (in C and 
D), the squares of the two unequal parte are together double of the square of half the line 
(A C), and of the square of the line (C D), between the points of section : that is, A 
I 4- D B’ = twice A C® 4- twice C D*. 

• 11 1. From C draw C E at right angles to AB;* and make it = A C or 

+ 3 1. C B.f Draw E A, E B ; and through D draw D F parallel to 0 E, and 

* 31 1. through F draw F G paraRel to B A:* draw also AF. Then because 

+ 5 1, ACssCE, the angle EAC = AEC;t and because ACE is a right 

• 32 I. angle, the two others, AEG, E A C, must together make one right 

angle,* and as they are equal, each must bo half a right angle. For a like reason, each 
of the angles, C E B, EBC, is half a right angle, AEB is a right angle. And 
because G E P is half a right angle, and E G F a 

t 29 I. right angle, for it is = E C B,t the re- 
maining angle E F G is half a right angle, G E F = 

•6 -1. E F G, and E G = G F.^ Again, because 
B is half a right angle, and F D B a right angle, for it is 
t 20 I. =ECB,f .‘.the remaining angle, BFD, 
is half a right angle, B = B F D, and D P = A. 

*6 1. DB.* And because A C = CE, AC* =r C E*, AC* 4- CE*=itwioe 

+ 4T I. AC*; but AE* = AC* 4- 0 E*, because A C E is a right angle,f A E* 

= twice AC*. Again, because EG==GF, .-.EG* - GF®, EG* 4- GF* = twice 
*47 I. gF*; but EF* = EG* 4- GF*,* EF* =twico GP*; and GF;;= 

4 34 I. CD,t EF* = twice CD*, but AE* = twice AC*, .•. AE*4-EF* = 

* 47 I. twice A C* 4- twice C D* : but A F* = A E* 4- E F*,* because A E F is 

a rig^t angle, A F* = twice A C* 4- twice CD*; but AD* 4- B F* = A F®, because 

t 47 1. A D F is a right angle, f AD* 4- D F* = twice A C* 4- twice CD* ; 

and D FsssD B, A D* 4- D B» s= twice A C* 4- twice C D* ; if a straight line^ &c. 

a E. J). 

PROPOSITION X.— Thbouem. 

If a straight line (AB) be bisected (in C), and prolong^ to any point (D), the square of the 
sohoie line thw prolonged^ and the squhtre of the part of it prolonged (D B), are together 
douSle the square of (A C) half the line bisected^ and of the square of (C D) the line 
made up of the half and the prolonged part : that is, A D® 4- D B* * twice AC* 4- 
twioo CD*. 

♦ 11 L From C draw OE at right angles to AB,* and make AC or 0 B;t 
+ 31. and draw AE, JSfB. Throu^ E draw EF paraRel to AB, and thrcnigh 
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* 81 1. D drav BF pandlel to CE.* Then because EC, F B are parallels, the 

+ 291. angles CEF + EFD =:two right angles, f BEF -J- EFB are less 

* Ax. 12. tha n two right angles, EB, F D, if prolonged, will meet towards B, D.* 
Let tfb <^ meet in G; and draw AG. Then because AC = CE, the angle CEAss 

+ 51, EAC,t and ACE is a right angle, CE A, E AC are each half a right 

* 32 1. angle.* For a like reason, C E B, E B C are each half a right angle, . * . 

AE B is a right angle. And because E B C is half a right angle, B B G also is half a right 

+ 15 I. angle, for ttiey are yertically opposite if but B D G is a right angle, being 
= BCE, the remaining an glfl D GB is half a right angle, and is .*. D B G, .*. B D 
*6 1. =BG.* 

Again, because EGF is half a right angle, and that F is a right angle, being =: the 
+ 341. opposite angle ECD,t the remaining 
angle FEG is half aright angle, .*.FEG=;EGr, GP 

* 6 I. • = F E.* And because E C = CA, 

EC« = CA*, EC* + CA* = twice CA* : but EA* 

+ 471. =EC* + CA*,t EA* = twice AC*. 

Again, because GF = FE, .*. GF* = FE*, GF* + 

* 47 I. FE*=twiceFE* ; but EG*=GF*4.FE*,* 

+ 34 1. EG* =s twice FE*, and FE = C D,t EG* = twice CB*. But it 

was demonstrated that E A* = twice C A*, .*. AE* -f- E G* = twice A C* + twice C B* ; 

* 47 I. but AG* = AE* + EG*,* AG* =: twice AC* + twice CD* ; but 
+ 471. aB* +DG* =: AG*,t AB* + BG* = twice AC* + twice CD*-, 

but DG = DB, AD* + DB* = twice AC* + twice CD* ; if a straight Urn, &c. 

NoTB.—For other demonstrations of the last two propositions, see the remarks at the 
end of this hook. 



PEOPOSmON XI.— PaoBLBM. 

To divulc a given straight line (A B) into two parts^ so that the rectangle contained hy the 
whoUf and one of the partsy shall be equal to the square of the other part 

11 & 81. From A draw A C peipendicular and etjual to AB ;* bisect A C in 
+ 10 1. E,t and draw B E. Prolong C A to F, maki ng E F = E B,* and 

*81. from A B cut offAH=AF:f AB shall be divided in H, so that 

* 46 1. Complete the square B 0, as also the square F H ;* and prolong G H 

to K. Then because A C is bisected in E and prolonged to F, the ^ ^ 

+ 6 II. rectangle C F’F A4-AE*=:EP*;f but E F = 

•Const. EB,* .-. CF-FA + AE* = EB*; but B A* + 

A E* = E B*, because E A B is a right angle, .*. C F-F A + AE*= 

B A*+A E* ; take away A E*, which is common to both, C F-FA 
= BA*. ButFK=:CF-FA, for AF = FG; and AD=:BA*, 

F K = A D. Take away AX, common to both, F H = H D : 
hut HD = AB-B H, for AB = B D, and F H is AH*, .-. 

AB’BH = AH®; .*. A B is divided in H, so that AB*BH = 

A H*. Which was to be done. 



92 


ELEMENTS OF GEOMETRY. 


PKOPOSITION XII.--THEoaE3»L 

In an ohhute-angled triangle (AB C), t/’a perpendicular (AD) he dravjnfroYn either of the 
acute angles to the opposite side prolonged^ the square of the side (A B) subtending the 
obtuse angle is greater than the squares of the sides (B C, C A) 
containing the obtuse angle^ by twice the rectangle contained by 
the side upon which^ when prolonged^ the perpendicular falls^ 
and the line^ without the triangle^ hetiveen the perpendicular 
and the obtuse angle ; that is, A B* = B 4- C A* twice 
BC C D. 

Because B D is divided into two parts in C, B D* = B 
*4 11. +CD2 4-twice BC CD.* To each of these add D A^, B D« + D A® 
= BC 24 -CD= -i-DA 2 + twice BCCD; but A B* = B D^ + D A*, and CA* = CD2 
+ 47 I. + D A®,t A B^ = B C* + C A* + twice B C‘C D ; that is, the square of 
ABts greater than the squares of BC‘CA by twice BC*CD; in an obtuse-anglea 
triangle^ &c. Q. E. D. 



PROPOSITION XIII.— Theoeem. 

In every triangle (A B C), the square of a side (A C) suhtending an acute angle^ is less than 
the squares of the sides (C B, B A) containing that anglCy by twice the rectangle 
(C B‘B D) contained by either of these sides^ and the straight 
line intercepted between the perpendicular (AD) and the 
acute angle (B) : that is, A C- = C 4 - B A^ — twice C B B D. 

First, let A D faU within the triangle ; then, because C B 
is divided into two parts in D, C B^ + B D* = twice C B’B D 

• 7 IL 4- D C 2 .* To each of those add A D*, C B* B ^ C 

+ BD* 4 -AD« =twice CBBD4-DC*4-AD2: but B A* =BD* 4 - A D®, and AC» 
+ 47 I. = D C* 4- A D*t, C Ba 4 - B A« = A C* + twice C B-B D. From each of 
these take twice C B'B D, A C® — C B* 4 - B A® — twice C B*B D. 

Secondly, let A D fall without the triangle ; then, be- 
cause D is a right angle, A C B is greater than a right 

* 16 I. angle, ♦ A B» = A C® 4- C B® 4 - twice 

4 12 II. B C C D.f To each of these add B C®, 

A B® 4 - B C® = A C® 4 - twice B C® 4 - twice B C’C D. But because 
B D is divided into two parts in C, D B B C = B C C D 

• 8 II. BC®,* and the doubles of these being equal, ^ ^ 

AB* 4 -B 0® = AC® 4-twice DB*BC. From each of these take twice DB‘BC .•. 
A C® = AB® 4 - B twice D B*B C ; .*. in every triangle^ &c. * 

PROPOSITION XIV.-Peoblem. 

To describe a square that shall be equal to a given rectilineal figure (A). 

* 45 I. Describe the rectangle B D = A.* Then, if the sides of it, B E, E D, 

are equals it is a eqmrCy and what was required is now done ; but if they are not equal, 

+ 10 1. prolong one of them, BE to F, and make EF = ED. Bisect B P in G,t 
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and with centre G and radius G B, or G F, describe the semicircle B H F, and prolong 
DE to H. The square described upon EH shall 
be equal to the given figure A. Draw G H. Then, 
because B F is divided into two equal parts in G, and 
into two unequal parts in E, BE-EF + EG* = 

•5 II. GF*;* butGF-GH, BE-PF4- 
+ i7 I. EG*=:GH* ; but HE* +EG* = GH*,t 
BE'EF + EG* = HE* + EG*. Take away 
E G*, which is common to both, B E‘E F = E H* ; 
but B E*E F = B D, because EF = E D, B D = 

EH*; but BD = A, EH® = A; a square 
described upon E H w = to the given rectilineal Jigure. 



Whiclf was to bo done. 


EEJlAnKS ON BOOK H. 

All the propositions in this book, except the last three, concern the divisions of 
straight lines into parts, and the equality of rectangles having certain of these parts for 
their sides. The first proposition is little more than an axiom, as its object is to show 
that any rectangle BH is equal to the sum of the partial rectangles B K, D L, &c., into 
which it is divided : but, as already observed (p. 72), Euclid does not regard as an axiom 
any proposition that admits of demonstration. 

Proposition II. might, without impropriety, have been appended as a corollary to 
Proposition I., as already stated in the text ; since, if the lino A, in Proposition I., be 
considered to be equal to the line B C, tliis proposition will virtually include the next 
following. 

Proposition V. authorises us to affirm, as an inference, that the rectangle contained 
by the two halves of a straight line, is greater tlian the rectangle contained by any two 
unequal parts of it, since it shows that to this latter rectangle something must bo added 
to make up the square of half the line. 

In attempting the propositions in this book, without reference to the text, you will 
find it useful to keep in remembrance that in all the constructions, up to Propo- 
sition VIII. inclusive, the greatest square mentioned in the enunciation is always to 
bo described first ; and that in each proposition after the fourth, the lines employed in 
that fourth are always to bo introduced. After this partial construction, the completion 
of the diagram, in each case, will readily present itself. 

It may, too, bo deserving of notice that the demonstrations in Propositions Y. 
and VI. may, with advantage, bo conducted rather differently from the method of 
Euclid. Thus, in Proposition V., having proved, as in the text, that the projecting 
rectangle A L is equal to the marginal rectangle DF, we may proceed as follows : — 
Take each of these rectangles from the entire figure ; then the remainder C F will be 
equal to the remainder AH 4- LG, that is, to the rectangle AD*DB (for DB ~ DH), 
and the square of 0 D, since LH = C D : and this completes the demonstration. 

In like manner, in Proposition VI., having proved, as in the text, that the projecting 
rectangle AL is equal to the marginal rectangle HF, take each rectangle from the entire 
figure ; then the remainder C F is equal to the remainder A M + LG : that is, CD* = 
A D‘D B -f* C B* ; which completes the proof. 

Proposition VIII, is usually found, by a beginner, to be a little perplexing ; and 
Propositions IX. and X., though very elegantly demonstrated by Euclid, are felt to be 
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flosojewhat lengthy. I shall, therefore, here i^ow how these three propoaitloaB tnay be 
otherwise demonstrated. 

Prop. VIII. — Having made B D =s 0 B, the reasoning may be as follows : 

By Prop. IV., AD« = AB* + BD« + 2 AB-BD ; 
that is, AD* == AB* -f CB* + 2 AB'CB. 

Also, Prop. VII., AB* + CB* =’2 AB-CB + AC* ; 

AD* = 2 AB-CB + AC* + 2 AB CB 
that is, AD* = 4 AB-CB + AC*. 

Which was to bo demonstrated. 

Prop. IX.~By Prop. IV., A D* = AC* + C D* + 2 AC C D ; 

AB* + DB* = AC* + CD* + 2 AC-CD -f DB* ; 
that is, AD* + DB* = BC* + CD* + 2 BC-CD + DB*. 

But, Prop. VII., BC* + CD* = 2 BC CD + DB* ; 

. • . A D * + D B* = B C* 4- C D* + B C* + C D* ; 
that is, AD* + DB* = 2 BC'^ 4 2 CD* = 2 AC" 4 2 CD". 

Which was to be demonstrated. 

Proposition X. — The demonstration of this may be made to depend on the preceding 
proposition, as follows : — 

Prolong C A to H, making AH = BD ; 1 1 J 

thcnHC = CD, andHB = DA. HA C B D 

And since HD is divided equally in C, and unequally in B, .-. by Proposition IX., 
HB"4BD* = 2nC"4 2CB"; 
that is, AD* 4 BD* = 2 CD* 4 2 AC". 

Which was to be demonstrated. 

Although the foregoing demonstrations occupy less space than those of Euclid, I 
would by no means recommend them to your preference. Those of Euclid are among 
the finest of his specimens of clear and consecutive reasoning, and you wUl observe that 
they are altogether independent of second-book propositions. They are thus simpler, 
though longer than those given above. There is, too, a beauty in the reiterated appeals 
to the forty-seventh of the first book, that more than compensates for the length of 
the argument. The demonstrations above, however, may be useful as exercises on the 
application of second-book propositions. 

There are but two probletm in this second book ; and each of these, as given in the 
editions of Simson and others, exemplifies the remark made in the commentary on the 
preceding book, in reference to Euclid’s apparent indifference as to the neatness and 
finish of his constructions. 

In the editions alluded to, the whole of the diagram in Proposition XI., with the 
exceptioii of the prolongation of GH to K, is made to appear as essential to the construc- 
tion of the paroWem ; that is, to the determination of the point H. You have soon, 
however, to the discovery of this point, the actual construction of the two squares 
A D, A G is not necessary ; they are wanted only as part of the machinery in the demon^ 
stration that the point H, previously found, divides the proposed line as required. 

In Proposition XIV., too, the drawing of G H is made to enter into the construction 
of the problem, instead of being postponed for use in the demonstration, as is done in 
this edition. 

You will not fail to notice the connection between Propositions XII. and XIII., and 
Proposition XLVII., of the first book. The three together furnish certain corresponding 
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relations between one side of a triangle and tlie other two, whether the angle opposite 
that one be right, obtuse, or acute. 

It may not, perhaps, be out of place here to notice, that the word eqiMly employed 
so frequently in this and in the preceding book, in reference to rectangles, triangles, 
&c., is used by Euclid in two somewhat difTerent senses. In the earlier propositions of 
the first book— the fourth, eighth, and twenty-sixth, for instance — ^the test of equality 
is perfect covneidence^ as the result of superposition; but in Propositions XXXV., 
XXXVI., &c., as also in most of the propositions of this second book, the condition of 
coincidence is excluded, and the figures are declared to be equal if they are proved to 
inclose the same extent of surface. Legendre, a distinguished French geometer, has 
proposed to discriminate between these two kinds of equality ; figures which, though 
equal in surface, do not admit of coincidence, he prefers to call — not eqwU figures, 
but equivalent figures. I think the distinction an appropriate one ; and, while upon 
those minor matters of mere phraseology, I would venturo further to suggest, that 
instead of speaking of lines as greater and to, the more explicit and restrictive terms 
longer and shorter would bo preferable ; and that part of a line, or portion of a Hne, are, 
cither of them, designations that might appropriately supply the place of aegmmt of a 
line. 


EXEECISES ON BOOKS I. AND II. 

1. In any triangle, the squares of the two sides are together equal to the square of 
half the base, and of the straight line from the vertex to the middle of the base. 

2. The squares of the four sides of a parallelogram are together equal to the squares 
of the two diagonals. 

3. If from any point lines be drawn to the four vertices of a rectangle, the squares 
of those drawn to opposite vertices will together be equal to the squares of the other two. 

4. In every parallelogram the squares of the four sides are together equal to the 
squares of the two diagonals. 

6. J£ from any point whatever lines'be drawn to the four vertices of a parallelogram, 
twice the sum of their squares wiU bo equal to the squares of the diagonals, together 
with eight times the square of the line drawn from the given point to the intersection 
of the diagonals. 

6. From the last exercise prove that the following curious property has place, 
namely : — If from the point of intersection of the diagonals of a parallelogram a circle 
be described with any radius, the squares of the lines drawn from any point in the 
circumference to the four comers of the parallelogram, will always amount to the same 
sum. 

7. In any quadrilateral the sum of the squares of the four sides is equal to the sum 
of the squares of the diagonals, together with four times the square of the line jo ining 
the middle points of the diagonals. 

8. Prove the converse of Example 2 above, namdy : — If the squares of the sides of a 
quadrilateral are together equal to the squares of the diagonals, the figure must be 
a parallelogram. 

9. Let a straight line be divided according to Proposition XI. Book II., .and from 
the greater segment cut off a part equal to the less : prove that this greater segment 
will thus be divided also according to the same proposition. 
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ELEMENTS OF EUCLID.~BOOK IIL 



Circles arc said to touch one another, which mcct^ but do not cut one another. 


in. 

Straight lines arc said to be equally distant from the centro 
of a circle, when the perpendiculars drawn to them from the 
centre are equal. 

IT. 

And the straight lino on which the greater perpendicular 
falls is said to be farther from the centre. 


V. 

An arc of a circle is any part of the circumference. 



VI. 


A segment of a circle is the figure contained by an arc of a circle 
and the straight line joining its extremities, w'hich straight lino is 
called the chord of the arc^ or the hose of the segment. 



An angle in a segment is the angle contained by two straight 
lines drawn from any point in the arc of the segment to the 
extremities of the chord of the arc or base of the segment. 
Thus A is an angle in the segment B A 0. 



And an angle is said to insist ' or stand upon the arc intercepted between the straight 
lines that contain the angle. Thus A stands upon the arc B D C, 


A sector of a circle is the figure contained by two straight 
lines drawn from the centre, and the arc between them. ABC 
is a ssotor, so is the remaining part of the circle. 



Similar seginmts of circles are those in which the 
angles are equal, or which contain equal angles. 
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PROPOSITION I.— Problem. 

To find the centre of a given circle (ABC). 

Draw any straight line AB, terminating in the circumference, and bisect it in 

• 10 I. D :♦ dcawD C at right angles to AB,t prolong it to E, and bisect OE 

i 10 L in F :♦ the point F Aall bo the centre of the circle. 

For if it be not, let G, a point out of the line CE, be the 

centre: and draw G A, G D, GB. Then because DA = 
t Const. DB,t and DG common to the two triangles 
AD G, BDG, the two sides AD, DG are =: the two BD, DG, 
each to each, and the base G As=: the base GB, because G is 

• Dof. 12 1. the centre,* the angle GDA =sGDB:f 
t S I. but when a straight line standing upon another 

makes the adjacent angles equal, each angle is a right 

• Def. 8 I. angle G D B is a right angle : but F D B is 
1 Const, likewise a right angle, f GD B = F D B, the loss to the greater, which 

is impossible, the centre cannot be at any point out of the line CE : it must .*. be at a 
point in CE, and .-.at the middle of CE, F ts centre, which was to be found. 

Con. — From this it is manifest that if a chord of a circle (as AB) be bisected by a 
perpendicular, that perpendicular will pass through the centre. 

PROPOSITION II. — Theorem. 

If two points (A, B) be taken in the circumference of a circle (A B C), the straight line or 
cJwrd (A B) which joins them shall fall within the circle, 

• 1 III. For if not, let it fall without, as A E B. Find D, the centre of the circle,* 
and draw DA, DB. In the arc AB take any point F, draw D F, 

t Def. 12 1, and produce it to E : then because D A == D B,t 

• 5 I. the angle DAB = DBA:* and because AE, a 
aide of the triangle DAE, is prolonged to B, the exterior angle 

t 10 I. D E B is greater than D A E :t but D A E = 

D B E, as just proved : .\ DE B is greater than DB E ; but to 
" 19 I. the greater angle the greater side is opposite,* 
t Def. 121. .-. DB is greater than DE: but DBraDFjf.*. 

DF is greater than DE, which is impossible, AB does not fall without the circle. 
And since D B, the radius of the circle, is greater than D E, and that E is ang point on 
the chord, between A and B, no point between A and B can bo on the circumference, 
.*. the chord AB is wholly within the circle; .*. if any two points, &c. Q. E. D. 

PROPOSITION III.-THEOREM. 

If a straight Une (CD) through the centre of a circle (ABC) bisect a chord (AB), which 
does notpass through the centre, it shall cut it at right angles ; ami if it cut the chord at 
right angles, it shaU bisect it, 

• 1 III. Take E^ the centre of the circle,* and draw E A, E B. Then because 







ELEVUNSS Of 


t Hyp- AF F Byt a&d ^ ^ common to tibo two triangles A F E, B F E, andalso 

•8 I. EA = EB, iStie angle AFB * B FE,^ 

t Oef. 8 L Mch is a fight angk^f /. C D, df^n thrmtgh 
the esntre^ bissoting the chord A B, that does not pass through the 
ornery cedo it at right anghm, 

0 Bout A B it anglea : OBjball^iaeot AB. 

For, the same <x>nstruotioii iMmg maidO) heesuae SA^BB^ 

* 5 I. the angle E A F m end aagja 

AFEsBFE, inthotwe tnaog^ BAF, EBF, theoee 
are two an^es in the one sat two fn^ tlie odh&Sj each to each ; 
and E F» opposite to equal aD^ias, <«« in e«(h^ is oosumm to 

+ 26 I. both, /. A F F B jt that % th» chord hBf is biseeted bit thdMtmgter 
QJ^whioh is perpendicular to it; if a etrmgUlms, Ac. (^JSi. B. 



PROPOsmoir iv:-^Thboe»k; 

If in a eireU (A B CD) two chords {A BIT) cut one mother^ and do not pass- ^U^h 
the centre^ they do not bisect each other. 

For let them cut in E ; and suppose A E = E C, and EE = E B. If one of the chords 
pass through the centre, it is plain it cannot bo bisected by the otbor which does not 
pass through the centre, because the middle of the former is 
the centre. But if neither pass through the centre, take F, 

♦lllla the centre;* and draw PE. Then, because 
F E, through the centre, bisects AG not through the centre, 

1 3 III. it cuts it at light angles, f F E A is a right 

*Hyp. angle. Again, because FE bisects BD,* a 
chord not through the centre, it cuts it also at right 
3 III. angles, t F E B is a right angle ; but it was 
proved that F E A is a rigjit angle, F E A = P E B, tibe less 

to the greater, which is impossible, A C, B B do not bisections another; .% if in a oiroie^ 
&c, Q.E. D, 



vmmsirjm t.^Xiuui]iw. 

jytm cMee (ABC,, CBG) gns: amthcr (m ia.the pomtO},.^^ shtdb'nsb hm the 

samsmntrsi 


For, if it be supposed possible, let E be the common 
centre. Draw E C, and draw E F G, meeting the circum- 
ferences in F and G. Then, because E is the centre of the 
• Hof. UL cuMsle ABCf ECsEF.* Again, heeause E is 
thevC«Qtre^of EC But ik was shown^ 

that EO =s EP, .-. KF « EG, the less to the greater, whiqjh 
is impossible, the two oireles have not a common centre; 
if two oMeSf Ac. Q. B. Di 
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PROPOSITION VI—TiMOBaM. 

If two eireles (ABC, CDE) touch cm another they ehaU not hatfc 
fheiHom eemiee. 

Lot toiicR at 0) then if t&j^ ha:^ a comxaoix ocmtej 
liBt it bo R* Draw FCy end PEB^ zneetbig I2ia ouxnixnfoiivixces 
in E aadJB.^ Then, b^nse F is the centre of ABC, FO s 
*ii«f lai also, becauae F is the centre of CDE, 

FG = FE:* but it was shown lhat FC«PB, 

FEc= FB^ the iess to the greater, which is impossible, /. 
the tm cMce have not a common centre; if two drelee^ &c. Q. E. D* 

PROPOSITION VII.— Thbomm. 

^ any pomi (F), not the centre, be taken in the diameter (AD) of a circle (ABCD), then of 
aXl Vem (FA, FB, FG, &c.) which can be drawn from it to the eircumferenoe, the 
yrecdoei- w that (FA) which paseee through the centre (E), and (FD), the other part of 
the diameter, is the least. And of the others, that which is nearer to the line through 
the centre is always greater than one more remote. And from the same point (F) iltere 
can he drawn two, and only two, straight lines that are equal, ona upon each side cf^ i&a 
diameter. 

Draw EB then because any two sides of a triangle are together greater than the 

• 20 1. third side, FE, EB are greater than FB :♦ but EA = EB, FE + EA, 
that is, FA is greater than FB, and FB is any other line, the line through the centre 
18 the greatest. Again, draw EC : then, beoaose EB = EC, and FE common to the 
triangles BEF, CEF, the two ndes FE, EB aresstbe 
two FE, EC, each to each ; but the anglo BEF is greater 

T 241. than CEF, FB is greater than FC,t 
the hne nearer to that through the centre is, greater than one 
more remote. 

Again, draw EO : then, because EF + FG ane graateap 

• 20 1. than EG,* and that EG EF + FG 

are greater than ED, Take away the common part EF, 

FG is greater than FD, and PG is any other line, 

FD is the least of all the lines frone^F to the osroemm^ 
ferenee. 

Also two, hut only two, oq^ strai^t lines canu he dtawn fwm, F to the oicQnia*' 
ferenee, one upon ea^ side of the diaasfiter AD. For FGbeaiig any straight line trom 
4 23 I. F, at E make the aa^f^ FES » FflGjf^aind draw FFL Ihen, beeaua^ 
EG = EH, and EF common to the txttaia|d** two sides EG, EF are s 

• Const, the two EBE, EF, eaeh to^eaf^ iqial tim GEJ* = HEF,* FG = 

til. FH.f Bti% besidin FH^ ^ 

F to the oin»Eialitee«ao. For, if than 0^ kh It hi : then, because FE = FG and 
FG « FH, FEbsFH ; but one tke line through the^wtse 

than the^nhes^ so^tiiat>a. line oentte is egmd to ojp mfan 

i^emotar, which has been proved p .\lMdet FH noother FiS^gm be 

drawn; /. if ifny point, &q. 
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PROPOSITION VUL-Thboeem. 

If anff point (B) be taken without a circle (ABF), and straight lines (BA, BE, BF, &c.) 
be drawn from it to the circumferrt%ce^ of which one (BA) passes through the centre (M), 
of those which faU upon the concave part of the circumference^ the greatest is that (BA) 
which passes through the centre^ and of tlw res% that which if nearer to the one through 
the centre is always greater than one more remote. But of those which fall upon the 
cotivex part of the drcumfereneCy the least is that (BG) which^ wlwn prolonged^ passes 
through the centre ; and of the rest^ that which is nearer to tJw least it always less than 
one more remote. Also two^ and only two^ equal straight lines can he drawn from the 
sam point (B) to the circumference^ one upon each side of the line through the 
centre. 

* 1 III. Take M the centre of the circle, ♦ and draw hlE. Then because AM 
= EM, add MB to each, .*. AB = EM + MB ; but EM + MB aro greater than 

t 20 1. EB,t AB is greater than EB, and EB is any other line, AJ), the line 
through the centre^ is the longest. 

Again, draw MF. Aen, because EM = FM, the two EM, MB are = the two 
FM, MB, each to each ; but the angle EMD is greater than FMB, EB is greater than 

* 24 1. FB that is, a line BE nearer to that through the centre is greater than BF, 
one more remote. 

+ 20 1. IJ^’ow draw MK. Then because MK fr KB are greater than MB,i 

and that MK ssr MG, .‘.the remainder KB is greater than 
the remainder GB ; that is GB is less than KB, any other 
line from B to the convex part of the circumference, 

BG is the least line. Braw ML : then because MLB is a 
triangle, and that MK, BK are drawn from the extremi- 
ties of a side to a point K, within the triangle, MK -f- 

* 21 L BK are less than ML + BL:* but MK = 

ML, the remainder BK is less than the remainder Bli ; 
that is, a line nearer to tJw least is less than one mot'C re- 
mote. 

Also, there can be drawn two^ but only two, equal 
straight lines from B to the circumference, one on each 
side of BA, the line through the centre. For draw any 
straigiit lino BK, and at M make the angle BMB =s= 

* 28 1. BMK ;t and draw BB. Then because MK 
s MB, the two MK, MB are sbs the two MB, MB, each 

* to each ; and the angle KMB =e: BMB,* 

+ 41. BK = BB^t BO that two equal lines can be drawn^ and the demonstration is 

the same whether BK be drawn to the convex or to the concave part of the circum- 
ference. But, besides BB, no straight line drawn from B to the circumference, can be 
as BK. PoT; if there can, let it be BN. Them because BK = BN, and BK sss BB, 

BN as BB ; hut coe of tlmse must be nearer to that through the centre than the other, 
a line nearer to that through the centre is sa one more remote, which has been 
proved to he impossihle ; if my pointy &o. Q. E. B. 


B 
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PROPOSITION IX.— Thbobbm. 

J/any point be taken^from which there may be drawn more than two equal Hraight lime to 
the circtmference of a circle^ that point is the centre of tlw <nrele. 

For if the point •were not the centre, only two equal straight Hnes could be drawn 
♦ 7 & 8 HI. from it to the circumference;* if any pomt. Sec. 


PROPOSITION X.— THBonEM. 

One circumference of a circle cannot cut another in more points than two. 

For suppose the circumference FABC to cut the circumference DEOF in more than 
two points, -viz., in B, G, F. Take the centre K, of the circle 

* 1 III. FABC,* and draw KB, KG, KF. Then A 

because K is the centre of the circle FAB, these lines are 
all equal ; so that from a point K, to the other circum- 
forenco DEGF, more than two equal straight lines are 
drawn, viz., the three KB, KG, KF, K is the centre 

+ 9 III. of the circle DEGF,t the same point is 
the centre of two circles that cut one another, which 

* b III. is impossible ; * one circumference^ &c. 

Q. E. D. 

PROPOSITION XI.-Thborem. 

If one circle (ADE) touch another' (ABC) internally in a point (A), tJw straight line which 
Joins their centres being prolonged^ shall pass through the point of contact (A). 

Let F be the centre of ABC, and G the centre of ADE ; FG when prolonged shall 
pass through A. 

For if not, let FG, prolonged, cut the circumferences in D and H. Draw AF, AG: 
then, because two sides of a triangle are together greater than 

* 20 I. the third side, FG 4 - GA are greater than FA :♦ 
hut FA = FH, /. FG -f GA are greater than FH. Take away 
the common part FG, GA is greater than GH : but GA =b 

+ Def. 12 1. GD,t GD is greater than GH, which is im- 
impossible, even could D, H coincide, FG being prolonged, 
canmt but pass through the point A j one eircle, &c. 

Q. E. D. 


PROPOSITION XIL-THBonBM. 

If tioo circles (ABC, ADE) touch each other externally in a point (A), the straigJu Uno 
which Joins their centres shaU pass through the point of contact (A). 

Let F be the centre of ABO, and G that of ADE : FG shall pMS through A. 
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~~ For if not, let FG cut the circumferences in C, B, and draw FA, GA. Then becanae 
F is the centre of ABC, FAassFC ; and hecai^ G 
is the oentre of ADE, GAaGJ), ,*.FA 4" QA =s: 

FC+ GD, .*. the whde FG ia not Im than FA / \ 

GA, even though 0, 1) he 8U}^K>sed to coincide; I ^ \ 

hut 4t side FG, of the .tadangla -AFG, « leas than , I / 

* ao I. the other two sides,* which is im- V 
possible, FG cannot pass otherwiae than through ^ ^ 

the point of contact A ; /. }f two droUa, &c. Q, F. J). 


FftOPOSmON Jmi.— T heobhm. 

One circle cannot touch another in more than one point, whether it touch it on the inside or 

on the outside. 

For, if it be supposed postdlile, let 'the 'eirdo FBF tonoh the ^eirde ABO in twe 
points ; and first on the inside, in ^ pdnts B, B. jem B, B^ and draw-GH, d>isecting 

• icAlil. BD at right angles!* Then becamsedhe pomts B, B aiein the nireum- 
ference of each of the circles, BBtfidls 

f iS ni. within eaeh of them,^:*. 

theii^aentres are in GH, which bisects ^ *''X sa ^ 

Mm.Cor.BBatrigbtangles,'* f \ \ V ^ 

GH passes through the point of eon- o/L \ W ^ 

tact B, and through the point of con- / / V J 

film, tact D :t but the points \ J /J 

B, D are unthout the straight line GH, 
wMch is absurd ; one circle cannot 
toudunnxdikor on ike inside mmore than me pmtL 

For ean two cinolsB toudi on the euts^in more than one poixd^ For suppose the 
circles ACK, ABC to touch in two points, A, C. Join A, C : then because A, C are in 
the circumference ACK, AC, which joins them fiills, within the 
« 2 m. circle AXJK.* But the circle ACK is without the 

+ Hyp. circle ABC,t !'.AC is v^thout this last circle,; Init, / \ 

because A, C are in the circumfipre^nje ABC, AC must ho within I j 

• 2 HI. the same circle,* whicih is absurd, me virde 
camot touch another on ijte outside in more than one point; and it ^ ^ 

has bami shown, that they cannot touch on the ittside in more Y \ 

than one point ; one circle, &c. Q. E. B. / \ 

PBOPosmoN xrv.— titbobem. y 

JBqual chords (AB, CD) in a circle are equally distant from the 
centre; and chords equally distant Jrom the centre are equal. 

• 1 HI. Take E the centre of the circle ABBC,* and from Edraw EF, EG per- 
1 1 4 U J. fNnidionl«ini4o CB^t if 43 = CB, EF mud be ^ EG. For 
draw EA, EC. Then because 1^, from the centre, cuts AB, a chord not through the 

» 3 m. centre, at right angles, it bisects it,* AF=r FB, /. AB is double of AF, 
4 Hyp. For a lft» nMNcn <GD^4cari>lc4tf CG. But AB ss;GB,f AFssOG. 






Aad J|>eciwiafiE>'l5A»^ .*. EA*^ EOt ttet EE»aa: Eiit^ ^3%omm AMisn n^ 

* 4? I. 06^+ 

1*. <s®*: Ibtrt AaP»=*0€i*, %eo*ii«e AF 

^=:<5G, .*. os^GE*, .‘. PE«3 jGB ; buttSiord* 4tf a^iwte aro 
said to be equally dktant fit)iii iAkG centre ^wiken ^ 

t Def. ft m. diculars drawn to them &om the eentarem^c equid)^ 

/. AB, CD are eqmVy ditimt from ^tho oie0re. 

Next, let the chords AB, CD he eqpia^y ^itant ftwtti the 
centre: that is, let the perpendioidaiu EF^EG be*eqii^ ihin 
shall AB=:CD. For, the same ^conslmetion being maie, it 
may, as before, be demoasteafced thdt A® k dmible etf AF,>4indCllD double <IG, esid 

• Hyp. that AF2 + FE«^»0G* 4 -©sE»t b^^tFE^«tt<aE^ because FBstGE,* 
.*. AF* =: CG*, .*. AFsseOG; but AB, €3> aye the doiiWei of AF, GG, as already 
proTed, .'. AB = CD ; .*. eptal ^Aordsy Ac. Q. IL B. 

PROPOSITION ZV.— TanoaEM. 



T/iS diameter is the greatest chord a circle : md of all othersy that which U nearer U the 
cord^e is always greater than one mare remote : and the greater is nearer to, the centre 
than the less. 


Let E be the centre of the circle A3CD, and let BC be nearer to it than FG : the 
diatneter AD is the greatest ehordy and BC is greater than FG. 

Draw EB, EC. Thenbecaua«EA= EBandED=EO,.-.AD=sEB+EC : but BB 
« 20 I. + EC arc greater than BC,* AB is greater BC. 

Again, draw EH, EK pcrpendioul^ to BC, FG : -then be- 
+ Hyp. oause BC is nearer to the centre than FQ,.t 
EH is less tlian EE ; and, as was demonstrated in the pre- 
ceding proposition, EH» 4- HB* s= EE* + KP® : but EH* 
is less thanEK®, because EH is less than EK, /. HB® is greater 
SHI. than KF* ; hut BC is the double of HB,* and 
FG the double of KF, BC is greats than FG. 

Next, let BC be greater FG, them BC shall he nearer 
to the centre than FG ; that is, the same construction being made, 

£K shall be less than EK. Because BC is greater than FG^ 

BH is greater than FK, /. BH* is greater than FK®. Apd BH® +HE® sssFK* + 
KE®, of which BH* is greater than FK^, EH® is less tha i ^ F.Pf is less than 

EK, that is BC is nearer to the centre than FG ; the diametery &c. Q. E. D. 



raOPOSmON X\T:.-~THEOEEir. 

The straight line drawn at right mglee to the diameter (AB) of 
a circle (ABC), from the eistremiig of it (A) falls widunet 
the circle ; and no straight line can be draum from that 
extremity between the straight line and the eireun^encey so 
as not to cut the circle, * 

For q£ 

it, as AC, fall wiuKui the circle ; and from the centre D draw 
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DC, to the point C where AJS meets the oireumter^ice. Then because DAss DC, the 

f 5 1, angle DAC s=; DCA ;t but DAC is a right angle,* DCA is a right 

• Hyp. angle, /. DAO -f" I^CA = two right angles, which is impossible, f a 

♦ 17 1. part of AE, at right angles to BA, does not fall within tJ^ eirde. And it 
may be demonstrated, in the some manner, that A£ does not fall upon the circum- 
feoenoe ; A£ falls without the eirde. 

Moreover, between A£ and the circumference no straight line can be drawn from 
A which does not cut the circle. For let AF be supposed to 
be drawn between them ; from D draw DG perpendicular to 

* 13 I. AF,* and let it meet the circumterence in H. 

Because AGD is a right angle, and DAG less than a right 

t 371. angle, t DA is greater than DG ;* but DA = 

• 19 1. DH, DU is greater than DG, a part than the 

whole, which is impossible, no straight line can be drawn 
from A between AE and the circumference ; the staight 
drc. Q. E. D. 

CoR. From this it is manifest that the straight line, 
at right angles bj a diameter of a circle, from an extremity of that diameter, touches tlie 
circle ; and that it touches it in one point only, because if it met the circle in two 

f 2 III. points, it would fall within it.f Also it is evident that there can be but 
one straight line which touches a circle in the same point. 

PROPOSmON rV^I.— Problem. 

To draw a straight line from a given pointy either withoul or in the circumference of a circle 
(BCD), which shall touch the circle. 

* 1 III. First lot the given point be without the circle as A. Find £. the centre,* 
and draw AE, cutting the circle in D ; and with centre E, and radius EA, describe the 

f 11 1. circle AFG ; from D di-aw DF at right angles to EA,t and draw EBF, 
AB. AB shaU touch the circle BCD. 

Because E is the centre of the circles BCD, AFG, EA = EF and ED as EB, 
the two sides AE, EB are = the two FE, ED, each to each, 
and the angle E is common to the two triangles AEB, FED, 

• .-. the angle EBA =: EDF;* but EDF is a 
right angle, EBA is a right angle and EB is a radius j but 
a straight line from an extremity of a diameter, at right angles 

f 1C in. Cor. to it, touches the circle, f AB touches the circle, 
and it is drawn from the given point A ; which was to bo done. 

But if the given point be in the circumference, as at D, 
draw D E to the centre E, and D P at right angles to D E ; D F touches the ^ \ 
* 16 m. Cor. circle. * 

PROPOSITIOK XVIII.-Theorem. 

Jfa straight line touch a circle, tlw straight line drawn from the centre to the point of con- 
. tact shall be perpendicular to the line touching the circle. 

This proposition is really included in Prop. XYI. : It affirms that the diameter is perpendicular 
to the touching line at Its extremity : and Prop. XVl. shows that the perpendicular to the 
diameter at its extremity is the touching line, and the only touching line nt that mttremity. 

The next proposition is equally superfluous : the only thing proved by either is this, via. 
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For a like reaaon 



thttalina which it perpaudicuktr to the diameter ^ mutt have the diameter perpmeUeutar to 
it. The two enunoUttons are retoued here only to avoid interruption in the numbering of 
tbepropoaitione. 

PEOPOSITION XIX.—THEoaEM. 

I/a straight line touch a eirole^ and from the point of contact a straight line he drawn at 
right angles to the touching line^ the centre of the circle shall he in that line. 

PEOPOSITION XX.-THS0B1W. 

The angle (BEC) at the centre (E) of a circle (ABC) is double of the 
angle (BAG) at the circumference upon the same arc (BC). 

Draw AE and prolong it to F. And first let the centre E 
bo within BAG. Because EA =: EB, the angle EAB zzz 

* 5 I. EBA,* EAB + EBA is double of EAB ; but 

t 82 1. BEF = EAB + EBA,t /. BEF is double of EAB. 

FEC=: double of EAC, BEC is double o/BAC. 

Next let the centre E bo without BAG . It may be demon- 
strated, as in the first case, that FEC is double of FAC, and 
that FEB, a part of the first, is double of FAB, a part of the 
other, the remaining angle is double of the remaining 
angle BAG ; the angle at the centre^ &c. Q. E. D. 

PROPOSITION XXI.— Theorem. — 0 

The angles (BAD, BED) in tlw same segment (BAED) of a circle are equal, 

* I III. Take F the centre of a circle':* draw^FB, FD, as also the diameter 

AC ; and join E, C. Because BFC, at the centre, is upon ^ 

the same arc BC, as BAG at the circumference, BFC is ^ 

t 20 III. double of BAC.f Again, because BFC, at 
the centre, is upon the the some arc BC, as BEC at the 
circumference, BFC is double of BEC. But it was 
shown that BFC is also double of. BAG, BAG = BEC. 

In like manner it may be proved that CAD = CED, the 
whole angle BAD = the whole angle BED ; the angles^ &c. 

Q. E. D. 

PROPOSITION XXII.— Theorem. 

The opposite atiglei of any quadrilateral figure (ABCD) inscribed in a mrcle (ABCD) are 
together equal to two right angles. 

Draw tho diagonals AC, BD. Then because the three angles 

* 82 I. of every triangle are together = two right angles, * 

.*, CAB + a 6C + BCA = two right angles: but CAB = 

t 21 HI. CDB,t and BCA = BDA, CAB + BCA = CDA. 

To each of these add ABC, ABO + CAB BCA = ABC + 

CDA, ABC + CDA =* two right angles : and as ^efour angles 

* 33 1. of a 9 [uadrilatcral = four right angles,* tite other 

Cor. I. two opposite angles are also - two right angles ; 

the opposite angles, &c. Q. £. D. 

Not**— It appears from the foregoing property, that If one aide (ai AB) of a qUadrUatara! In a 
circle be prolonged, the exterior angle will be equal to the interior and oppod^ angle (D). 
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Upon Vie same straight line (AB), and on the earn side of % there cannot he two similar 
segments of circles not coinciding with one anoiiwr. 

For if it bo supposed x>ossiblc, let ACB^ ABB be two siiailar aogments, not coin- 
ciding with one anothor. Then, because the circles cut in the 
two points A, B, they cannot out in any other point,* /, one 

* 10 III. segment must be within the other. Let ACB 
be within ABB i draw BOB, as also CA, BA. Then, because 

n Hyp. the segments are £dinilar,t and that similar sog- 

* Def. 10 III. ments of circles contain e^ftial angles,* the 
angle ACB = ABB, the exterior to the imtciior and opposite, 

i 10 1. which is impossible, f /.there cannot be two^imilar segments of circles upon 
Vie same side of the same straight line^ which do not eoificide, Q. E. B. 



PfiOPOSITION 

Similar segments of circles (AEB, CFB) upon equal chords (AB, CD) are equal to one 

another. 

For if the segment A£B be applied to 
CFB, so that A may he on C, and AB on CB, 

B shall coincide with B, beoaose AB =rCB. 

AB ooimading with CB, the s^mt AEB 
* 28 m. must coincide with thesegenent&l^^* 
and is /. equal to it; .*. similar s^gmentey djc. 

Kotx.— I t obviously follows Yrom tUs, that stmhar segments of diroleB upoa< e<|wa«1iarito^ave 
«qual arcs. 



PBOPOSITION X2 

An arc (ABK) of a circle being given^ to describe (he mcle of which it is an arc. 

Take any point B in the arc, from which draw any two chords BC, BB. Bisect 
* 10 1. ihem in E and F,* and draw EG, FH at i^ht 
+ 111. angles to BC, BD. These perpendiculars will 
cut eadi other in a point which will he the centre of the 
cinde. For the centre of the cirdo to which arc BC 
bdongs, is in the line EG, bisecting the chord CB at right 
*im. Car. angles :• it is dso in the line FH, biseOting 
the chord BB at right angles : the centre being thus in both 
the lines EG, FH, must be at P, where they intersect, 
with P as csntrCy atidVM as radiUSy if a circle be deserihody it will be Ihdt of wMch (he 
gumareisafart. IViiidh iTas to be done. 
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TBOTOSmON XXVI.— Theorem. 

lit eqmi xArdn (ABO, DEP) angUi stand upon equal nresj whether they be at the 
eetiirea cr at ihe oiemm^femnees. 

First, let the angles BGC, EHF at the he eqnal. IWce any point, A, m the 
arc BAG, and any point, D, inthe arc EDF : 
draw AB, AC, DE, DF, BC, EF. Then, 
because the circles are equal, the radii GB, 

GO are equal to the radii HE, HF, each to 

* Hyp- each ; and the angle G=: 

1 4 1. /. BC =: EF :t and because 

*20131. bag = EDF,* the segment 
, Def 10 ni ^ similar to the segment 

‘ KDF and they hare equeil ^ ^ 

*24311. jchords, the segment BAtJ n: segment EDF :* but the whole circle 
ABKC = the 'whole circle DELF, theTcmaining segment BKC=EL'P, * the . arc 
me = arc ELF. 

Next let the angles BAC, EDF at the circumferences be equal. Find the centres G, 
fjm. H;t and draw GB,:GC,®C; HE, HF, EF : then if BAC be less than a 
fight angle, the angle BGC, at the centre, will stand on the same arc BKC as BAG, and 
** 20X11. 'wUl be double of BAC.* In like manner EHF will be double of 
BDF, the angles G, H at the centres are equal, and as before proved, the arcs 
BKC, EDF must be equal. But if BAC be not less than a right angle, bisect 
+ 91- it,t as also the equal angle EDF, by the straight lines AK, DL, then 
the angles BAJS^ EDL being equal, and each less than a right angle^ the aictBIC^ by 
the first cass,=: the arc EL. In like anaamer iKC = LF, ike am BKC, MiF mre 
«quaif m equal- cireteSf Acc. Q. E. D. 

FaOPO&mGN XXVH.-Tiieoiiem. 

In eqwd ciriks. (ABC, DEP) the angles EDF), which stand upon equal oros (B0C, 
EHF), ors eqml^ whetJwr they he cut the 

centre^ or at the circumferences. ^ _ -n 

For if not, lot one of ^em, as BAC, be 
the greater ; and make the angle BAK rrr 
*231. EDF;* then because in 

equal circles equal angles stand on equal 
1 26 m. arcs, t the arcs BGK, EHF 

* Hyp. areequal : hutBQC=rMF,* 

BGK =: BGC, a part to the whole, 

which is impossible, /. the angles BAG, EDF cannot h© the one greater than the 
other ; that is, the angles are f^qual; m equal eirclesy &c. Q. E. D. 

H’on. ^The demonstratUniB of last two propositions diflbr ^eonsidesably hhirta ■those ^df 
EuoUd, Which, upon examination, will be found to -be incomplete, since tbe^-esMiude ttifs 
case in which the angles ®3iC, EDF, at the (drcumfetenccs, are each not less thim a right 
‘•Wfle. 

It will^ie observed that the dowonstration of 4h0omond nf propositions uquiltsl' aijq^UsB 

Whe^r the angles BAQ, EDF be at the oiiioiimferenoeB,n8 In the the 

twaitnwr. ^Thme pdlnts are Icfl unmarked by letters, in order that, In 
mse8ii»9, ;sh» Itfttem A„ Dmfty be mentally transferred to the centres, and thlu hoth oMSs 
be inelnded in the same demonstration. 
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PROPOSITION xrvill.— T heobrm. 

In equal circles (ABC, BEF) equal chords (BC, EF) cui off equal arcs (BAO, EDF^ 
and BGC, EHF) the qreaUr equal io 
the greater and the less to tlie less. 

Take K, L, the centres of the cirdoa,* 

* 1 HI. and draw KB, KC, LE, LF. 

Then, because the circles are equal, KB, 

KC are = LE, LF, each to each, and BC 

+ Hp, = EF,t the angle BKC M 

t 26 ill. = ^'LF :* but equal angles at the centres stand on equal arc8,t the 

• Hyp. are BGC = EHF ; but the whole circumference ABC = the whole EDF,* 
the ramining part BAC = the remaining part EDF ; in equal circles^ &c. 

aE.D. 



PROPOSITION XXIX.— Theorem. 

In equal circles (ABC, DEF) equal arcs (BGC, EHF) are subtend^ by equal chords 

(BC, EF). 

[See preceding diagrams.] 

If the arcs are scmi-cireumferencesy then BC, EF are diameters; and as the circles arc 
equal, these diameters must be equal. But if the arcs be not semi-circumferences, take 

• 1 ni. K, L, the centres of the circles, ♦ and draw KB, KC, LE, LF. Then, 
t 27 III. because the arc BGC = the arc EHF, the angle BKC = ELF ;t and 

because the circles are equal, KB, KC are equal to LE, LF, each to each, and the 

* 4 I. angles K, L are also equal, /. BC = EF;* in equal circles, &c. 
Q. E. D. 

Note.— -I t is plain that what is proved In the preceding propositions, as to equal circles, neces- 
sarily holds in reference to the same circle. 


PROPOSITION XXX.— PnoBLEM. 

To bisect a given arc (ADB) ; that is, to divide it into two equal parts, 

• 10 1. Draw AB and bisect it in C :• from C draw B 

1 11 L OD at right angles to AB :t the arc ADB shaR 
oe bisected in D. Draw AD, BD. Then, because AC = 

CB, and CD cammon to the triangles ACD, BOD, the two 
sides AC, CD aressthe two BC, CD, each to each ; and the 

*41. angle ACD = BCD, each being a right angle, AD=: BD.* But 
equal chords cut off equal arcs, the greater equal to the greater, and the less to the 
t 28 HI. less,t .*. AD = BD, each arc being less than a semidrde, because 
DC, or DC prdonged, passes through the centre ; /. the given arc is biaeotad m D. Which 
was to be done. 
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PROPOSITION XXXI.— Thboeem. 

Tht angU (BAO) in a mnieirde (BABC) is a riff hi a/ngU : the angle in a segment (ABG-C) 
greater than a sentioirole^ is less than a right angle: and 
the angle (D) in a segment (ADC) less titan a semicircle^ is T 

greater than a right angle. / 

From the centre, E, draw EA, and produce BA to P. / 

* 5 1- Then, because EB=EA, the angle E ABss=EBA ; * // vC 

also because EA = EC, the angle EAC = EGA, the whole f/ 
angle BAC = ABC + ACB : but FAC, the exterior angle of // \ 

1 32 I. the triangle ABC, is = ABC 4" ACB,t BAG sj* — ^ 

* Def. 81 . — FAC, each is a right angle, ♦ /. the angle \ ] 

BAG in a semicircle is a right angle. Again, because the two \. . y 

angles B, C, of the triangle ABC are toge^er less than two 

1 17 1. right angles, t and that BAG has been proved to ^ 

be a right angle, .*. ABC must be less than a right angle, the angle B w a segment 

ABGC, greater than a semicircle^ is less than a right angle. Lastly, because ABCD is 
a quadrilateral in a circle, the opposite angles ^ D are together = two right 

* 22 IIL angles :* but B has been proved to be less than a right angle, T>, in a 

segment ADC less than a semicircle.^ is greater than a right angle; • the angle, &c. 

Q. E. D. 

PROPOSITION XXXII.-Theoeeji. 

If a straight line (EF) touch a circle, and from the point of contact (B) a straight line 
(BD) be drawn cutting the circle, the angles (DBF, DBE) tvhieh this line malces with 
the touching line shall be equal to the angles (A, C) in the alternate segments of the circle, 
each to each. 

* 11 I. From B draw BA at right angles to EF :* taho any point C in the arc 
DCB, and draw AD, DC, CB. 

Then, because EF touches the circle in B, and that BA is drawn at right angles to 
t 19 III. EF, the centre of tho circle is in BA,f 
/. ADB, being an angle in a semicircle, is a right A 

* 31 III. angle,* BAD ABD = a right angle ;t 

+ 32 I. but ABF likewise is a right angle,* / /\\ 

* Const. ABF = BAD -f- ABD. Take away the / / 

common angle ABD, DBF = A, the angle in the altcr^ j J 

nate segment, \ / yj 

Again: because AC is a quadrilateral in a circle \ / J 

+ 22 III. A -^C^two right angles :t but DBF+ \. 1/ ^ 

* 13 I. DBE =two right angles,* /. DBF + DBE ■■ ■ 

= A4“C; and it was been proved iat DBF=A, ^ 

DBE = 0, tlw angle in the alternate segment ; if a straight line, &c. Q. E. D. 

PROPOSITION XXXIII.— Peoblem. 

Upon a given straight line (AB) to describe a segment of a circle ^ f 

capable of containing an angle equal to a given angle (C). M 

•10 1 , First let C be a right angle: bisect AB in P,* A i B 

and with F as centre, and radius FB, deseribe the semicircle AHB; then Hie angle H, 
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formed by HA, HB, drawn from any point H in the are, being in a semicircle, is sgwd 
4 31 m. tothsri^hi tm^i^ C.f 

* 235 1. But if C be mt A makaBAD =3t C,* and/draw A B at 

tll'L right angleeto AH-f? Biseot AB in 

* 10 I. and draw FG at r^t ang^ta ABtf^t 

t 11 I, FG will meet AE in some point G, be« / * 

* Ax, 12. cause GAF is leas than a right angle ;• / / 

and if from G as centre, with radiua GA, a circle be ( / \ \ 

described, it will pass through By and the se g ment : \ v / 

AUB will be that requiredi Fbr draw GB : then* — f — 

booauae AF = FB, the two aidea AF, FG are =rthe 
two BF, FG, each to each ; and the «igle AFG s=s \ 

i Const. BFG,t GA = GB.;<^ the oirdo, 

* 4 I. with centre G,and radius GAy must past 

through B. Again : because from A, an extremity of’ tho diameter ABJ AH fs 
drawn at right angles to AEj AJ> touches the 

1 16 IIL Cor- circle :f and because ABj drawn from 

tha point of contact, outs the circle, the angle DAB ^ A ^ 

* 32 III. Bj, in the altei||^ segment :♦ but / / 1 

DAB rrr C,. H =rC; upon AB the segfnent ^ /( ) 

AHB of a circle is deKribed^ which contains an an§h / \ / 

H = C. ‘Which was to be done. \ y ® 


PROPOSITION XXXTV.—Pboblbm. 


a given circle (ABC) to cut off a seginmty wHmh shall contain an angle equal to a 
given angle (D). 

Take any point B in the circumference, and draw EF touching the circle in 

• 17 III. B,* and make the angle FBCrrD.f 
4 28 1. The segment BAG shall contain an 

angle A r=D. Because EF touches the circle at B, A/4,. \ 

the angle FBC =: BAG, in the alternate seg- ^ \ \ 

* 32 in. ment:* but FBC =:D,t the angle /n I \ " 

t Const A, in the segment BAC^isrsD; /. V \ Xy 

from the given circle the segment BAG trout off con- \ X 

taming m angle = D. Which was to he done. Tr"~]B F 


PROPOSmON XXXT:— TknoBWi. 

jJT tm €honds {hCy BD) in a oirde^ out one^attoiherj the rectangle 
(AE ‘EC) mtUtinedhg the segments cf onsof ttesi, is equal^ 
to the (BS'ED) contained bg ii\e segments of the 

ether. 

H the chords inim^se^ in tbe.eentiwE^ it iae^ AE, 

EEC, BE, ED, bdng all equal, AE*EG sr BE^EB. 

Butif ODO of thei% BDy paia tfaraiiigh the oentusy and cub 






III 


the other, A€, vhkh dcmito^ peai throng the ecntie^e^s rigUan^iy in if W’he 

bisected ih F, F is the oentmiof the eirele-; join, A,. F. Thoa 
because BlJ, through ^eatre c^ A€,. not thrcregh the 

•8Iir» centre, at right angles ai E, AE £5 BG.^ AJftd X 

because BG is cut into two eq«al pavta in.F, anA iato^ two / * \ 

t 5^11. miequal parts in E,,,BE^EB 4- KF^ ==iFB\ car / j, \ 

* 47 1 . j’A* ; but + EF’ ss! lA*,* /. BB:EB + I ^ " i 

EF* = AE®+ EP*. Take away the oomaum squaio EF^, ^ x £ J 

:. BE‘£B =: AE* = AE EC. Again, let BB, which passes 

through the centre* cut AC, wbi<di does not pass- through 
the centre in E, Utt not at right angles ; then, as be- 
fore, if BB be bisected in F, F is the centre of the circle. Draw A F, and 
•12 1* from F draw FG perpendicular to AC,* ^ 

t sm ... aG = G€,t AE EG + EG«=s: AG«*. To 

* 5 IX. ea<h of these add GF« AE^EC + EG* + /x. \ 

t47L GF*=r AG“-fGF»;butEG*-t-GF« = EP*,f / I 

and AG» -f GF^ = AFS AE-EC -h EF« = AF* = FB* ; \ L 

*511. but FB* = BE-EB + EF*,* AE*EC -f 0 

EF* == BE-EB -j- EF2. Take away BF* /. AE EC =: X 

BEEB. ^ 

Lastly, lot neither of the chords AC, BB pass through the centre. Take the centre 
+ 1 III. F,t and through E, the intersection, of the 
chords, draw the diameter GEFH. Then, because AE'EC = 

GE EH, as riso BEEB = GEEH, as already proved, 

AEEC=:BEEB; if two chords, &c. Q. E. B. I \ / | 


PROPOSITION XXXyi.-THEOREM. 1 V ffi / 

If from any point (B) without a circle (ABC) two straight Urns be 

drawn^ one of which (DA) cuts the circle, and the other (BB) ^ 

touches it, the rectangle (AD -DC) contained by the whole line cutting the circle, and the 
part without the circle, shall be cgual to (DB®) the square of the line which touches it; that 
is, AD'DC = DBL ^ 

ffhe line BCA either passes throu^ the centre^ or it does / 

not ; first let it pass through the centre E ; and draw EB ; then / 

t ^HL B is a right angle ;t “lAhecaiusoAG ia hiseeted. / c 
ihE, and prolonged to B, AD»BC 4 -BG®=EB«;* 

but EC r: I®, /.A1>EC 4- EB» — EB«;,hu^ \ 

+ Cl. bB*, because B is a right UQtgle,t ABrBG; / \ 

+ ?B*=;SB® -fBB*. Take away BB®, AD*BC=sBB*., I |v 

JBhfc.if BCA do not pass tluougEthe centre, tain fibs ceirfre V / 

• 1 m. E,* and draw EF perpendicular t» Ald*t draw 

+ It I. a 2|0 EBi Then because EF,, Bering 

throug h Centre, cuts AC, not through the centre, at right. i. 

• y ita: ax^t^, it also bisects it,* AE FC ; and hecause AG is hisaetad 

• ih E, and prolonged to B, AB-BC + f 6 « =n F^r To eaah^^ 

*’• + FE® ;■ but EB* sn.FB® + 1E»* W 

C'T. cause EFB is a right angle ;* and, for the same reason, EC® 
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FE*, AD-BO + E0« = ED* ; but EC = E^ /. AD-DC+ 

EB* = ED* ; but EB« + BD* = ED«, because B is a righ 
f 47 1, angle, f AD*DO EB* =: EB* 4“ BD*. 

Take aivay EB*, AD-DC = BD*. 

Con. If from any point without a circle, two straight linos 
cutting it be drawn, the rectangles of the whole lines and the 
parts without the circle are equal ; for each rectangle is equal 
to the square of the line drawn from the point to touch the circle. 

PBOPOSITION XXXVII.— Thisohem. 

Jf from a point (D) without a circle (ABC) there ho drawn two 
straight linea^ one (DC A) to cut the circle^ and t/w other (DB) 
to meet it; and if the rectangle (AD ’DC) of the whole cutting line and the part witlwut 
the circle he equal to (DB*) the square of the line which meets it, the line (DB) which 
meets shall touch the circle. 

* 17 III. Draw DE touching the circle in E : * find the centre F, f and draw FE, 
t 1 III. FB, FD : then E is a right angle.* And because 

* 18 III. DE touches, and DCA cuts the circle, ADDC = 

+ 36 III. DE* :f hut ADDC = DB*,* DE = DB ; 

* Hyp. also FE =FB, /, DE, EP arc = DB, BF, each 
to each; and the base FD is common to the two triangles 

t 8 I. DEF, DBF, .‘.the angle E = B:t but E was 
shown to be a right angle, B is a right angle : and BF pro- 
longed is a diameter : but the straight line which is drawm at 
right angles to a diameter, from an extremity of it, touches 

* 16 III. the circle,* DB touches the circle IlQQ ; /. if from 
a point, &c. Q. E. D. 


bemauks on book ui. 

The third hook is wholly occupied with propositions concerning the circle. In the 
definitions I have introduced two terms, the want of which is very much felt in the 
Elements— the tcniis arc and chord. The absence of this latter term has been the 
occasion of much looseness of expression in certain propositions of Euclid’s Third Book : 
in Proposition I., for instance, as Thomas Simpson has justly noticed, we are directed 
to ** draw within the circle any straight line AB,” without the limiting condition that 
its extremities are to be in the circumference ; and the same want of precision is 
observable in Propositions III. and IV. By a straight line in a circle,” Euclid cer- 
tainly means exclusively a straight line in a circle, ond terminated both ways by the 
circuinfbrence but this should have been expressly stated, and not left to be inferred 
from observation. Had Definition VIL, Book IV. (Simson’s Euclid), been placed 
among the definitions of the third book, the objection here advanced would have been 
removed ; since, according to that definition, ** A straight line is said to be placed in a 
circle, when the extremities of it are in the circumference of the circle but it is 
better to call such a line a c/wrd, the name given to it in all other geometrical 
inquiries. 
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Tho demonstration in Proposition I. of Simson’® EucHd i® imperfect, since all tliat 
it prove® is that the centre of the circle must bo in the line CE^ without detennining 
the particular in that line ; the omission is supplied in tho present edition. 

The enunciation of Proposition VI. in Simson is, If two circles touch one another 
mtcmally^ they shall not have the same centre but as it is plain that each circle 
cannot be mthin the other, the word internally should be omitted. If two circles touch 
externally^ then, since each must be wholly witfiout the other, it is obvious that they 
cannot have the same centre. In Proposition VII. certain lines are introduced by 
Euclid-^namely, the line® EC, EG— long before they are wanted ; and tho diagram is 
thus unnecessarily complicated at the outset of the demonstration. I have already told 
you (page 80), with a \uew to an orderly and systematic arrangement of the steps of 
your argument, that the diagram should not proceed in advance of tho text ; the more 
you depart from this plan, the more you depart from simplicity ; *Bince you thus 
encumber your diagram with lines that servo no purpose but to distract your attention. 
In demonstrating this seventh proposition without the book, you should commence by 
cxhibitiDg in your diagram only 'the linos FB, FC, in addition to the diameter AD : 
you should tlicn draw EB, for the purpose of proving that FA is greater than FB,, 
whatever line, other than FA, FB may be *. one part of the proposition is thus disposed 
of. The next step is to draw EC, the aid of which is now required— but not till now— 
to prove that FB, a lino nearer to that through the centre, is greater than any other 
line FC more remote ; another part of the theorem is thus demonstrated. You may 
now, if you please, introduce FG, and then draw EG, for the purpose of proving that 
FD is shorter tlian any other line drawn from F. I say you may introduce FG, if yon 
pleme; for, in sfriotness, there is no absolute occasion for it; FC, or FB, already 
drawn, would answer tho purpose equally^ well : of tho remaining part of the construc- 
tion nothing need be said hero. 

In Proposition VIII. I have actually omitted Euclid’s superfluous line,— the line 
corresponding to that whicli, as just noticed, may bo dispensed with in tho preceding 
proposition. As the diagram here is somewhat more complicated, I thought that tho 
suppression of an unnecessary line from D, and consequently of two lines in connection 
with it from M, would be a desirable relief to it. You will perceive it to bo so if you 
compare the diagram here with that in other editions of Euclid. 

Tlio demonstration of Proposition IX., given in tho present edition, is not that of 
Euclid, though substituted for it by De Chulcs, and some other editors. In the earlier 
copies of Euclid two diflferent demonstrations of this simple theorem are given. They 
have both been preserved by Gregory, »Stone, VTilliamson, and Bonnycastle. It is the 
second of these two only that Simson retains ; but, as remarked by Williamson, there is 
a defect in tho reasoning, which, however, it is scarcely worth while to remove. The 
demonstration given in the text is so easy and obvious, that, as Austin justly observes, 
“ we cannot suppose Euclid would have overlooked it.” It is probable, therefore, that 
iie demonstrations here discarded are not Euclid’s own, but tho interpolations of some 
other writer. 

Although it is proved in Proposition XX. that an angle at the centre of a circle is 
double that at the circumference subtended by tho same arc, yet it must not be inferred 
that to wery angle at tho circumference there corresponds an angle at the centre, upon 
tho same arc, which is double of tho former. If the angle at the circumference stand 
upon a semi-oircumfcronce, there can evidently bo n% corresponding ang^e at the centre 
upon the same are ; and if tho angle at the circumference stand upon on arc greater 
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^lan a seBu-^nrcumference) the angle at the centre, the sides of which terminate in the 
extremities of the eame arc, will stand— not upon that arc— but upon the opposite part 
of the eircuniferenee. 

The construction of Proposition XXV. is different in the present edition''&om that 
giyen in Euclid, which reqtiires three diagrams : moreover, the “ of a circle,” 

as Euclid has it, need not be given, only the are. Propoffltions XXVI. and XXVII. differ 
idso in matters of construction ffrom those of Euclid; for, as they at present stand in 
Siamon, they are insufficiently demonstntted ; as noticed in the text. 

Proposition XXXIIl. In all the editnms of Euclid that I have seen, there is a 
siq[>6iffuous line (the lino BE) introduced into the second of the three diagrams ; and in 
some editions the line BE is also introduced into the third diagram, for w'hat purpose I 
am unable to conceive ; the tendency, though of course not the intiention, is to 
mislead. 

The demonstration applies equally to h^ih diagrams. In the first, the line BE, 
which goes to form the angle E, is quite in keeping with the text, as this is really an 
angle in the segment spoken of. But in the second of these diagrams the line is not 
mwdy superfluous— it is wnmg ; since the angle E, of which it is a side, is an angle 
in a segment different from that to which the text refers. In order that the proper angle 
should be exhibited in both diagrams, the vertex of it should be at H, as shown by Ae 
dotted lines in this edition, but there is no absolute occasion to introduce this angle 
at all. 

Propositions XXXV. and XXXVI. may be otherwise and more easily established, as 
follows : — 


Proposition XXXV. — Let P be any point within a circle ABD. It is required to 
prove that whatever chord, AB, be drawi^ through P, the ^ 

rectangle AP*PB will be always the same. 

* 1 IIL Find the centre C ;♦ and draw CM at right / 

tl2I. angles to AB ;t draw also CP, CB. Then, / \ 

*SIir. because AB is divided equally in M,* and [ ]_ 

+ 5 n. unequally in P, AP-PB + PM’' = MB^.f Add I / ^ I 

CM* to each, /. AP PB + PM* + CM* = MB* + CM* ; that V / 

* 47 1. is, AP PB + PC* = BC*.* Take PC* from >/ 

each, AP-PB = BC* — PC*. But BC* is always the same 

wherever in the circumference the point B may be, and PC* is always same what- 
ever chord be drawn through P, BC* — PC* is always the same, AP*PB is always 
the same, whatever chord (AB) be drawn through P ; /.if two chords cut one another 
in any point P, the rectangle contained by the segments of one of them is equal to that 
contained by the segments of the other. ^ 

Proposition XXXVI. — Let B bo any point without a 
circle PEE. It is required to prove that whatever line ^ 

BPF be drawn, cutting the circle, the rectangle BF'BP shall / / /N. \ 

be eq^ual to the square of BE, a line drawn touching the / / / \ \ 

circle. { j j j 

•lin. P5aa the centre C,» and dra-wCB, CP, CE. \ ^ / j 

With this same cefitre C, and radius CB, describe a circle, \7 / 

and produce BF to meet its circumference in A. Then aT. >7 

(last Proposition) AP*PB = BO —PC* = BC* — EC* 

4 47 L = Draw the perpendicular CM to AB ; then CM bisects both 
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*8111. AB and FP,* AF:=PB, APrrBF. But it was proved 
AP’PB =: BE® ; BF*BP =BE®, which was to be demonstrated. 

An obvious corojkry follows from this proposition, 

Coa. 1.— Since from any point without a circle two lines may be drawn to touch 
+ 17 I. the circle, t these two touching Hnes must be eqml. 

I shall only fhrther observe that, besides the particulars mentioned above, in which 
slight departures from the authorized text of Euclid have been made, other modifica- 
tions, chiefly in the diagrams, have been introduced in certain propositions ; but 1 believe 
I have nowhere ventured upon any change where the circumstances of the case did not 
fully justify and require it. 


EXEBCISES ON BOOKS I., H., DI. 

1. Prove the converse of Proposition XXII. — Book III., namely, if the opposite 
angles of a quadrilateral be together equal to two right angles, a circle may be described 
about it. 

2. A trapezium may be inscribed in a circle, provided two of tbe opposite sides are 
parallel, and that the two non-parallel sides are equal. 

3. If a quadrilateral he described about a circle, that is, if the four sides touch the 
circle, one pair of opposite sides will always be equal to tbe other pair. 

4. If from the vertices of the three angles of a triangle perpendiculars be drawn to 
the opposite sides, they will intersect in the same point. 

5. If two circles cut one another, the line joining the intersections of the circum- 
ferences shall be perpendicular to the line joining the centres. 

6. If two circles cut one another, and from one of the points of intersection diame- 
ters be drawn, the extremities of these diameters shall bo in the same straight line as 
the other point of intersection. 

7. If any two chords of a circle mtcrsect at right angles, the squares upon their four 
segments will together be equal to the square upon the diameter. 

8. If two circles touch each other, any straight line through the point of contact will 
cut off similar segments, 

9. If a quadrilateral be described about a circle, tbe angles subtended at the centre 
by one pair of opposite sides, will together bo equal to those subtended by the other 
pair ; that is, to two right angles. 

10. Find a point in the prolongation of a diameter of a circle, from which, if a line 
be drawn to touch the circle, it shall he equal to a given straight line. 

11. Two chords AD, BC, are drawn in a semicircle from the extremities of the 
diameter AB ; the chords intersect in P. Prove that the rectangles AD*AP, BC’BP are 
together equal to the square of the diameter. 

12. If from any point in the diameter of a semicircle two straight lines be drawn to 
tbe circumference, one to the middle of the arc, the other at right angles to the dia- 
meter, the squares Upon these two lines always amount to the same sum, wherever the 
point bo taken. 

13. From a given point without a cirolo to draw a straight line to cut it, and to 
terminate in the circumference, such that the intercepted chord may have a given 
length, not greater than the diameter of the circle. 
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ELEMENTS OP EECLID.—BOOK IV. 


DEPINrflONS. 



A rcctiliuoal figure is said to be in9cr&)ed in another roctilinoal figure, 
when all the vartwts of the former arc upon the aides of tho latter, each 
upon each. 


A rectilineal figure is said to be described about another, when all the sides 
former pass through the vertices of the latter, each through each, 

./f ” ■ ■ ' 


of tho 

/ 


N 


A rectilineal figure is said to be inscribed in a cmdc, when all tho 
vertices of the former arc upon tlic circuniforcnco of the circle. 


A rectilineal figure is said to be described about a circle when 
each side of the former touches the ciixumfercnco of the circle. 


A circle is said to bo inscribed in a rectilineal figure, when the 
circumference of the circle touches cacli side of the figmx. 


A ciixdc is said to be described about a rectilineal figure, when its 
circumference passes through all the* vertices of that figure. 


A straight line is said to he placed in a circle, when the cxtrcmitii's 
of it are in tho circumference of that circle. 


PBOPOSITION I.-PnoBLESi. 

In a given circle (ABC), to place a straight line equal to a 
given straight line (D), which is not greater than the 
diameter of the circle. 

Draw BC, any diameter of tjio circle. Then if CB 
B, the thing required is done ; but if BC is not = D, 

• Hyp. it is greater ;• make CE = D ; and with centre C and radius CE, describe 
the circle AEP ; join CA; CA shall be = D. 
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• Const. Because C is tlie centre of the circle ABF, CA = CE ; but D = CE,* 
D =: CA ; therefore in the circle ABC a straight linCy equal to D, is placed^ as 

required. 

Noth.-— The enunciation of this proposition might' have been as follows From a given 
point, in the circumference of a given circle, to draw' a chord equal to a given straight 
line, which is not greater than the diameter. 

PROPOSITION II.— PaoBLEM. 

Jn a given circle (ABC) to insa-ibe a triangle equiangular to a given triangle (DEF), 
Take any point A in the circtimfer(mce, and draw GAH to touch the circle in that 
t 17 III. point.f Make the angle HAC ir 

• 23 I. ss E, and GAB = F,* and draw ^ 

BC : ABC shall be the triangle required. yhv 

Because IIAG touches the circle, and AC 
is drawn from the point of contact, the angle / yr \\ 

HAC=B, in the alternate segment :t but HAC I / j h 

+ 32 III. = E, B =: E. For a like / \ / / 

reason, 0= F, /. the remaining angle BAC u , 1 * 

• 32 I. — the remaining angle D 

the triangle ABC, inscribed in the circle ABC, is equiangular to DEF. \\Tiich was to 
bo done. 

Notk.— I f the angle IIAC had been made equal to F, instead of E, the resulting triangle would 
still have been equiangular to DEF : but the construction above furnishes a triangle not 
only equiangular hut similar in position to DEF. Like remarks apply to the next pro- 
position. 

PROPOSITION III.— PROBLEM. 

^boui a given circle (ABC) to describe a triangle equiangular to a given triangle (DEF). 

• 1 III. ^ Prolong EF both ways to G and H : find the centre K of the circle,^ 
and draw any radius KB. Make the angle BKA zr DEG, and the angle BKC = 

+ 23 I. DFH ;t and through A, B, C, draw 

• 1" I* LM, MN,NL to touch the cii'clc:* these 

lines w'iU meet and form a triangle LMN equiangular ^ 

to DEF. A / \ 

Because LM, MN, NL touch the circle at A, B, C, X \ O' B F H 

the linos I5JL, KB, KC from the centre make the 

t 18 III. angles at A, B, C right anglcs,t AM, Ar 

BM would make with a lino joining A, B, angles which X 

are together less than two right angles, AM, BM, / I A 

• Ax. 12. must meet.* In like manner AL, CL, / V \ 

moot ; as also BN, CN ; and because the four angles ^ jir 

of the quadrilateral AMBK, are = four right an- 
gles, for it can be divided into tw'o triangles, and that two of the angles KAM, KBM, 
are right angles, the other two, AKB, AMB make two right angles. But DEG-}“ 

i 13 I. DEF = two right angles,! AKB + AMB = DEG + DEF ; but AKB 
:=DEG, AMB ~ DEF. In like manner it may bo proved that LNM :;s.DFE* 

• 32 1. the remaining angle Lrrthe remaining angle D;* the triaotglQ. 

LMN is equiangular to the triangle DEF ; and it is described about the eirek^ 'W3»oh 
was to be done. 
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PEOPOSmON IV.— Peoblem. 

To inscribe a circle in a given triangle (ABC). 

♦ 9 1. Bisect the aagles ABC, BCA * by the straiglit lines BD, CD, meeting 

one anotber in D, from wbicb draw DE perpendicular to one 

+ 12 1. of the sides. t The circle described with centre 
D, and radius DE, will be inscribed in the triangle. 

For draw DF, DG, perpendiculars to the other sides:* 

• 121. then, because the angle EBD = FBD, for 

+ Const. ABC is bisected by BD,t and that BED = 

* Ax. 11. BFD,* the triangles EBD, FBD have two 
angles of the one = two of the other, each to each ; and the 
side BD, opposite to one of the equal angles in each, common 

t 26 1. to both, the other sides are equal ;f that is, D r 
DE=: DF. For a Uke reason, DG= DF, DE=: DG, DE, DF, DG are all equal ^ 
and the circle described with centre D, and either of these for radius, will pass through 
the extremities of all; and will touoh AB, BC, CA, because the angles at E, F, G axe ri^t 

* 16 III. angles ;* the circle EFG is inscribed in the triangle ABC. Which waa 
to bo done. 

PEOPOSITION V.— Peoblem. 

To describe a circle about a given triangle (ABC). 

• 10 E Bisect AB, AC in D, E ;* and firom these points draw DF, EF, at 

1 11 1. right angles to AB, AC.f Then DF, EF must meet one another, because 

they make with a lino joining D, E, angles on the same side, together less than two 

• Ax. 12. right angles.* Let them meet in F, and draw FA, then a circle described 
with centre F, and radius FA, will ciroiunscribe the triangle ABC. 




For if 'th© point P be not in BC, draw BF, CF. Then, because AD = DB, and DP 
' + t oammon, and at right angles to AB, APrrrFB.f In like manner, it 

may be shown that CP ss AP, PB = PC, FA, PB, PC are all equal ; the circle 
defloiibed with Centre P, and either of these lines for radius, will pass through the 
exttsttdt&es of and be cireumseribed about the triangle ABC. Which was to be 
done. 
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PROPOSITION VI.— PEOKutai. 

To inscribe a square in a given cirdc (ABCD). 

Draw any two diameters AC, BD at right angles to one 
another : draw AB, BC, CD, DA : the figure ABCD shall ^ 
be the square required. / X \ 

Because E is the centre, EB = ED ; also EA is common, ® 

• 4 1. and at right angles to BD, /. AB = AD. • For yV >y 

a like reason CB, CD arc respectively == AB, AD, the V y J 

figure ABCD is equilateral. It is also rectangular ; for BD 
being a diameter of the circle, BAD is a semicircle, BAD C 

+ 31 III. is a right angle.f For a like reason each of the angles ABC, BCD, CDA, 
is a right angle, the figure is rectangular^^ /. it is a square i and it is inscribed in the 
circle ABCD. "SVhich was to be done. 


PROPOSITION VII.— Pkoblem. 

To describe a square about a given circle (ABCD). 

Draw two diameters AC, BD, at right angles to one another, and through A, B, C, D, 

• 17 III. draw FG, GH, HK, KP, touching the circle;* 

the figure GHKP shall he the square required. Because 

FG touches the circle, and EA is drawn from the centre to 

tho point of contact A, the angles at A are right / \ 

+ 18 III. angles. t For a like reason, the angles at B J 

B, C, D, arc right angles. And because the angle AEB ' 

is a right angle, as likewise EBG, GH is parallel to V J 

• 28 I, AC ;* for a like reason AC is parallel to FK. 

In a similar manner may it be proved that GP, HK, are ^ 

each parallel to BD, /. the figures GK, GC, AK, FB, BK, 

+ 34 I- are parallelograms, GF = HK, and Gn=FK;t and because 
AC = BD, and that AC = GH = FK ; and BD = GF = HK, /, GH, FK, are each 
=: GF or HK, the figure FGHK is equilai^al. It is also rectangular; for GE being 

• 34 I. a parallelogram, and AEB a right angle, G is a right angle ;* and GK, 

t Cor. 46 1, being a parallelogram with a right angle at G, is rectangHlctr,'\ it is a 

square ; and it is described about the circle ABCD. Which was to be done. 

PROPOSITION VIII.-Peobi.bm. 

To inscribe a circle in a given square (ABCD), 


* 10 I. Bisect each of the sides AB, AD in F, E ;* draw EH parallel to AB 

+ 31 I. or DC, and FK parallel to AD or BC it then, if with their pomt of 
intersection G, as centre, and GP, or GE, os radius, a circle be described, it wiH be 
that required. 
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Each of the figures AK, KB, AH, HD, AG, GC, BG, GD, being a parallelogram, 

y: . 1 ) 


• 84 1. their opposite sides are equal:* and because 
AD = AB, and AE = half AD, and AF = half AB, AE 
1 = AF, the sides opposite to these are equal, viz., PG 
= GE. In like manner it may be demonstrated that GH 
= GK, and GH = GF, the four GE, GF, GH, GK are 
equal to one another ; and the circle described from centre 
G, vrith any one of them for radius, will pass through the 
extremities of all, and will touch AB, BC, CD, DA, because 
1 16 III. Cor. the angles E, F, H, K are right angles ;t 
circle is inscribed in tlic square ABCD. Which was to 
be done. 




V 



H C 


PKOPOSITION IX.— Peobleji. 

To describe a circle about a given square (ABCD). 

Draw AC, BD, intersecting in E : with E as centre, and EA as radius, describe a 
circle : — it will be that required. 

Because DA = AB, and AC common to the triangles DAC, 

BAC, the two sides DA, AC = the two BA AC, each to each ; 

*8 1. andDC = BC, the angle DAC = BAC;* that 
is, the angle DAB is bisected by AC. In like manner it may 
be proved that the angles ABC, BCD, CDA, arc severally 
bisected by BD, CA. Again : the angle DAB = ABC, also 
EAB = half DAB, and EBA = half ABC, EAB = EBA, 
t 6 I. EA = EB.f In like manner it may bo de- 
monstrated that EC, ED=:DB, EA, each to each, the four EA, EB, EC, ED are 
equal to one another ; and the circle whoso centre is E, and radius EA, passes through 
the extremities of all, and is described about the square ABCD. Which was to be 
done. 



PKOPOSITION X.— Problem. 

To describe an isosceles triangle having each of the angles at the base double of the 

third angle. 

• 11 II- Take any straight line AB, and divide it in B, so thai AB‘BC=: AC®,* 

and udth centre A and radius AB, describe the circle BDE, in wL*W* place BD 

IV. AC ;t and draw AD ; the triangle ABD 
shall be such that each of the angles ABD, ADB shall 
be double of BAD. 

Draw DC ; and about the triangle ACD describe the 

• Const. circle ACD ; then because AB*BC=AC®, * 
and AC = BD, /. AB-BC=:BD®, . touches the 

+ 37 III. circlet ACD in D, /. the angle BDC = 

•32 III. DAC;* to each of these add CDA, 

BDA = DAO -f- CDA ; but the exterior angle BCD = 

+ 82 L DAC-|-CDA,t .*. BDA=BCD ; but BDA 

• 5 1. =: B, because AB = AD,* /. B = BCD, " D 

.*. the three angles DBA, BDA, BCD, are equal to one another. Again, beeause the 
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• 6 L angle DBO == DCB, DO = DB;* but DB waa mad© = OA, .*. CA = 

+ 51. OD, /. the angle CDA = CAD,t CDA + CAD = twice CAD ; but 

•82 1. BCD == CDA + CAD,* BOD = twice CAD ; but BOD = BDA 

— B, as before prored, /. each of the angles BDA, DBA is double of BAD, m 
iaoaoelfB triangle ABD has been deseribedy honing each of the angles at the base deMe of the 
third angle. Which was to be done. 

PROPOSITION XI.—Peoblbm. 

To inseribe m equilateral and equiangular pentagon in a given etrcle (ABCD). 

Describe an isosceles triangle FGH, having each of the angles G, H, double of 
•10 IV, F;* and in the circle inscribe a triangle AOD, equiangular to the 
+ 2 rv. triangle FGH, so that the angle CAD may be = F ;t then each of the 
angles ACD, ADC is double of CAD. Bisect ACD, ADC, by the straight lines CE, 

• 91. DB;* and draw AB, BC, DE, EA. 

ABODE shall be the pentagon required. Because 
each of the angles ACD, ADC is double of CAD, 
and that they are bisected by CE, DB, the five 
angles DAC, ACE, ECD, CDB, BDA arc equal to 
one another ; the five arcs AB, BC, CD, DE, EA 

+ 26 III. are equal to one another, t the 

the linos AB, BC, CD, DE, EA are equal to one 
•29 III. another,* the pentagon ABODE 
is equilateral. It is also equiangular y for since the arc AB = the arc DE, if to each 
BCD be added, the whole ABCD = EDCB ; but these arcs subtend the angles AED, 
+ 27 III. BAE, AEDzrBAE.f For a like reason each of the angles ABC, 
BCD, CDE = BAE or AED; the pentagon is equiangular, in the given circle an 
equilateral and equiangular pentagon has been described. Which was to be done. 

PROPOSITION XII.-Problem. 

To describe an equilateral and equiangular pentagon about a given circle (ABCD.) 

Let the vertices of a pentagon, inscribed in the circle, by last proposition, be at 
A, B, C, D, E ; so that the arcs AB, BC, CD, DE, EA are equal ; and through these 
*17 III. points draw GH, HK, KL, LM, MG, touching the circle :* the figure 
GHKLM shall be the pentagon required. 

From the centre F draw FB, FK, FC, FL, FD. Then because KL touches the 
+ 18 III. circle in C, FC is perpendicular to KL,t the angles at C are right 
angles ; for a like reason the angles B,D are right angles. And because FCK is a right 

• 47 I. angle, FK* = FC® + CK® :* for a like reason FK® =FB® -f- BK®, 
PO® + CK®, = FB®+BK*; butPB»=FC®, BK»=:CK®, BK = CK. Again: 
because FB — FC, the two sides FB, FK = the two FC, FK; and BK= CK, as just 

+ 81. proved, .*. the angle BFK =sCFK,t and BKF = CKF, /. BFC=: twice 
CFK, and BKC = twice CKF. For a similar reason CFD = twice CFL, and OLD = 

• 27 III. twice CLF : and because the arc BC = arc CD, the angle BFC =: CFD :* 
andBFOsstwice CFK, andCFD = twioe CFL, CFK=CrL; /. inthetwotrittaglea 
FKC, FIiO, there are^ two angles of the one equal to two of the other, each to each, 
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and the side FO, adjacent to equal angles in each, is common to both, KC = 
• 36 1. rsLC,* and the angle FKO=; FLC, and KL 
is twice KC. In a similar manner it may be shown that 
HK is twice BK, and consequently, since it was proved 
diat BK = KC, and that KL = twice KO, and HK = 
twice BK, HK = KL. In like manner it may be shown 
that GH, GM, ML are each = HK or KL : the pen- 
tagon GHKLM is equilateral. It is also equiangular ; for, 
since the angle FKC = FLC, and HKL = twice FKC, 
and BXM = twice FLC, as already proved, HKL = 

KLM. And in like manner it may be shown that each of 
the angles KHG, HGM, GML is = HKL or KLM: 

the five angles GHK, HKL, KLM, LMG, MGH, being equal to one another, the pen- 
tagon is equiangular^ and it is described ahout the oirde ABCD. Which was to be done. 



PROPOSITION XIII.— Problem. 


To inscribe a circle in a given equilateral and equiangular pentagon (ABODE,) 

• 9 1. Bisect the angles BCD, CDE by the straight lines CF, DF *,* and from 

the point F, in which they meet, draw FK perpendicular to one of the sides ; then if 
with F as centre and FK as radius, a circle be described, it will touch every side of the 
pentagon. 

+ Hyp. Draw FB, FA, FE ; then since BC = CD,t and CF common to the 

triangles BCF, DOF, the two sides BC, CF= DC, CF each to each; and the angle 

•41. BCF = DCF, BF = FD,* and the angle CBF = CDF. And because 

+ Const. CDE = twice cbF,t and that CDE = CBA, and CDF = CBF, as just 
proved, CBA = twice CBF, ABF = CBF,.*. ABC is hisecUd by BF. In a simi- 
lar manner it may bo demonstrated that the angles BAE, 

AED are bisected by FA, FE. From F draw FG, FH, 

FL, FM perpendicular to AB, BC, DE, EA ; then be- 
cause the angle HCF = KCF and FHC = FKC, being 
right angles, ,*. in the triangles FHC, FKC, two angles 
of the one are equal to two of the other, each to each ; 
and the side FC opposite to one of the equal angles in 

• 261. each is common to both, FH =: FK.* 

In like manner it may be proved that FL, FM, FG are 
each FK, or FH, the five FG, FH, FK, FL, FM, 
are equal to one another, /, the circle described from centre F with either of them for 
radius, will pass through the extremities of all ; it will moreover touch AB, BC, CD, DE, 

i 16 III. EA ; since the angles at G, H, K, L, M, are right angles ;t t^ cirejs is 
mseribed in the pentagon ABODE. Which was to 1)e done. 



PROPOSITION XIV.— Problem. 




2b describe a circle about a given equilateral md equiangular pentagon (ABODE). 

•91. Bisect the angles BCD, CDE by the straight lines CF, DF;* and 
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with the point F, in which they meet, as centre, and either of them as radius, if a circle 
he described, it will be that required. 

Draw FB, FA, FE. It may be demonstrated, as in the preceding proposition, that 
the angles CBA, BAE, AEI) are bisected by FB, F A, FE ; 
and because the angle BCD = CDE, and that FCD is half 
BCD, and CDF half CDE, FCD = FDC, /. CF = 

+ 61. FD.f In like manner it may be demon- 
strated that FB, FA, FE are each = FC or FD, /. the five 
FA, FB, FC, FD, PE are equal to one another; and the 
circle described from centre F, with either of them for 
radius, will pass through the extremities of all, and will I*. 

U described about the pentagon ABCDE. Which was to be 
done. 

PEOPOSITION XV.— Problem. 

To inscribe an equilateral and equiangular hexagon in a given circle (ACDF). 

• 1 III. Find the centre G of the circle,* and draw the diameter AGD ; from 
D as centre with radius DO, describe the circle EGDH ; draw EG, CG, smd prolong 
them to B, F ; and draw AB, BC, CD, DE, EF, FA ; ABCDEF shall be the equilateral 
and equiangular hexagon required. Because G is the centre of the circle ACDF, GE 
= GD ; and because D is the centre of the circle EGCH, DE=: DG, GEsss ED, and 
the triangle EGD is equilateral, the angles EGD, GDE, DEG, are equal to one 

+ 51. Cor, another ;t and as they are together equal to two right angles,* EGD 

* 32 I. is the third part of two right angles. In a similar manner it may be 
demonstrated that DGC is the third part of two right angles ; and because GC makes 

+ IS I. with EB the adjacent angles EGC, CGB, equal to two right angle8,t the 
remaining angle CGB is also the third part of two right 
angles, /. EGD, DGC, CGB, are equal to one another; and 
to those are equal the vortical or opposite angles BGA, 

* 15 I. AGF, FGE;* the six angles at G are equal 
to one another; consequently the six arcs which subtend 

+ 26 III. them are equal, t and the six chords of these 

• 29 III. arcs,* .*. the hexagon ABCDEF is 
It is also equiangular; for since the arc AF = ED, add 
ABCD to each ; the whole arc FABCD = EDCBA ; and 
the angle FED stands upon FABCD, and AFE upon 

t 27 III. EDCBA, AFE = FED.f In a similar 
manner it may bo demonstrated that the other angles of 
the hexagon are each of them = AFE, or FED; the 
hexagon is equiangular ; and it is inscribed in the given circle ACDF. Which was to be 
done. 

Cor. — ^Prom this it is manifest that a side of the hexagon is equal to the radius of 
the circle. And if through A, B, C, D, E, F Hues be drawn touching the circle, an 
equilateral and equiangular hexagon will be described about it, as may be demonstrated 
from what has been said of the pentagon : and likewise a circle may be inscribed in a 
given equilateral and equiangular hexagon, and circumscribed about it, by a method 
like to t^t used for the pentagon. 
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PBOPOSITION XVI.-Pboblem. 

To iiutcrihe an oq^ilataral and equiangiUar quindecagon^ or ffteen-sided JigwrOy in a given 

circle (ABCD). 

• 3 IT. Let AC be a side of an equilateral triangle inscribed in the circle,* 
and A6a side of an equilateral and equiangular pen- 

+ 11 IV. tagon inscribed in the same :t then of 
such parts as the whole circumference contains 
the arc ABC, being the third part of the circumfer- 
ence, contains ; and the arc AB, which is the fifth 
part of the circumference, contains three ; /. BC, 
their difference, contains two of the same parts. Bi- 

♦ 80 pi. sect BC in E,* BE, EC are each the 
fifteenth part of the whole circumference ; if the 
straight lines BE, EC, be drawn, and straight lines 
equal to them bo placed round, in the whole circle, 
an equilateral quindocagon wiU be inscribed in it ; and 
that it is equiangular is plain, because each angle 
stands upon an arc, equal to the whole circumference diminished by the two arcs which 
its sides subtend, and which arcs are by construction equal, .'.an equilateral and equu 
angular quindecagon is inscribed in the circle. Which was to be done. 

And in the same manner as was done in the pentagon, if through the points of 
division made by inscribing the quindecagon, straight lines be drawn touching the 
circle, an equilateral and equiangular quindecagon will be described about it. And 
likewise, as in the pentagon, a circle may be inscribed in a given equilateral and equi- 
angular quindecagon, and circumscribed about it. 



REMARKS ON BOOK IV. 

The propositions in this fourth book are all probletns, relating chiefly to the con- 
struction of regular polygons in and about a circle. From the fourth we learn this 
theoretical truth, namely, that the straight lines bisecting the three angles of a triangle 
all meet in a point — the centre of the inscribed circle ; and from the fifth, that the 
straight lines bisecting the three sides of a triangle also meet in a point — the centre ol 
the circumscribing circle. 

As the second proposition shows that a triangle equiangular to any proposed triangle 
may be inscribed in a circle, we know that an equilateral triangle may be inscribed ; 
and we thus infer that the circumference of a circle may be geometrically divided into 
three equal parts. By bisecting each of these three equal arcs (Proposition XXX., 
Book III.), we may divide the circumference into six equal parts, as otherwise shown in 
Proposition XV. ; and by another series of bisections into twelve equal parts, and so on. 
The division of the whole circumference into six equal parts is obviously the division of 
the semi-circumference into three ; the division of the whole into twelve equal parts is 
the division of the fourth of it— that is, of a quadrant^ into three equal parts, and so on. 
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We thus see that an arc equal to fourth part, or to an eighth part, a sixteenth part, &c. 
of the entire circumference may bo divided geometrically into three equal paits. But 
the general problem to divide any arc of a circle into three equal parts, or, which 
amounts to the same thing, to trisect an angle^ is a problem that all the geometry in 
Euclid has been found hitherto inadequate to accomplish. It is one of the groat out- 
standing problems «f antiquity ; and more thought and labom* have been expended upon 
it, during the last two thousand years, than perhaps any other problem has ever called 
into exercise. If you now learn this fact for the first time, you will be surprised that a 
thing apparently so simple as to divide an angle or an arc of a circle into three equal 
parts, should have been found to be a matter of such surpassing difficulty as to have 
baffled the efforts of the greatest geometers from the time of Euclid to the present day. 
I di’aw attention to it hero mainly for the purpose of discouraging any fresh attempts 
by students in geometry to trisect an angle. Kovioes arc very apt to enter upon such 
attempts from a vague notion that a successful solution of the problem would, in some 
way or other, advance science. But geometricians know better, and by them the inquiry 
has long been abandoned, not only as a hopeless one, but also as a comparatively useless 
one. The th(;orist has no need of this solution, because he is never stopped in any 
mathematical investigation from the want of it ; the practical man has no need of it, for 
ho can avail himself of mechanical methods which effect the trisection of an angle that 
tlcparts from strict geometrical accuracy, by an amount of error too minute to be detected 
by his senses, though aided by the most finished instruments of measurement ; and 
those methods ho would continue to employ even were the problem ever to be brought 
vdthiii the scope of elementary geometry. You see, therefore, that the inquiry is one 
of pure CTiriosity, and nothing more ; since the successful issue of it could supply no 
want cither in theory or in practice. 

By aid of certain curves beyond the limits of Euclidean geomctiy, the trisection of 
an angle may be readily effected, as will be hereafter shown ; but what geometricians 
have been in quest of is the accomplishment of this trisection by aid merely of the 
straight line and the circle— the only lines recognised by Euclid. Some have vcntui*ed 
to say that, with this limitation as to materials, the problem is impossible ; but who can 
prove this ? llie third part of an angle of course exists ; and there is therefore no just 
grounds for affirming that it cannot be found, except by the aid of machinery external 
to geomcjtry. I’ill the beginning of the present century, there were the very same 
grotmds for affirming that the circumference of a circle could not bo divided into seven^ 
equal parts by common geometry; but in 1801, Gauss, a distinguished Gcnnan 
mathematician, showed how this could he effected without going beyond the limits of 
elementary geometry. The discovery, though of no theoretical or practical value, made 
a good deal of noise at the time ; the work containing this, and several analogous pro- 
blems, was translated into French by Delisle, under the title of JRccherches Arithmctiqne ; 
but the division of the circumference into seven equal parts ; or, which is the same 
thing, the problem to inscribe a regular heptagon, or seven-sided figure, in a circle, like 
the trisection of an arc, is not yet accomplished. 

From what has now been said, you perceive that Euclid enables us (Proposition II.) 
to divide the circumference of a circle into 3, 6, 12, &c., equal parts; as also (Proposi- 
tion VI.) into 4, 8, 16, &c., equal parts ; and again (Proposition XI.) into 5, 10, 20, &c., 
equal parts ; and finally (Proposition XVI.), into 15, 30, 60, &c., equal parts ;— all these 
subdivisions of the circumference being obtained by the propositions here referred to, 
and the repeated application of Proposition XXX., Book III. As just observed, Gauss 
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has extended Etielid’s i&struotions, and taught us how to divide the circuinfereiioe into 
17} 34} 68} equal parte; os also into other partS} in like manner excludod &om 
Ettdid'fl divwioii»--Tnamely} into 257} 65537} &c. ; each part} by repeated bisections} 
giving rise to a new series of subdivisions as above. And by combining some of these 
with the subdivisions of Euclid — as Euclid himself has combined the divisions into 
three parte and into five parte, in Proposition XVI., to get the diviwon into fifteen parts 
— other sections of the circumference may be obtained. But the actual oonstrootionS} 
even in the simplest of these additional cases— the division} namely, into 17 equal parte} 
are so very complicated as to be of no avail in actual practice ; they are interesting 
merely as showing that this part of the Euclidean geometry is really suseeptiblc of 
extension; and 1 have occupied your attention in this brief account of the speculations 
of geometers in reference to the division of the circumference, chiefiy that you might 
see soifioiont reason why so few of these divisions are accompHshed by Eucli^ and why 
he should pass at once from the six-sided polygon (Proposition XV.) to that of fifteen 
sides (Proposition XVI.), without anything being said as to the intermediate polygons 
of 7, 9} 11, 18, and 14 sides respectively. You now know that the omission arose from 
his inability to inscribe any of these polygons in a circle. 


ON THE QUADRXTUHE OP THE CmCLB. 

Intimately connected with the researches just adverted to, is the problem of the 
quadrature of tiie circle, which, like that of the trisection of an angle, has for ages 
occasioned the fruitlesa expenditure of much valuable time and thought I shall endea- 
vour to give you here some notion of the meaning and object of this celebrated problem, 
not only because it is a matter of such historical interest, that you ought to know some- 
thing about it ; but because, moreover, in certain elementary writings on the subject, 
the ^ng is put before the student in an erroneous form ; and, consequently, a wrong 
impression as to the real character of the problem is convoyed. 

The problem of sqmnnp iJie eirde^ as it is popularly called, bas a twofold meanings 
namely, the gcofnetrical quadrature, and the numerical quadratiire. In the first of these 
senses the problem is to construct a square that shall be equal in surface to a given 
circle ; in the second, the problem is to express the numerical measure of the surface of 
a circle when the measure or length of its diameter is given in numbers. The former 
of these is the more ancient form of the problem ; and all that can be fairly said of it 
is— as was said of the trisection of an angle — ^that the solution has never been effected • 
a square equal to a circle has never yet been constructed. Wc have no grounds for 
affirming that this construction is impossihU^ for the equivalent square exisU. You may 
readily satisfy yourself of this by the following reflections The square on the diameter 
of the circle would be too great, and the square on the chord from an extremity of the 
diameter, to cut off a fourth part of the circumference, would be too small, since the 
former square would be circumscribed about the circle, and the latter inscribed in it ; 
the circle therefore is in magnitude somewhere between the two. Conceive, now, the 
smaller of these two squares to expand continuously, still retaining its character as a 
square, till it arrives at the larger square in magnitude : then, os all intermediate 
magnitudes are thus reached and passed through, and as the circle is one of these 
intermediate magnitudes, it necessarily follows that our expanding square must, at a 
particular stage of its progress, have exactly attained the magnitude of the circle ; so 
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that if its progress could bo arrested at that stage, or--4o drop this idea of progrsssioii — 
if the indiTidual iifaare could be isolated and exhibited, the problem of the geometrical 
quadrature of the circle would bo solved. It is plain, therefore, that there is nothing 
visionary or absurd in the search after this square, as if it were a thing that had no 
existence ; although some very able geometers have, strangely enough, condemned the 
inquiry on these groimds. The only sound reasons for abandoning the investigation 
are these two, namely— first, that problem has been earnestly and laboriously 
attempted, by tbe profoundest geometers, for thousands of years, and have been 
obliged to abandon it in despair ; and secondly, that the successful solution of it would 
be of no theoretical or practical value if fimiisbed. As far as utility^ concerned, 
the other form of the problem of the quadrature of the circle is by fer the more 
important; that is, to discover the mnnerical measure of the surfietoe of a circle fium the 
measured length of its diameter being given. But, under this aspect of it, the accurate 
solution of the problem is really impracticable ; it can be proved to be so ; and the proof 
will be given in a subsequent part of the present mathematical course. It is just as 
impracticable as it is to assign accurately the square root of 2 ; and, in fact, this square 
root does repeatedly enter into the approximative numerical process. You will require 
to know something of Proportion^ in the sense in which the term is employed by Euclid, 
before that process can be fully explained to you. This subject, together with the 
sixth book of Euclid, forms the object of the treatise next following ; and at the end of 
it you win find the principles upon which the approximative 
quadrature of the circle depends, clearly exhibited ; and tbe 
mode of computation pointed out. Tbe plan is to compute 
first tbe surface of the inscribed four-sided equilateral figure 
or square ; then the inscribed eight-sided figure ; then the 
sixteen-sided figure; and so on, till the inscribed polygon 
differs insensibly from the circle. Mow the surfaces of these 
successive polygons are computed one after another, must be 
deferred till the end of the next treatise; but some of the 
reeidts are exhibited in the margin, where the radius of the 
circle, whose surfeoe is approximated te, is regarded as 1 ; that 
is, 1 inch, 1 foot, 1 yard, or one anything. 

It appears from this table that the surface of an inscribed 
regular polygon of 32768 sides is 3 1415926, which is correct 
as far as the decimals extend ; this number, therefore, may bo 
taken for the numerical measure of tho circle itself; for it is plain that a regular polygon 
of so many thousand sides would bo undistingiiisbablo from, and therefore practiecdly 
identical with, the circle in which it is inscribed. But, by continiiing to double tho 
number of sides of the polygon, the approximation to the circle may be pushed to any 
o.xtent. Do Lagny computed the decimals true to 128 places; and eighty more have 
been recently add^ on by Dr. Rutbcrfoi’d. It is observed by Montucla that if we 
suppose a circle whose diameter is a thousand million times the distance of the sun from 
the earth, the approximative measure of the circumference, as computed by De Lagny, 
would differ firom the tmne measure by a length loss than the thousand miUionth part of 
the thickness of a hair. 

There is obviously no use, as far as practical purposes arc concerned, in extending 
tho approximation to anything like this extreme degree of nearness. Tho earlier com- 
puters were no doubt induced to carry on the decimals in tho expectation that they 
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would at length terminate ; but, as already observed, and as will be hereafter proved, 
the decimals would go on for ever. It is right to infer, thorefore,|^at the exact nume- 
rical measure of the surface of a circle does not exist, though a geometrical square equal 
to it does exist. The exact numerical value of \/2 does not exist; yet V2 represents 
the diagonal of a square whose side is 1, which diagonal is of course an existent geo- 
metrical line. 


nxEiiqisES ON books i. — iv 

1. Prove that if a pair of opposite angles of a quadrilateral bo equal to two right 
angles, a circle may be described about it. — (Converse of Proposition XXII., Book III.) 

2. If the diagonals of a quadiilatcral divide one another, so that the rectangle con- 
tained by the parts of the one is equal to the rectangle contained by the parts of the 
other, then a circle may be described about the quadrilateral : required the prool 

3. If two opposite sides of a quadrilateral bo prolonged to meet, and if it bo found 
that the rectangle contained by one of the lines thus produced, and the part produced, 
ai*c equal to the rectangle contained by the other lino and the part produced, then a circle 
may be described about the quadrilateral . required the denionstiation. 

These two theorems are •^irtuallj the converses of Propositions \XXV. and XXXVl. 
of Book III. 

4. If a circle be d'^scribod about the square BE (see the Diagram to Proposition 
XLVIL, Book I.), its circumference shall pass thi*ough the point where AD, FC inter- 
sect, and also through the point where AE, KB intersect : icquircd the proof. 

5. If an equilateral triangle he constructed on one side of a given Imo, and on the 
other side two equilateral triangles, one on each half of the line, then the two lines 
drawn from the vertex of the larger triangle to tlic vertices of the smaller triangles will 
trisect the given line • required the proof. 

Ditide a given triangle into three equal parts by lines drawn from the vertices of 
the triangle to a point within it. 

7. Inscribe a circle in a rhombus. 

8. Prove that the square circumscribing a circle is double of the square inscribed in 
the same. 

9. If a circle be inscribed in a right-angled triangle, and another be circumscribed 
about it, prove that the sum of the sides containing the right angle will be equal to the 
sum of the diameters. 

10. From a given point in the arc of a circle, to draw a tangent thereto without 
first finding the centre of the circle. 

1 1. The straight line bisecting any angle of a triangle cuts the cireumferenco of the 
circumscribing circle in a point which is equidistant from the extremities of the oppo- 
site side, and frrom the centre of the inscribed circle ; required the proof. 

12. If fi-om any point within an equilateral and equiangular polygon perpendiculars 
be drawn to the several sides, the sum of these perpendiculars will always be the sapie, 
wherever the point from which they are drawn he taken. 

13. Throng a given point within a circle it is required to draw the shortest chord 
possible. 




paOPOJRTIpN, 


m 


PROPOETIOK. 

A T&EATIflS INTENDBD AS A SUBSTITUTE FOE EUCLID’S BOOK V* 

iNTRODtiCTOiiY. — In tho foregoiag portion of elementary' geometry I have given 
you the ** Elements of Euclid/' substantially, in all their integrity : the modifications 
I have introduced are for the most pdtt merely of a verbal character ; but while con- 
densing tho language I have been careful to preserve the spirit and rigour of the 
original. In the few instances in which I have thought an improvement might be 
introduced, or a defect supplied, I have not hesitated to offer the suggestion, and to 
propose the emendation : what little is done in this way is sufficiently detailed in the 
Remarks appended to tho several books. You will, of course, submit these to your own 
judgment, — always remembering that in matters connected with geometry, nothing is 
to bo taken upon trust ; mere opinion, unsupported by reasonings which elevate it into 
proof, must bo regarded, in this subject^ as of but little worth. 

1 am now going to depart altogether from Euclid’s method of exposition^ and to 
place before you a treatise on Proportion constructed on a different plan. I have come 
to this determination only after mature deliberation. It would, of course, bo a much 
easier task for me to transfer Euclid’s fifth book into these pages. I could find vmy 
little to remark upon in it, as the ancient Geometer has displayed so much sagacity and 
penetration in this, the most elaborate of all his writings, that he has left to the 
modems little or no room for improvement : it must bo studied just as it is (in Simson’s 
restoration), or else be superseded in instruction by a treatise of equal generality, but of 
greater simplicity. You will understand, therefore, that I do not displace Euclid’s fifth 
book because of its imperfections, or because of its inadequacy to completely accomplish 
its objects ; but solely because of its great diffieuliy to a beginner. I will endeavour to 
give you here some notion of the cause of this difficulty. 

The subject of Euclid’s fifth book is Proportion — universal proportion ; that is, 
not ntmerical proportion merely, but proportion in reference to all magnitudes and 
quantities whatever, whether numbers, lines, surfaces, solids, or concrete quantities of 
any kind. With proportion in numbers you are already familiar .-—this will be a help. 
I hope, too, by this time you arc also somewhat acquainted with proportion in Algebra : 
this will be a greater help ; for proportion in Geometry really accomplishes no more 
for things in general than the same doctrine in arithmetic and algebra accomplishes 
for what the notation of those sciences specially represents ; and if this kind of propor- 
tion would do for geometry, tho fifith hook of Euclid would become a very easy matter 
indeed. But the obstacle to this is, that geometrical magnitudes, when compared 
together, are in many eases found to he ineommenswraUa that is to say, two such 
magnitudes may bo quite incapable of a common measurement — they may be of a 
nature not to admit of being both measured by one and the same unit of measurement, 
however minute the measuring unit be token, and, consequently, both cannot be 
represented by rmnbers. I have already adverted to an instance of this kind (page 127) 
in the side and diagonal of a square, and to another in the diametw and circumfisrenoo 
of a circle^ You may divide the side of a square into as many equal parts as yon 
pleaae^firom two parts to as many piillions. In every case each part is, of qome, a 
ntsasure of the side, so that by applying such part, progressivdly, from oju extremity of 
the side onwards towards the other extremity, that other extremity would at last be 
accurately reached. 
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But if the same measure^ however small it he taken, ho applied in like manner to the 
diagonal, the remote extremity of it «an be aooxirately reached ; either an unmea- 
sured amalitt portion will still he Idt, <ar else the meoaiire will overlap and 

project hey(^ ^at extremity. It is thus that these two linos are incommenmri/hU. that 
they are 80> contd not have been found out hy 8 ik3i practical or experimental tests as 
those hete adverted to for illustraticm : they gre proved ^to he so by geometrical 
reaseming (see page 143). 

It may bo as well to caution you hero that you must not speak of a line or quantity, 
hyi as being incommcnsurahle ; tlus would he absurd. The diagonal of a sqtiarc 
is not itself incommensurable, since it has, of course, its third part, fourth part, hun- 
dredth part, &c., and is therefore mtasurabU by each of those parts ; hut as none of 
them win also measure the sidc^ the two, considered togdher, are inoominfiaisarahfe : 
there exists no meajsure common to both. In the same way in reference to the oMe — 
the circumference itself is not incommensurable any more than the duuneter; for each 
has its fourth part, sixth part, &c. ; but it is incommensurable with its diameter : no 
length whatever can measnro both. The circumference of a circle may be ten fbet and 
some fraction of a foot ; the diameter will necessarily be more than three feet; but 
exact fraction of a foot, besides, it is not in the power of numbers to express. 

Now although Euclid makes no mention of incommensurable quantities in his fifth 
book, ho was well aware of their existence ; and therefore, to render his theorems on 
proportion general, he had to take care that this class of quantities should be compre- 
hended in his reasonings. But proportion limited to numbers, or to the symbols for 
numbers, would necessarily exclude incommensurables ; he therefore had to proceed 
quite independently of arithmetic, and to secure to his propositions such a xuiiversaJity 
that each theorem should rigorously apply, -whether the quantities or magnitudes spoken 
of be measurable, or beyond the powers of numerical representation He has executed 
his difficult task with consummate ability; for, as Dr Barrow remarks, “there is 
nothing, in the whole body of the Elements, of a more subtile invention, — ^nothing more 
solidly estabfished, and more accurately handled, than the doctrine of proportionals.’* 

It is on account of the suhtilties here adverted to, and which are of too refined a 
character for the generality of young students to comprehend, I have resolved to 
replace the fifth hook by the following treatise. I cannot promise that you will fihd 
the study of it easy ; but it -will certainly be mueb lens dijfimM than the conesponffibig • 
podhm of Euclid’s work ; and you will enter upon it with cotnsidendde advfortBge, if 
you postpone the attempt — as 1 here recommend— tfll you have read as far, at leaitt, as 
page of the Algebra. It wQl, indeed, facilitate your progress, and agrocf^y 
yoUr mathematiesl labours, if you commence ftie elementaiy a^^ra upon 
dosing jjko fburth book of Euclid, and read the PBJzrcnrLisS throng^ before you 
fim^StnNdng ibeetise. , ^ 


^ n£VZKITI02». ^ 

' h W ' imf amtkiiid, the greater mMmiM 

ksgs»iriaay the greater ^ , 

‘ fcnM l d S fi to convey tie stam fasiwWnk the word cmMm 

{ t f, , ^ te?m k not r«rtr|ctod to ww 

there k ft remainder in the Utter case and no remainder in the forcoMki ^ 



II. One magnitiids in noA io « mtdCis^ of a&otiMr ‘irlittii it is equal td a eMtain 
number of tiiiiev1ifast«tiDer And Hid ksiof the tiOrd is in iAis case aoid^ta 

suh^oudU^ of tbe^eateTr or a msamirs of th& greatar* 

TkmH kaaudtS|!tl««f % became S te eqtaal i»» oortaiatiulttber of tSnes 2 esnctif, namely, 
/nriimta 2« A«d 2 b «, eabmultiple of «, ov, as efc ihoiM eay in arithjoettc, n factor of 
t. BeOHmiber ttMl eeubotiiWlile^ or mcamn <rf any mef n ifteao, k n MsaBer magnitude of 
tiieearae IdaA'wnich meararae the fom^ (the withoet learing any 

raowiaderi Ikimtaeiidinnltiipbormeaeiawef 9^ %rtriiehkthe Msxmasmymg t]iat9ia 
notamnltiyiiefl. 

Tii MagfoitiulBa^wo or more — wlikb bare a comiMH meamhf^ that i», which are 
multiples of some other magnitude, are said to be commensurM. But if it be imposatbU 
that anf such common measure can exists iJn^n the mignitudefl are said to be 
%nmmtmmwNtUe. 

All eets of abstract nuahera, and of conmte qvantitiea, Uke in ldn<!b thateSn be accurately 
dmotod by imaabera, are eoatneseur^de ; that k, ^ey bare a aoam»n measure. The 
exi»reasiQB, emnniea nmaeare, at enjoyed iei adthmetk end algebra, k not tynonymous 
wilh the geometneal mwaimg. lit arithmetie we BhooM lay that the pahrt of numbers 
3, 7 , 4, II , 5, 12, &c , huTO no common measure , but even hcic a qunKryiilg exception is 
elwayataoitly made it k this, namely, except %mvL All wbok numbmiv eemtain } ah exact 
number of t^es , thoogli it is agreed in arithmetic that 1 ^11 not be reeoimiBed as a 
common measure Geometry makes no such exception whaterer quantity k contained 
in another on exact itniaber of times is a meassre of that other. In like matmer, 3b 7|, 
would not be negai ded as having a eammon measure m aritlmietas , yet as the first number 
contains { exactly 14 times, and the second contains j exactly 2ft times, f is a common 
measure ^ the two numbers aeoordiiig to the above definition tbe term And whatever 

nuD&bOTs be concaved together, whether they be whole or fraetionab it wfU be found that 
tbeoe alvaye exists aome aiBaller nnmber'-either whole or kaotional— that will exactly 
measure both. Snpfraia, lor xostonoe, tbe propetaed muanbers,. when brought te a common 
denominator, have (say) 12 for the common denomiiutor, then each denotes so many 
twdJVu that ia, ^ k a eommen measure oi botii. I do not say anything here about such 
expreesMns as Vfi, 1^7, Ac ; gsometrisal rigour forbids our calling what these 
symbok stand JGor, dteflaile numben, as they involve an eadkM series of fractions or 
decimals, and sail only be vaHsed uppruxumeteiy . yet they may be aecmwteiy represented 
by iitm, as Knclid hashims^ ahowa in a Book not new read (Book X}. We eeald not 
speak of any mmibcr being oettitamed in y 2 a certain numbar of thnes smelly, because 
V2 ikelf kaotd«teiuamabk«xao% 

lY JSqmmu^ipkp^ «r fnadl^As, of two or more magslttides, ai« tlioae larger 
maguitudes which cantam. those of which th«y are uxultipiei^fiAeh ol same 

number of times, 

For instance, the numbers 8 and 12 ore equtemlUples of 2 and 3; for the ilbnaer emutaiolhese, 
respectively, the same number of tunes, namely, four tunes. In like maoner* 7^ and 1ft 
equhnultiiitcs of and 21 ; for the former numbers oootidn ^lese, respectively, 
three tunes. 

Vt AwdiAfts inslfMyiffijtft* «ge thobo whiofc ms^ntikiodi tbeit multiples 

the aamo ogakilMr/of 

^ ^|iu& tn^tl^e inetanees adduced Abo ve^2 and } are like svvbmultiples or Akameaaores of A'snd 12 ; 

wdA 8| are like subrnnldples or measures of 7| and 10. 

YT Four m^ipaituAes are tg b© ax to fom the 

first cannA^lie coOitained m any multiple of tlio ? than thirdos 
m a /t/fce mutttple of the fourth, nor the third in any multiple of the fourth oftener thftti 
the first in a Uie multiple of the second " 

The first and third of four such magnitadaawfKcalled anieeedmis, and the second and fourth 
their coms^uen^. The, definition afflims^ that an antecedent must he ooj^takadinjieaeh 

^ 4» ofteit as ihex^'imke^bnt k contkinad in a Uhe 

of its consequent, but not oftener. ^ i ^ ^ 



m 


BLBUBKTS OF OBOMBritT. 


VII. Whm four magnitudes are in proportion, the first antecedent is said to hare the 
same ratio to its consequent that the second antecedent has to its consequent. 

This term ratio has been the sonree of very considerable embarrassment to Geometers since 
the time of Euclid, and has been productive of much metaphysical disquisition and con- 
troversy. I think that on this subject, as well as in reference to the theory of parallel 
lines, mathematicians too often overlook the fact that the fundamental notions ot geometry 
really exist in the mind anterior to and independently of the definitions of the science. 
These, for the most part, do not originate those notions, but only give to them the neces- 
sary degree of clearness and precision. If one pair of magnitudes be submitted to our con- 
templation, and then another pair be brought into comparison with them, as well as with 
each other, the mind is at ODce capable of forming a notion as to whether the relative mag* 
nitudes of the individuals of the first ]^ir the same or not as the relative magnitudes of 
those of the second pair : the absolute magnitudes of the individuals of one pair may be 
very different from the absolute magnitudes of those of the other pair ; yet the former two 
may have the same relation to one another^ as to magnitude, as the latter two ; and the 
mind is quite capable of recognising and understanding this sameness of relation, or of 
ratio^ as it is called above, before any name is given to the conception. It is this equality 
qf ratios of two magnitudes brought into comparison with other two, that renders the /our 
proportionals. 

That the foregoing definition of proportion (Def. VI.) includes numerical proportion, in Arith- 
metic, will be obvious upon a little con^deration. Proportion limited to numbers may be 
defined thus 

Four numbers ore proportionals when the first is contained exactly^ as often in some multiple 
(any one multiple being sufficient) of the second, as the third is contained in a like multiple 
of the fourth. 

It is plain that if this condition have place, the four numbers must be proportionals acconllng 
to the common arithmetical notion ; for it follows of necessity that the quotient of the 
second by the first must then be the same as that of the fourth by the third, and conse- 
quently that the quotient of the first by the second must be the same as that of the third 
by the fourth. —(See Arithmetic, p. 31.) 

Definition VI. above is, however, free from the restriction implied in the term exactly ^ which is 
introduced here into the particular case of it, applying exclusively to nwnerioal proportion ; 
since the general form of the definition admits of such restrictive qualification when num- 
bers only are concerned ; inoommensurables being then excluded. 

Four magnitudes not fulfilling the conditions of definition VI. would evidently violate even this 
arithmetical condition of proportion ; there can be no such thingrs as proportionals out of 
the restrictions of the former definition ; so that all proportionals, whether among com- 
mensurables or inoommensurables, must be included in the general definition VI. 

VIII. The first and lost of four proportionals are called the extremes, and the two 
intermediate ones the means. 

IX. The magnitudes themselves are called the tet'ms of the proportion ; and those 
are called homologous or like terms which have the same name the antecedents forming 
one pair of homologous terms, and the consequents another pair. 

X. Hagmtudes, more than two, are said to form a emtinued proportion when each 
ronMjfumif in succession is taken for the antecedent of the term next following. 

Thus, If A is to B, as B is to C, as C Is to D, ftc. ; then A, B, C, &c., are in eontlnued 
preq^oftion. 

XI. If the oozttiiiued proportionals be but three in number, the middle onp is called 
the mom term, and the others the extremes. 


AXIOMS. 

X* Xl^uiintiltiples of Ihe same magnitude, or of equal Tna ^ i t udes, are to one 
tnakher ; to also are eauHSubxnultiples. 
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II. A nmlt^de of a greater magnitude exceeds a like multiple of a less ,* and a sub* 
multiple of a greater exceeds a like submultiple of a less. 

III. The magnitude of which a multiple or submultiple is greater than a like mul- 
tiple or Bubmultiplo of another, is greater than that other. 

IV. Of any two magnitudes of the same kind, a multiple of one may be taken so 
great as to exceed the other. 


Marks and Signs used for Abbreviation. 

1. To express that four magnitudes, A, B, C, D, are proportionals, they are arranged 
thus : A : B : : C : D ; and this expression is read, as A is to B, so is C to D j” or, 

“ A is to B, as C is to D.** 

2. And to express that magnitudes A, B, C, D, E, &c., form a seines of continued 
proportionals, they are arranged thus : A : B : : B : C : : C : D : : D : E, &c., which is 
read, ** as A is to B, so is B to C, and C to D, and D to E,*’ &c. 

3. Besides the marks + and — for addition and subtraction, the mark co is some- 
times employed, to denote the difference of the two quantities between which it is 
placed ; it is useful for this purpose when it is not slated which of the two quantities 
is the greater of the two ; thus A to B means simply the difference between A and B, 
or rather between the things denoted by these letters, without any assertion as to which 
is the greater. The double mark + between two quantities signifies “ the sum or dif- 
ference” of those quantities. Thus by 6 + 2 we should understand “ 8 or 4.” 

4. The terms “greater than” and “less than” being of frequent use in what 
follows, convement symbols for them are introduced : when T' is placed between two 
quantities it implies that the first of them is greater than the second ; and when /i is 
placed between them, it denotes that the first of them is less tlsan the second. Thus 
A 7 B asserts that A is greater than B, or that A exceeds B ; and A B affirms that 
A is less tihan B, or that B exceeds A. 

5. In the following propositions, magnitudes (whether lines, surflaces, or solids), will 
be represented by the capital letters A,3, C, &c. They may, indeed, be taken to repre- 
sent any quantities whatever, whether abstract or concrete ; as the reasonings will be found 
to apply without restriction as to the nature of the things represented by the letters. But 
when multiples of these quantities are taken (that is, when they are multiplied by numbers) y 
these numbers w'ill he represented by the small letters ; and, in general, by ♦«, g. 

PROPOSITION I.— Theobem. 

If any number of magnitudes be equimultiples of aa many others, each of each, 
whatever multiple any one of the former is of the corresponding one of the latter, the 
same multiple is the sum of all the former of the sum of all the latter. 

First, let there he but two magmtudes i/iA, mB, any equimultiples whatever of 
two others A, B ; the sum of the former shall he the same multiple of the eum of the 
latter. 

Fo? the sum of the former is mA + mB ; that is, w(A -f- B) ; and the sum of the 
latter is A + B » wid m(A -J- B) ia same muli^le of A + B, that mA is of A, or 
mB of B. 

Next, let there be three magnitudes m A, mB, m 0, equimultiples of the thxne A, B, C. 

The ssm of the former three is mA + mB ^^0; that is, m (A + B 4* Q), and 
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tbe sum of ^ latter teaoe is A *h S 4^ 0 ; khA hi^A 4* B 4* ^ mmkiple 

of A 4* ^ 4 mA is of A* or teB of or mQu( 1C. Aad m tBa same naitner 
is the jiBDiKMfttlea s^^oved, when there are te«r mgAitodee e^puiBadiaftes of other f6ur ; 
when there are five magnitudei^ «ix iB^uMMea, or mj xmmher of wagnitades, /. if 
tmy ^ magnitHdiSf^tBCf 


PROPOSITION II.— Theorem. 

If, in any proportion, an antecedent and its conseq^uent be xoi^pectiyeiy the some as 
an antecedent and its consequent in another proportion, the remaining antecedent and 
consequent in the former, together with tho remaining antecedent and coMequent in 
the latter, will form a proportion. 

. Let the two proportions bo — 

A : B : : C : B ^ C : D : : E : F. 

A:B::E:F’ 

i 

I For (Bef. VI.) si being any whole number whiUcTtr, C as oimtaiBed in mD as often 
as A is contained in siB, but not oftener. 

I In liko manner E is contained in m F as oRcn as A is oontaiaed in siB, but not 
oftener. 

Therefore C cannot he contained oftener in imB Ihan E is oontained in mF ; nor 
can E be contained ofbener in «nF, than 0 is contained in mB ; and m is any whole 
number whateyer, (Dcf, VI.) the four magnitudes^ C, B, E,F, are proportionaky if 
m any proportion, &c. Q,. E. B, 


PROPOSITION IIL-Thborem. 

14 in any proportion, eqnuuult^les of the antecedents and eqtzinmltipleB of the 
consequents to taken ; if the multqde of oao of the antecedents be greater than that of 
its odnsequent, the multiple of the other antoceitoxt will to greater thia that of its 
consequent. 

Let the pfoportioQ bo— 

A : B : : C : B. 

K mA 7 then mC 7 conyerseiy^ m and n being any whole numbers 

whateyer. 

Bor A is containicd in mA ezactiy m times ; hist, by hypotheses, «B is kss than 
mA, /. A is contained in «B i/ees than m tnnes. But (Bef. VI.) € is oantained no oftener 
in nD, than A is contained in nB, 0 is eoaataiaed in iiD, less than, m times. 

Bat 0 is oontemed. in mO exactly m times, /. 0 is oontained in mO.o/Sm^r than it 
uccnteiiieditt ftB, r* ^ 7' 

In like manner, if the hypothesis be that mC 7 ^ shown that mA 7 

«B, if* m'pnjporthhy^e, ^KB. ^ 

' Co]uw.JSiaD&«tand n may be ai^ whole iBunbcis ithstever, let each =« 1 ; then 
it follows that : — 

In a fropoKtkm i£ ^jmxkiBadauk^ to gteater than its eontequeat, the other hnto> 
oeAent wiB he greater 0mMB joanesqneat. 


piiopoi(rifiai--t»»ofosE»oiw v. vi. 


m 


In any proportion according as one antecedent is greater tlian, te^s than^ or eqtiid to 
its consequent, so will the other antecedent he greater than, less tiian, or equal to ka 
consequent. 

It has already been proved (Prop. III. Cor.) that if one antecedent be yreaitr ttiaa 
iH consequent, the other antecedent wriU be grta^ than iU oonsequent. Let the propor- 
tion be . — 

A : B : : C : B. 

Ist. If A ^ B, 0 /I B, and oQttYiSBaeiy. Let B ^ A sat P ; tSseut a nisniliur 
exists atieh tirat loP ^ A (Ax. 4), mB aonst tsofuttim A q^SsK^thmikceBd4umB. 
But mD eoBtains 0 ra aften as ssB eontains A (Bef. VjL)» .\ B eontains € 
than mB contaias B; that is, oftener than m tunes, O Oonsequentiy, if 

A B ihmL C ^ B. And in like manner may it he shown that xf d ^ B iSAm 
A^B. 

inA If AssaB then C= D, and conversely. 

For when Aa=B, if it were possible that €7D, or CZ.^y ear, udimi CsjtB, if it were 
possible that A 7 B, or AZB, tibe foregoing conchisicms would be oootradinted, w 
ang proporiiottf &c, Q. E. D. 

PROPOSITION V.—Theorem. 

If four magnitudes be such, that whatever equimultiples of the antecedents, and 
whatever oquimultiplos of the consequents bo taken, the multiple of one antecedent 
cannert be greater than that of its consequent, without the nroltiple of fit® other 
antecedent being greater also than that <rf its. consequent, the fbur magnitudes are 
prt^ottionals. 

Let the four magnitudes be A, B, C, D. If they are ncft proportional, one tif the 
antecedents, as A, must be contained in some multiple wB of its consequent oft&ner timn 
C is contained in mD (Def. VI.) Therefon), p being any whole number, A must be con- 
tained oftener in j^mB than C is contained in pmD. 

Let nA he the graaUst multiple of A that does not axaad pmB ; then. nAls not 
7]pwB, and A is oontained in irA, and in piuB the same number of timea, namdly, 
n times. Therefore C is contained in pmD less than n times. But C is cmtaaneAm 

exactly n times nQyptriD. CoBBequeaitly of the four uriLgnatiidea,. equiiaultiplcs 
of the antecedents, and equimultiples of the oonaequents, may be taken, aa Mow 

A B C D 
»A pmB #iO /waiB 

such that nCypmDf and yet nA met ypmB: hut, by hypothesis, this is impossihlfi * 
therefore the magmtudos cannot bo other than propottioaaia,* if fiur mesmkmiktt 
&c. Q.E.D. 

PROPOSITION Yh^^wamm. 

In any proportion, if Kke multiples of the antecedents, and like multiples of tho 
consequents, be fsiken, the results form a proportion. 

Of tho four proportionals, let equimultiples of antecedents and of oonsequenus t>e 
taken as below, m, «, j?, and g being wholo numhem 
A : B C : D 

ucA hB i»Q t . ^ 

jkmA pkB piAO ftiU M ) 


1S6 MilMENTS OP OEOMBInttY. 


Then (Prop. III.) if it mtMft follow that jE»nC7f»I^ » or if that 

ptfiAy^nB. But pmAf pmCf are any equimultiples of mA^ mC ; and ynB, ynV^ are any 
I equimultiples of «B, nD. Consequently (Prop. V.), 

mA : fiB : : mC : «D. 

Therefore, tn any propositiony &c. Q.. E. D. 

XoTs.*--£ithor m or u may of ooutm be tmit ; as also In every case where the multiples 
are unrestricted* 

In Proposition V. it was demonstrated that — ‘‘ If four magnitudes be such that 
whatever equimultiples of the anteccdmits, and whatever equimultiples of the conse- 
quents be taken, the multiple of one antecedent cannot be greater than that of its 
consequent, without the multiple of the other antecedent being greater also" than Us 
consequent, the four magnitudes are proportionals.” It is now proved that these 
multiples themselves are also proportionals. Consequently (Prop. IV.), according as 
the first multiple is greater than* less than, or equal to the second, so will the third 
multiple be greater than, less than, or equal to the fourth multiple. And this is the 
condition which constitutes Euclid’s criterion of proportional magnitudes, as embodied 
in his celebrated ^/th definition, which, in the version of Playfair, is expressed os 
follows 

EuelicCs Bejinitim of FroportionaU (Def. V.) 

If there be four magnitudes, and if any equimultiples whatsoever bo taken of the 
first and third, and any equimultiples whatsoever of the second and fourth, and if 
according os the multiple of the first is'grcatcr than tho multiple of the second, equal to 
it, or less, the multiple of the third also is greater than the multiple of tho fourth, equal 
to it, or less ; then the four magnitudes arc proportionals. ITiis definition of Euclid is 
deduced here as a theorem ; but in what follows it will be referred to as “ Def. V. 
page 136.’^ 

PROPOSITION VII.-THEoiiEM. 

The terms of any proportion form also a proportion when they are taken inve»sely ; 
that is, the second term is to the first as tho fourth is to the thiid, or the second has the 
same ratio to the first that the fourth has to the third. 

Let the proportion bo A : B ; : C ; D ; then also B : A : : 1) : C. 

For (Prop. VI.) mA : «B : : mC : nD. 

And (Prop. IV.) according as is greater than, loss than, or equal to wA, so is 
greater than, less than, or equal to f«C ; and m, n are any whole numbers whatever. 
But when this is the case in reference to four magnitudes B, A, D, C, they are pro- 
poirtioiuds. (Def, V., page 136). 

B : A :: D : C. 

Hence the term of any prop&rtiony &c. Q. E. D. 

Coa. — Therefore a consequent is contained as often in a multiple of its antecedent, 
as the other consequent is oontained in a like multiple of its antecedent, but not 
oftener. (Def, VI.) 

PROPOSITION VIII.-Theoreji. 

In any proportion, if equimultiples of the first two terms he taken, and also equi- 
multiples of the last two, the results will form a proportion. 
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Xi^ tbe prq^oftion be A : B : : C ; 1) ; then aUo 
wA : : : nO : f»B 

By Def. VI., A : B ::ynA:inB; and C : D :: wC : 

But A : B : : C : D ; (Prop. II.) C : D : : mA : wB 
and therefore, by the same prop., mA ; mB : : nC : #iD ; in any pi'oportion, 
&c. Q. E. D. 

PROPOSITION IX.-THBOEEM. 

In a proportion consisting of homogenmts magnitudes— that is, magnitudes all of the 
same kind — ^if one antecedent be greater than the other, the consequent of the former 
will be greater than the consequent of the latter. 

Let the magnitudes forming the proportion A : B : : C : D be all of tho same kind, 
and let AT’C ; then also B7D. For let A — C=P ; then (Ax. 4) there exists some 
number #w, such that mP7B, and consequently such that mA. contains D offcener than 
niQ contains D. 

But by taking the terms of the proportion inversely (Prop. VII.) 

B : A D : 0 
mA mC 

mA docs not contain B oftoncr than «tC contains D (Dcf. VI.), mA contains D 
oftencr than it contains B, therefore B7B m aproporiiortf &c. Q. E. B. 

CoK. I.— In a proportion consisting of homoyamiis magnitudes, if one consequent bo 
greater than tho other, tlie antecedent of the former will bo greater than that of the 
latter. 

This follows from the present proposition by inversion ; and, consequently, in a 
pix)portion whoso terms are all homogeneous, if (mo antecedent be greater than, loss 
than, or equal to tlio other antecedent, tho consequent of tho former will be greater 
than, loss than, or equal to tho consequent of tho latter, and conversely. 

Coa. II.— Therefore (Prop. II.) if two proportions have three corresponding terms 
in each equal, each to each, the fourth terms will bo equal. 

Notk.— I t roast be carefully obserred that Proposition IX., as also X. and XT. following, apply 
only when the magnitudes are all four of the same kind. There can be no sndh relation 
ns that implied in the word ratio between things of different kinds. In the other proposi- 
tions hitherto discussed, it is necessary only that tho first and second of the magnitudes be 
of the same kind, and that the third and fourth be also of the same kind. The latter pair, 
howcTcr, may differ in kind from the former pair : one pair may bo lines, or numbers, 
and the other pair surfaces, or solids: but no ratio cun exist between heterogeneoxts 
quantities, or quantities unlike in kind. 

PROPOSITION X.— Theorem. 

If any number of homogeneous magnitudes be proportionals, then as ^ antecedent 
is to its consequent, so is the sum of all the anteccdonts to the sum of all the 
consequents. 

First, let thcjre be four proportionals, and let any equimultiples of the antecedents 
at^ any (3quimultipleB of the consequents bo taken thus 
A : B :: C : D 
mA ftB mC nD 

It is to bo proved that 

A : B :: A+C : B+D 

By Prop. III. if mA^nBf then mC/^nD ; consequently, if mAy^nB, then also 
(«iA4-<«C) 7(«B-1-«D). 
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And conversely, if (mA+«»C)7(«B4'«i)), thdn mAynJ^. For, frags pro- 

portion, if tHs were not the case, neither oiawldfnC^wiD; consequently, neither 
could (wA+mC)7{wB-^-«D) ; if this latter condition have place, se, of ncoewity, 
must the condition mA.ynB. 

/. (Ptop. y.) A : B :: A+C : B+D. 

Next let there ho six proportionals, 

A : B :: 0 : B :: E ! P. 

It has already been proved^ in reference to the last four^ that 
C : D :: C-f-E : D+F 
But C : D :: A : B. 

(Prop. II.) A . B :: C+E ; B-hF. 

Consequently, by the first case above, 

A : B :: A+C+E : B-fB+F. 

And in a similar way as the proof for six proportionals has been derived &om that 
for four, so may the proof for eight be derived from that for six ; and so on for any 
number of proportionals ; ifan^ number of homofeneous magnifu(les^ de. Q. E, D. 

PEOPOSITION XI.— Theorem. 

If the terms of a proportion are all of the same kind^ they also form a proportion 
when taken axteknately ; that is, the first is to the third as the second is to the fourth. 
Let the homogeneous proportionals he 

A : B : ; C : I) ; then also A : C : : B : 1). 

For let any equimultiples of A, B, and any equimultiples of C, B, he taken and 
arranged as below, 

A : B :: C : B; A C B D 
i»A f»B nT> ; mA nC wB nJ) 

Then (Prop. TI.) mA : mB ; • «C ; nD ; (Prop. TX.) if mA^TfC, then niBynJ ) ; 
and if mBynD, then mAynO. 

/.(Prop. V.)A : C :: B : B. 

Hence, if the terms of a proportion^ &c. Q. E. B. 

PBOPOSITION XIL-Theobbm. 

If in any proportion an antecedent he a multiple or submultiple of its consequent, 
the other antecedent will he a like multiple or submultiple of its consequent. 

Let A, B, C, D be four proportionals, such that A=mB, then will. C=wB. For since 
A : B :: C : B 

(Prop. VI.) A : mB : : C : mB ; hut A=:wB C=:;«D (Prop, lY.) 

A^ m , fet the proportionals be such that B=wA ; then will D=:mC. 

For by inversion (Prop, YU.) B : A : : B : C 

and (Prop. VI.) B : mA : : B ; »iC, but BrrwiA /. IfeweC. 
if in anjf proportion, &c. Q. E. B. 

Cob.— YThen the proportionals ‘are homo^fetmus, if one antecedent he a midtiple of 
the other, the consequent of the former will be a like multiple of the consequent 
of the latter. 

PROPOSITION ^III.-Theorem. 

In my pmportiont thgmm of m antecedent and itaeonseqnent ii io teem as 
the sum of the other antecedent and consequent is to the like term, t 
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^ iifll <iiey»| t pe«ttOB bo A : B C : B 
tfa-cn A-|*B A : : C“t*B : C 
alsoA+B: B ::C+B^ D 

For A cannot be oontainefl oftener in inB than C ia oontaked in wiD (Def. VI.), A 
cannot be contained oftener in m(A-f-B) than C is contained in Nor can C 

be contained oftener in m(OH-l)) than A is contcdsed in m(A4*B) ; if it hotdd, C 
woold be contained in mD nfteacr :duin A in] laB, vhk^ ia impeesiblc {Bef. YI.) 

A : A^B C : 0+D. 

Agniai, by inyeision, B : A :: B : C; therefore, aa jnsl pm&A, B : A^-B : : 
B : C-j-B ; consequently, inverting the two proportions now deduced, 

A-fB : A :: C+B : C, and A+B : B :: C+B : I>. 
m my proportion, &c. Q. E. B, 

CoB.--If the proportionals are homogermus, then, by alternation (Frop. XI.), 

A-fB : C+D A : C; and A-fB : C-fD : : B : D. 

PEOPOSITION XIV.-Theorem. 

In any proportion, the difference between an antecedent and its consequent is to 
cither term as the diflBorcnco between the other antecedent and consequent ia to the 
like term. 

Let A : B ; : C : B bo any proportion ; then taking any anteoedent and ooBBcqucnt, 
as A, B, suppose first that BT'A, and consequently (Prop. IV.) that D7C. 

Tako any equimultiples of B, D, and the same of B— A, D— C ; and arrange tho 
terms as usual — 

A B C B 

fttB tnB 

A B-A C B-C 

»nB-J«A mB~wC 

Hiea (Def, VI.) A cannot be contained oftener in f»B than 0 is contsined in »mD ; 
bat A k* contained in mA just as often as C is conttined in nrC, nam^, m fimes, 
without remainder, Therefore, A cannot be contained in oiB—mA oftener than C is 
oontainod in mD— mC. 

In like manner may it be shown tiiatC cannot be contained in mD^mC oftener than 
A is centBined in «tB— wA ; /. (Def. VI.) 

A ; B-A : : C : B--C ; (Prop. XIU.) B : B-A : : D . B--0 
And inverting these two proportions (Prop. VIL), 

B~A ; A : ; D-C : C, and B-A : B : : B-C : I) 
whi(di prtjves the theorem when A7B. 

Hext lot AT'B, and consequently (Prop. IV,) C7B. 

By inversion, B:A::D:C;.'.as proved above, 

A-B : B :: C-B : B, and A-B : A :: C-B : C, 
which proves the theorem when A7B ; /. A t/5 B : A : : C wr D : C ; and A B ; B 
: : €ui> D : O ^ tmy propmrtiion, Ac. £. B. 

FBOBOSmOK XV.-.'ftraoJiMc. 

If fkere he three magnitudes and other three, such that, whichnr^ wt he 
first in that sot is to the seoondff a^-theaecoiidiatheother^ietto tbethied; 4he 
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first in one set be greater than the third, the first in the other set also will be greater 
than the third. 

Let the two sets of magnitudes be — 

If A 7 C then must D? F ; and if D 7 F, then A 7 C. Let A 7 C ; and taio 
wA, fwC, such equimultiples of A, C that «iA may contain B oftentr than mC contains 
B (Ax. 4 ) ; take also wE, the same multiple of E. Then since by the second pro- 
portion iwE contains D only as often as wC contains B, /. mk contains B ofUnsr than 
tnE contains D. 

But «iE contains F as often as mk contains B (Prop. VII., Cor.), therefore «wE 
contains F oftetier than niE contains D, D 7 F. So that if A 7 C, then must 
D 7 F. 

And in like manner may it be demonstrated that if D 7 F then must k y C; /. 
if there he three magnitudes^ &c. Q. E. D. 

PROPOSITION XVI.— Theokem. 

If there bo thi*Gc magnitudes and other three such that whichever set be taken, the 
first in that set is to the second, as the second in the other set is to the third ; then the 
first in the one set will be to the third, as the first in the other set is to the third. 

Let the two sets of magnitudes bo — 

D E FJ (D : E : : B : C, 

it is to bo proved that A : C : . D : F. 

Of A, B, D take any equimultiples, »iA, wB, w/D, and of C, E, F, any equimul- 
tiples, «C, wE, «F ; then (Prop. VIII,) mk : mE : . f<E . «F,1 (/«A «#B «C 

and (Prop. VI.) mD : «E : : w/B : «C / b/iD f7E wF. 

Hence the first of the three magnitudes, on the right, arc related to the other three, 

as in Proposition XV. ; /. if mk y «C, then mD y «F ; or if wD y »F, then mk 
y «C. Consequently, (Prop. V.) A : C : : B : F ; .*. «/ there be three magnitudes^ &c. 
Q. E. D. 

Con. — If to one of the above sets a fourth magnitude P bo annexed^ and to the other 
set, a fourth magnitude Q be prefixed^ such as to furnish an additional proportion, 
Q : B : : C : P j ^en, from the hypotheses, and the foregoing conclusion, namely, that — 

Q D E Fi IQ : I) : : C : P, 

it follows that A, C, P are related to Q, B, F, as in the proposition *, and therefore that 
A ; P : : Q ; F. And in this way may the proposition bo extended to any number of 
magnitudes. 

PROPOSITION XVII.— Tkeoeem. 


If there be two sets of magnitudes, the number being the same in each set, such 
that the first is to the secemd in the one sot, as the first to the second in the other set, 
the second to the third in the former set, as the second to the third in the latter set} and 
so on : then as the first magnitude in the one sot is to the last, so is the first magnitude 
in the other set to the last 

First, lot there be three magnitudes in each set, namely— 
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ABO I +'ka+ J" A ? B : : D : E 

D E **“*18 : C : : E ; F, 

then it is to be proved that A : C : : D : F. 

Take any ©qaiimnltiples, wA, mD of A, D ; and any equimultiples ^C, nF, of C, F ; 
then (Props. VI. and VII.), 

B : wA : ; E ; mD AC D F 

and B : nC : : E : f»F mA nC mD wF. 

Let mA 7 «C, then (Ax. 4) a multiple pmA of mA, may bo taken so great that 
pmA will contain B oftener than pnG will contain B. But pmT> contains E as often 
os pmA contains B, (Def. V.) ; while pnF contains E only att often as p«C contains B, 
pmD contains E oftener than^iF contains E, /. mD 7 «F ; so that if mA 7 wC 
then mD 7 nF. In like manner it may bo proved, by interchanging A, C with D, F, 
and also interchanging B with E, that if mD 7 «F, then mA 7 nC; A : C : : D : F. 
Next let there be four magnitudes in each set, namely — 

ABC P) , .fA:C::D:F 
DEF q} ‘ic :P: : F:Q, 

then it is to be proved that A : P : : D : Q. And this is done as in the first case, since 
the three magnitudes A, C, P are related, by the foregoing proportions, to the three 
D, F, 0, as that case supposes ; A : P : : D : Q. And in like manner may the ense 
for five magnitudes be deduced from this for four ; and so on for any number of mag- 
nitudes in each sot ; if there be two sets of magnitudesy &c. Q. E. D. 

Cob, — If the consequents in one proportion bo the antecedents in another, a third 
proportion may bo formed, having the same antecedents as the first, and the same con- 


sequents as the second ; thus if— 

A:B;:C:D ^ 

and B : K : : D : L’ A : K : : C : L. 

Notk.-— I t will be observed that, In the last three propositions, the magnitudes in each set 
are (Ul of the same kmd; but that those in one set, need not be of the same kind as those 
in the other set. 

PROPOSITION XVIII.— Theoebm. 

In any proportion the sum of the first two terms is to their difference as the sum 
of the other two is to their difference. 

Let A:B..C:D; then A-l-B:AuftB::C-i-D;Cc/^D. 

For (Prop. XIII.) A-f-B:A::C + D:C, 
and (inverting Prop. XIV.) A : A B : : C : C v/' D. 

Consequently (Prop. XVII., Cor.) A-l-B:Ac^^ B::C-fD:C«jo D, m amj 
proportion^ See, Q. E. D. 

PROPOSITION XIX.-.THBOEBM, 

If the suxteoedents in one proportion be the same as those in another, then the first 
antecedent is to the sum or difference of the first consequents as the second antecedent 
is to the sum or dillbrence of the second consequents. 

Let the proportions be A : B : : C : D ; and A : E : : C : F ; it is to be proved ^hat 
A:B+B::0:DtF. 

Inverting the first of the given proportions (Prop. VII.) 
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Consequontly (Props. XIII. 2JV.) E;BjhE;:D:l>^P; and, comparing this 
with the first of the given piopartionsj 

A : B + E . : C : D + F ; if the anteeedmity &e. Q. B. B* 

If the terms m all homefttigous, then, hj akeniatio% A; O B ^ 'E : 
D+ F; andB : D : : B + E ; D + F. 

PROPOSITION XX.— Thbokem. 

In. a proportion whose terms are Jiomoff€n6»us^ the sum of the greatest and least 
terms exceeds the sum of the other two. 

Let A : B : : C : D ; and first let an antecedent, A, be the greetest term ; then will 
D be the least (Prop. IX.) ; and it is to be proved that (A D) 7 (B + C.) 

By Prop. XTV., and inversion, A:A — B::C:C--D: but by hyp. A 7 C, /. 
(Propu TV.) (A — B) 7 (C — D).. To eajoh of these nne^uals add B 4- B, then 
(A + I)) 7 (B + C). 

Next, let a consequent, B, ho the greatest : then by inverting the proportion, B ; 
A • : D : C ; and since by hyp. B is the greatest of these, C is the least, and as just 
proved (B -f C) 7 (A + B) ; in a proportion, &c. Q. E. B. 

Cob.— I f the proportion be A : B ; ; B ; G, then (A + C) 7 2 B ; that is the sum of 
t/ie extremes^ in three pr^rtionals, exceeds twice the m$an. 


The three propositions following, though of no application in the Sixth Book of 
Euclid, will be found useful in the consideration of Incommensurable quantities. 


PROPOSITION XXL— Theobem. 

If a magnitude measure each of two others, it will also measure their sum and ^f* 
fcrcnco. 

Let A, B be any two magnitudes, and lot C bo a third magnitude which measures 
each ; that is such that A = mC and B = «C, m and n being whole numbers. Then 
A 4- B = wC 4“ **C = (m 4" «) 0 ; also A uo B = mC «C = (w» «c' «) C ; but C is 
contained in the fonner m + n times exactly, and in the latter m ^ n timei exactly, 

G measures both A 4“ B, and A uo B ; if a magnitude &c. Q. E. D. 

Cob, — If C measure B, and also A 4- B and A — B, it must likewise measure A : 
lor thor sum of A — B and B is A, and the difference of A 4“ B and ie A; and, as 
shown above, C measures both this sum and diffeimioe. 

PROPOSITION XXH.— Peoblek. 

Two magnitudes of the same kind being given to find fheir greatest comnjon 


measure. 

Let the two given magnitudes be A, B : it is required to find the 
greatest magnitude that will measure both. Let A be the ^eater of 
the two magnitudes, andinoL ittlilEe fta greMiad pOBiilik< multiple of 
B a ramaiiider C« les^ oi oonxa^ thanB- In Jlikp , 

ifimn M the. greatest p(i«sR)ie miilt^^^ ef C (via. 
leaving a remainder D, less than CL In, like |p»nner take C ikm 
gro^t^j^owibla muRapiie of B leaving a remainder 

than O; and so on, as in the margin : the greatest common ms^uturiB 
will be that remainder , 

instance, if E measures B so that = D, &en'E is thegrm|teat poatf 

ttinn maamiirn nt >A dlwT - .q ^ ( * + 







&C. 
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For ^^1817 oommon msaiMii'e of A tad as it mettuues wHl lafSttmiae 
ecmso^xitlTV «s it «t tine tame time xaeactEes it wtii moMose A mB, by kuit 
prefo t t tio B.; tinatisyit -mil mcawro C. This being tiM> case, it smst also mdasaro itQ 
ax^d tiMfdbrOy last propoeztiasO) it mtust measure B >- fnO ; that is^ it must mcattire 0 : 
for Bimilai* reasons it must measure E ; and so on. Consequently every meaaare of 
A and B also measures each of the remainders C, D, E, &c. ; and as these remainders 
become less and less, it follows that that must be the greatest common measure which 
is exactly equal to tlio last of these remaindeEs, and at wbich the operation terminates. 
But if the operation never terminates, the diminishing scries of remainders being con- 
tinued without end, then, as there is no last remainder, there can be no common 
measure at all : — in other words, the magnitudes A, B will be ineommenaurable, 

^ PBOrOSITION XXIII.-.THEOMiif. 

If one magnitude contain another, and leave a remainder, such that the greater of 
the two magnitudes is to the less, as the less is to that remainder, then the two magni- 
tudes will be incommensurable. Let A, B he the two magnitudes, such that the greater 
A contains the less B, m times, leaving a remainder C ; that is, such that A — wiB = C ; 
then if A : B : ; B . C, the magnitudes A, B will be incomm&umrahle. 

For let C, D, E, &c., be the successive remainders in the operation for finding the 
common measure (Prop. XXII.). Then C cannot measure B, for then B would measure 
A, so that there would not be any remainder (Prop. XII.) ; but C is contained as often 
in B as B is contained in A (Def. VI.), Lot be the greatest multiple of B which is 
contained in A, and take ^»C, an equimultiple of C : then (Prop. WII.) A : B ; : piB : 
mC, and (Props. XIV. and XL) A ; B ■ : A — • : B — »«C : but by hypothesis A— 

mB = C, and B — mC = D ; therefore A : B : : C : D ; and since A : B : : B ; C, 
(Prop. II.) B : C : : C ; D ; henco D cannot measure C, inasmuch as C cannot measure B, 
(Pi-op.XII,). 

Let now nC bo the greatest multiple of C in B, and toko wB, an equimultiple of D : 
then, from what is proved above, C : D I) : E ; hence E cannot measure D, inasmuch 
as D, as just proved, cannot measure C. And the reasoning is the same for every suc- 
cessive remainder ; so that no TBsaainder can ever mcasuro the preceding remainder"; 
and therefore' the operation for the comioon measure can never terminate ; that i% the 
two magputadee. A, B are iticammnrntrable, /. {f one magnitude Ac. £, B. 

The operation explained in Prop. XXII., is that aotaaUy performed on a pair of 
numbers^ when the objbet «s to ascertain whether thoaefiiunberB have a-common measuresi 
and to discover^ the grutesi common measure. 

In this an$metied pBOCcss, should a remainder ever become l| we conolude that no 
common measure of the two numbers exists; becanse in aa remarked at 

page 131, 1 ijr not regarded as an arithmetical common measure. When the two 
^ numbers ha^ no factor in common, a unit-remainder must alw^s occur to apprise us of 
the fretj after a finite number of steps of the wothi amce the remainders— all 
numbers ^ ^ on oontiniGally diniinishing. jBut in magnitudes not si^Ksepti^ of 
numerical representation, the operarion referred to equld not be jjiracticaB^ 
lon^ as gity^mainder occurred^ so lingjmust the worh be continued ; and therefi^ in 
xrmg^tudes,^ it wqnid be endie^s^ evea.i^ wq eobldft^, 
tiofiijljf ^ ^ps.; But the.propositsioq just establi^ied IcffpishaMi geo- 

metrical test of inoommehsurabili^ that mayhi^ raadil]r appealed wip b;B.^|e|gi,4p 
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the propositiim req>ecting the side and diagonal of a square, at the ^d of Iho Sixth 
Book. It is also shown (page 157), by aid of the present theorem, that if a line be 
divided, as in Prop. XI., Book II., the two parts of that line will bo incommensurable ; 
and therefore that it would be quite impossible to eiqprcss both by numerical values .of 
their lengths. 


ELEMENTS OF EUCLID.-BOOK VI. 

DETINmONS. 

1 . 

Similar rectilineal figures are those which 
have the several angles in one equal to those in 
the other, each to each, and the sides about the 
equal angles — ^that is, which include the equal 
an^es, proportionals. 

IT. 

Two sides of one figure are said to be reciprocally proportional to two sides of 
another, when one of the sides of the first is to one of the sides of the second as the 
remaining side of the second is to the remaining side of the first. 

in. 

A straight lino is said to be cut in extreme and mean ratio^ when the whole is to the 
greater segment as the greater segment is to the less. 

TV. 

The altitude of any figure is the straight line drawn from its vertex perpendicular 
to the base, or opposite side, and terminating in that side, or the side prolonged. 

Thus the perpendicular A D, drawn from the vertex A to the base B C, is the altitude of the 
triangle A B C, at page 149. 

PEOPOSITION I.— Theoeem. 

Triangtea and paraUehgrams of the eame altitude are to one another ae their baeee. 

Let the triangles ABC, A D K, and the parallelograms E C, F D, have the same 
altitude : then as the base B C is to the 
base I) K, so is the triangle A B C to the 
triangle A B K, and the parallelogram E 0 
to the parallelogram F B. 

Produce B K both ways to H and L, 
and make B G, G H, &c., any number of 

* ai. them, each equal to B C ;* 
and K L, &c., any number of them, each 
equal toB K; and draw AG, AH, die., and 
AL, Sea.; ^ triangles ABC, AGB, 

+ » 1. AHG, &c., are all equal ; f 

and if the base of the triangle which is the sum of all these he m^imes BO, the triangle 

* ^ itself will be m times the triang^ A B C.* In ifke if B L he ti 

times B K, the triangle A B L will be .« times A B K. 


£ A F 
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base B C * base B K triangle ABC triangle A D K, 

B C «. D K w. A B C w. A I) K 

Hence if m. B C = «, D K, then ws. A B C = «. A D K ; if «<. B C 7 «. B K, then m, 
ABK; and if w. B C = #*. B K, then tn. A B C = «. A B K, and »», n, arc 
any whole numbers whatever, (Dcf. V., page 136.) 

base B Gtbase B K : : triangle ABC: triangle A B K. 

And because the parallelogram E C is double of the triangle ABC, and the parallel- 
ogram F B double of the triangle A B K, triangle ABC : trian^e ABE:: 

+ 8 7. parallelogram E C : parallelogram F B ;t and, comjMiring this propoT> 

tion with the last, base B C : base D K : : parallelogram E C : parallelogram 

* 2 V. F D,* triangles and paraUelograinSf &c. Q. E. B. 

Cor.— If triangles or parallelograms have equal altitudes they are to one another as 
their bases. 

Fpr if the figures bo so placed os to have their bases in the same straight line, and 
perpendiculars bo drawn fiim the vertices to the bases, the straight lino joining the 

♦ 23 I. vertices will be parallel to that in which are the bases, ♦ since the per- 

+ 28 I. pendiculars are both equal and parallel jf and if the above construetion 

be made, the demonstration will be the same. 


PROPOSITION II. — Theorem. 


If a straight line (BE) bo drawn parallel to one of the sides (BC) of a trian^^e, it 
shall cut the other sides, or these produced, proportionally ; and if the sides, or the sides 
produced, be cut proportionally, the straight line which ioins the noints of section shall 
be parallel to the remaining side of the triangle. 

For draw BE, CB. Then 

tlie triangle BBE = CBE, ^ 'I ^ 

because they are on the same V I \ \\ /\ 

base BE, and are between \ \ \ \ / \ 

the same parallels BE, \ I ^ ^ \ 

•»ri. BC;* and ^ ^ V, ' /\ \ 

ABE is another triangle, .'. \ \ ' X I / \\ 

BDE ; ADK ; : CDE : ADE. \ \ \ 7 \. 

= 5 i 1’ 

+ 1 VI. BAf For a 
similar reason CBE : ABE • • CE : EA, 

* 2 V. BB : DA ; : CE ; EA.* 

Again, let the sides AB, AC, or these produced, be cut proportionally in the points 
J), E; that is, so that BD : BA ; ; CE : EA ; and di^w BE ; BE shall he parallel to EC. 

The same construction being made, because 

BB : BA : : CE : EA, and BB : DA : : s | 

+ 1 VI. BBE : ADE,t and ODE : I /. (2 V.) BDE : ADE : : CBE : ABE. 

* 1 VL ABE ; : CE : EA.* i 

tOV. Cor.l. But as the consequents are equal the antecedents ore equal, 
triangle BDE triang^ OBE j and they are on the same base BE, and are betweon i 
the same parallels, BE is parallel to JSC; if a straight line, ^c. Q. E. B. 

MATHEMATICAL SCIENCES.— No. V. ^ 
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PEOPOSmOH III Tisisokmi. 

If m aaigle (BAC) of a trifuagle, be divide^ into two equal angles, by a straight line 
wbiob cuts the ojppoaite base, the segments of the base (BB, BO) shall be to each other 
as the remaining sides of the triangle and if the segments of the base arc to each other 
as the remaining sides of the triangle,, the straight lino drawn ^ni the vertex, to the 
po^ of section, shall divide the vertical angle into two equal angles. 

* I. Draw CE parallel to DA ;* andlot BA 

prodneed meet CE in E. Because AC meets 
the parallels AD, EC, the angle ACE sss 

t 29 I. CAD ; t but, by hypothesis, CAD = 

BAD ; BAD =: ACE. Again, because BE meets 
the parallels AD, EC, the angle BAD = 

* 29 1. AEC ; * but it waa proved that ACE 
== BAD, ACE = AEC, and AE = AC ; and 
since AD is parallel to EC, a side of the triangle 

t 2 VI. BGE; BD : DC : • BA : AE;t but AE « AC, 

/. BD DC : . BA ; AC. 

Next let BD : DC • : BA • AC ; and draw AD ; the angle BAC shall be divided into 
two equal angles by AD. 

* Conht. The same construction being made, AD is parallel to E(\* and 

because 

t 2 VI. BD : DC : BA • AC, and i (2 V.) BA AC • BA AE, /. AC 

*9V.Coi. BD:DC::BA: AE,t f =: AE,* 

t 29 1. and consequently the angle AEC = ACE ; but AEC = BAD,t and ACE 

* 29 I. != CAD,* BAD = CAD; that is, tike angle BAC is diviisd into two 
equal angles hg AB ; if an angle^ ^e, Q. E. D. 



PROPOSITION A.— Thboeem. 


If the outward angle (CAE) of a triangle (ABC) made by-prodlicmg on© of its sides, 
bo divided in two equal angles, by a straight line (AD) which oats the h«ae ptrodueod, 
the segments (BD, DC) between the dividing lino and the otrtremilaoo of the base, are 
to each other as the remaining sides of the triangle ; and if the segments of the base 
produced are to each other as the remaining sides of the triangle, theotraight Bne drawn 
£i*om the vertex to the point of section, divides the outward angle of the triangle into 
two equal angles. 

* 81 I. Through C draw CF parallel to AD.* 

Then because AC meets the parallels AD, FC, the 

+ 2» I. angle ACF == CAD ; f but (hyp.) CAD 
sar BA£, DAE as ACF. Again, because FE meets 
the pacttUds AD, FC, the angle DAE =a 

* 29 I. CFA ;* but as just proved, DAE rs: ACF 

+ 6 1. CFA a= ACF ; AC == AF.f And 

because AD is parallel to PC, a Side of the triangle 
BCF, BD : DO : ; BA : AF ; but AC = AF, /. 

A€. 



Next, let BD : DC : r BA t AC ; and dmw AD ; the angle QAD hto eqitiil to 
DAE. 





m 


mm ocBistrBotkm tmAtf becRuso 

’ } •• : AC, . BA = AF. . . AC = AF, 

t 5 I. / the axigle AFQ rs AlCI? but AM!I.=3.SAJ)> tnd AOF QAI^* 

* 29 I. BAD = CAB ; /. if iht o^x^cmrit (m§kt, Bli 


PROBOSITIOK rv.— taoami. 

The sides about the equal angle® of equiangular trian^i^ (ABC, BG15). ace, pcor 
portionals ; and those which are opposite to the equal angles are komohgous sides ; that 
is, are the antecedents, or the consequents ofihe ratio®. 

Let the angle ABC =; BGE ; AOB =BEG ; and. conaeqnepllgr BAG =- Cii£ ; and 
lot the triMiglo BCE bo placed so that its side CE may be eoaligaous to BC, and in the 
same straight line with it; then the angle BCA = 

i B 3 P. CEB.f Add to- each the angle B ; then 
BCA -|- B = CEB 4- B ; but the former two arc less than 

• 17 I. two right angles,* CEB 4 B, are less 
than two right angles, BA, BBy if produced will 

+ Ax. 12. meet ;t let them be produced and meet in F. 

Then"^ because the angle B = BCE, BF is parallel to 

• 28 r. CB ;* and because ACB as BEC, A€ » parallel 

1 34 I. to FE; FC is a parallelogram, f AF 

CB, and AC = FD ; and because AC, OB are respectively parall^ to FE, BF, sides of 
the triangle FBE, /. (1 VT.). 

BC : CE :: BA ; AF) or since AF = CB, (BC : CE : . BA : CB 
and BC : CE ; : FD : BE) and FD sssAC IBO ; CE : : AC ; BE 

• 2V. BA : CD :: AC : BE.* Alternating those throe proportions, 

BC ; BA CE • CD; BC : AC : : CE : BE; BA : AC . : CD ; DE. 

/. iht tidtt ahoKt the e^Ml cmfles^ &c. Q. £. D. 

Cob.— I n similar triangles (AJBC, DEF), the 
bases (BC, EF) are to one another as the aXti-^ 
tudes (AC, BH). For since the angles B, E J 
are equal, as also the right angles G, H, the / 
triangles ABG, BEH are equiangular, AB : / 

AG BE ; DH; but BC : AB :: EF ; / X 

*Z>efa.VL EB BC : AG : ; EF : B G C 

1 16 V. Car* DH ;t hence^ aiteamatdy, the bases are as the altitudes. 




rBOPOSITIONjV.— Thbiobem. 

If the iddes of two triangles (ABC, DEF), abouttwo angtea (B, C?) of Qae>,attd tiod 
onglea (E, F) of the other, be proportionals, tiio triangles shall be equiangjol^ i 
the equal angles shall be those which are opfWfiit^to.hwiQlQgOiis. aides. 

At the perinta E, F, in the strm^ line EF, make tbg angle FEG^^andEE^mid; 
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then the remaining angle and\*. the triangles ABC, 6BF, are equiangular, 

*4 VI. AB ; BC :: GE ; EP;« hut (hyp.) ^ 

1 2 VI, AB I BC :: DE : EFj DE : EP GE EF jt" yA 

DEssrGE. For a like reason DFsssFG. And because X \ P 

in the triangles DEF, GEP, DEssGE, and EF common, X \ X\ 

the two sides DE, EF are equal to the two GE, EF, X \ j; X„ ^ 
each to each, and DF=GF; the angle DEF= ® ^ / 

• SI. GEF,* and the angle DFEsrGFE, and V 

EDF=EGF. And because DEF=GEF, and GEF=: ^ 

t Const. B,t DEP=B. For a like reason DFErrC, and T)=.A; /. the 
triangle DEF is equiangular to ABC ; if the sidea^ &c. Q. E. D. 

PROPOSITION VI.— Theorem. 

If two triangles (ABC, DEF) have an angle (A) of one equal to an angle (EDF) of 
the other, and the sides about them proportionals, the triangles shall be equiangular,* 
and shall have those angles equal which are opposite to the homologous sides. 

At the points D, F, in the straight line DP, make the angle FDG equal to either of 
the angles A, or EDF ; and the angle DFG equal to C ; then the remaining angle 
G=B, and the triangles ABC, DGF are cquian- 
» 4 VI. gular; BA : AC :: GD : DF;* 
but (hyp.) BA : AC :: ED :: DF; ED : DF : : /\ D 

+ 2V. GD : DF;t ED=GD; in the / \ " 1^^ 

triangles EDF, GDF, the two sides ED, DFs=GD,DF, / \ I \ / 

•Const, each to each, and the angle EDF=GDF;''^ / \ I \ / 

+ 4 1. EFrrFGf, and the angle DFGtr: / \ | \/ 

•4 1. DFE, and G = E;* but DFG=C B c T. r 

(const.) DFE=C; but EDF=A (const.), 

E=B ; the triangles ABC, DEF are equiangular ; if two triangles^ &c. Q. E. D. 

PROPOSITION VII.— Theorem. 

If two triangles (ABC, DEF) have an angle (A) of tbe one equal to an angle (I)) of 
the other, and the sides about two (ABC, DEF) proportionals ; then if each of the 
remaining angles (C, F) be either left, or not less, than a right angle, the triangles 
shall be equiangular, and shall have those angles equal about which the sides are 
proportionals. 

First let each of the angles C, F be less than a right angle : the angles ABC and E 
shall be equal, and the angle C to the angle F. For if ABC be not equal to E, one 
of them, as ABC, must he tbe greater. At the point B, in AB, make the angle 
ABG=E; then because AssD (hyp.), the remaining angle AGB must be 
• 32 I. =F;* the triangles ABG, ^ 

DEF are equiangular, /. AB : BG : ; DE : EF. ^ 

Bat (hyp.) AB : BC :: DE : EF, /. AB : X\ ^ 

t 9 V. Oor. 1. BC : : AB : BG, . . BC=BG,t X \ ^ 

and BGC=BCG; but (hyp.) BCG is less X yX \ | 

than a right angile, BGC is less than a \ yX ^ 

ri^t angle ; AGB must be greater than a \ ^ y 

ri^ angle : but it waa proved that AGBssF ; 

.*. F is greater than a right angle ; hut (hyp.) it is less than a right angle ; whieb is 
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abford ; the angles ABO, E are not unequal, that is, they are equal ; and, as A=D 
(hyp.) C =s F ; /. tlie triangles ABC, DEF are equiangular. 

^N^ext, let 0, F be each mt lees than a right angle : the triangles shall also in this 

case be equiangular. For if it be deoeied, 
then, the same construction being made, it 
may be proved, as above, that BC::^G ; and 
that the ang^e BGCssC : but (hyp.) C is 
not less than a right angle : /. BGC is not less 
than a rigd^t angle two angles of the trian- 
gle BGC are together not less than two right 
angles ; which is impossible j the triangle 
ABC, as in tbe first case, is eqfmngtdar to DEF. /. if Uco triangUe^ &c. Q, E. D. 

\ 

PROPOSITION YIII. -Theorem. 

In a right-angled triangle (ABC), if a perpendicular (AD) be drawn from the vertex 
of the right angle to the base, the triangles (ABD, ACD) on each side of it are similar 
to the whole triangle (ABC) and to one another. 

Because the angle BAC ss ADB, each being a right angle, 
and that B is common to the two triangles ABC, ABD, the 

* 32 1. angle ACB = BAD ;* the triangles ABC, 

+ 4 VI. ABD are equiangular, they are similar.f In 

and Def. 1, manner it may be demonstrated that the 

triangles ABC, ACD are similar ; the triangles ABD, ACD 
being both eimilar to ABC, are similar to each other; in a 
right-angled triangle^ &c. Q,. E. D. 

CoR. From this it is manifest that the perpendicular from the vertex of the right 
angle of a right-angled triangle to the base is a mean proportional between the segments 
of the base ; and also that each side about the right angle is a mean proportional 
between the base, and the segment of it adjacent to that side : for in the triangles BDA, 

* 4 VI. CD A, BD : DA : : DA : DC;* in the triangles ABC, DBA, BO : BA : : 
BA : BD ; and in the triangles ABC, ACD, BC : CA : : CA : CD. 


PROPOSITION IX.— Problem. 

From a given straight line (AB) to cut off any part required. 

From A draw a straight lino AC, making any angle with AB ; 
and in it take any point D ; and take AC, the same multiplo of AD, 
that AB is of the part to be cut off. Draw BC, and DE parallel to 

* 31 !• it,* then AE shaU be the part required to be cut ofit 

Because ED is paraUel to BC, a side of the triangle ABC, /. 

+ 13 V. CD : DA : : BE : EA ; AC : AD : : AB : AE ;t but 

* Coast. AC is a multiple of AD,* AB is the same multiple 
cif AE ; that is, whatever part AD is of AC, the same part is AE of 

+ 7 V. Cor. AB,t frtm AB, part required^ AE i> out off: whioh 
was to be done. 
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I»R0P0S1TI0K IL.’-^oKLTm. 

Dit (}ivido4^^en Atni^^ht line (AB) skailcurly to a divided straight line (A€). 
Let itC^ ^pieced 00 , as to make «aiy angle with AB, be divided in the points D, E. 
©EOfar ®C(i ead throngh the points B, Edrow DF, EG parallels 
to it * AB dhtdl be divddod in E, 43^ similaisly to AC. Through ^ 

D di«inr BHE, parallel to AB : then eaoh of the figures FH / \. 

* Jdf. HB is a parallslogram, /, BH =: FG,* and HK / 

= 3 - jG®; and beoauso HE is parallel to iCG, a side of the tri- 

t in. angle BKC, /. <3E ; EB : : KH : HBjf but KH (J -5-A? 

s= BG, and HB = CT : EB : : BG : GF. Again, j / X 

because FB is paralM to GE, a side of the triangle AGE, /, -g ^ 

EB : BA : . GF : FA : and it was before proved that CE : ED 
: BG . GF ; .‘.the given straight line is divided similarly to AC, which was to be done. 

PEOPOSITION XI.—Pboblem. 

To find a third proportional to two given strai^t lines (AB, AC). 

TiCt the lines be placed so as to make any angle A, and produce ^ 
them to D, E. Make BD =: AC, draw BC, and through B draw BE K 

* 31 1. parallel to it : * CE shiefll be a third proportional to AB, AC. / \ 

Because BC is parallel to BE, AB : Bl) • : AC : CE ; but BD tj? , 

+ Const. = AC jf AB • AC : : AC CE ; *. to the two given I 

straight lines AB, AC, a third proportional CE is found : which was to / \ 

be done. Q. E, D. I X 

B K 

PROPOSITION XII.-~PnonLEM. 

To find a fiwrth fxroportzonal to three given straight lines (A, B, C). 

Take two straight lines BE, BF, making any angle B ; 
and upon these tiAe BG = A, GE = B, and DH =x C- B ^ 

Draw GH, and EF pasailol to it: FH aliall ho a fufnxth A ^ 

pro|Kirtioml to A, B, C. Beeanse GH is parallel to EF, J \ — 

D&: GE:. bH . HF; ljutCGsA, GE=:B, aad DH / \ 

givm straight lines A, B, C, a fourth proportional IIF is j \ 

found: wHcb was to be done. 

JC J1 

PROPOSITION XUI.-Pn^BUEM. 

To find p mean proFoHional between two given straight lines. 

Let the ^arts BC hwequal to^tho two given stasight lines: it is ret[idred to find 
a mean pr^rtion^ httween thorn. dJpon AC desor&e the 
semicircle i^C, and i&vm. B draw BJ> pea^ndicahir to 
•HL shall he n mean proporiional 

betwee^ AB,BC. , 

Bi^w AB}^CD. ‘fhon hsiaauia the angle ABO, in a f ^ \\ 

Vsi L icmiaird# ia ft.tw^apgle,t and that in the ^ 

ri^ angled tdum#adlB6|,vl^ m^dtramn £^om the weito *A 3 C 

of fbo right angle perpendicular to the base, BB is a mean proportional hdtwPeit AH, 
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• 8 VI. Cor. BC,* betwe^ AB, BC, a nuatt proportional BB, is fomd : which wbs to 

be done. , 

BEOBOSITIQN XIV.— Thjbmiwi, • 

Equal parallelograms (AB, BC) which have an angle (B) the me efoai to on 
angle of the other, 'have their ^dea ehout the eqmal «ngl<» neoi^xwally proportional ; 
and paraBclogrfuns thiDt have an Angle of the one equal to an angle of the other, end the 
sides about those angles reciprocally proportional, are equal to- one another. 

Let the sides BE, be placed in the same strai^ line ; then heoause FBB + 
FBE = two right angles, and that FBB =» G-BB 
(hyp ), /. GBE -j- FBE = two right angtes ; FB, 

BG are in one straight line. It is to be proved that 
BB : BE : : GS r BF. OorBplate ihe paraBelogram 
FE. Then because AB =: BC, AB : FE : : BC : FE; 

• 1 VI. butAB:FE::BB:BE,'«»*ndBG:FE : : 

+ 2 V. GB : BF, BB : BE : : GB : BF ;t 

the sides of fhe equal parallelograms AB, BC, about tJmr 
equal armies are reoiprooaUy proportianaU 

Next, let the sides about the equal angles ho reciprocally propqrtional ; namely: 
DB • BE : : GB : BF ; then is AB == BC. Because BB : BE : ; GB ; BF, and DB : 

• 1 VI. be : : AB : FE, and GB : BF : : BC : FE,* AB : FE : : BC : PE,t 

^ ^ AB = BC, equal parallelograms^ &c. Q. E. 1). 

PROPOSITION XV.— TawwiEM. 

Equal triangles (ABC, ABE), which have an angle <A) of the one nqnal to an ai^gle 
of the other, have their sides about the equal ao^ reciprocally pw^rtional ; and 
triangles which have an anglo of the one equal to an angle of the other, and their sides 
about those angles reciprocally proportional, are .eqiud to one another. 

Let the triangles be plact'd so that their sides, CA, AB may be in one straight lino ; 
then it may be proved, as in last proposition, that EA, AB ere in one straight line. It 
is to he proved that CA ; AD : : EA ; AB. 

Draw BD. Then beoBaao the triangles ABC, ABE arC' equal, JB 

triangle ABC : triangle ABB : : triangle ABE : trianghsABB } 

♦ 1 Vt. but triangP'® ABC; triangle ABB :: C A \ 

and trittn^e AB® : triangle ABB : r EA ; AB, oonse- jf \ 

+ 2 V. quentlyt CA: AB : ; EA : AB ; /. Oo mdes oftkA J y \\ 

equal triangles ABC, ABE, aJbout the equdl angUs «rs mipnmi^. l/^ ^ 

proportional. ^ t 

N»t, let the sides of the triaftgtos ABC, ADE, shout the equal smglee bo te^ 
oally i^portional, namely CA ; AD : : EA;AS jihlBii istriangleABC - tnaBt ^^B. 
Draw BD as heifote. Then, beoanse OA ; AD ; : EAflAB, and CA : AD tnn^e 

* 1 VI. ABC : trianglo ABD,» and EA ; AB : : triangle ADE-: tet a ^ A W 
t a V. triangle AET :TSan^ A*£0 :t tetogls ADE ; tna,^ 

* 9 V. Cor. and the consequents liiiiiifingaiili dfce«atoced«ito 
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PROPOSITION XVI.— Thborbm. 

If four atraigbt lines (AB, CD, E, F) are proportionals, the rectangle contained by 
the extremes (AB, F) is equal to that contained by the means (CD, E) ; and if the 
rectangle contained by the extremes is equal to that contained by the means, the four 
strai^t lines are proportionals. 

• II Prom A, 0 draw AG, CH, perpendiculars to AB, CD ;* make AG = F, 

f 81 1. and CH = E, and complete the parallelograms BG, I)H.t It is to be 

proTcd that these rectangles are equal. 

Because AB : CD : : CH : AG, the sides of the parallelograms about the equal 
angles A, C, are reciprocally proportional ; they are therefore ^ 

• 14 VI. equal to one another;* and BG is the rectangle 
contained by AB, F, and DH the rectangle contained by ^ 

CD, E ; AB F = CD E. And ff AB F = CD E, then o 
shall AB : CD : : E :F. The same construction being made, 
the rectangle BG = DH ; and as they are equiangular also, 

1 14 VI. AB : CD : : CH: Aa;t thatis AB : C D . : 

E : F; if four straigTit lines^ &c. Q. E. D. A. B C D 

NoTK.— The next proposition iR merely a corollary to this : it is that particular case of it in 
-which the means are equal. 

PROPOSITION XVII.-Thborem. 

If three straight lines be proportionals, the rectangles contained by the extremes is 
equal to the square of the mean ; and if the rectangle contained by the extremes is 
equal to the square of the mean, the three straight linos are proportionals. 

Cob.— The first of the three proportionals (A, B, C) is to the third, as the square of 
the first to the sqtiare of the second. 

• 1 VI. For * A : C : : rectangle A* A : rectangle A'C ; but A*0 = B’, 

A : C : : A* : B*. 

PROPOSITION XVIII.-Peoblbm. 

Dpon a given straight line (AB) to dcscribo a rectilineal figure similar, and similarly 
situated, to a given rectilineal figure. 

First, let the given rectilineal figure, C D E F have four sides : it is roquirod to 
describe on A B a figure similar, and similarly situated to C D E F. 

Draw D F ; and at the points A, B, in AB, make the angle A = C, and A B G = 

+ 82 1. CDF; then A G B = C F D ;t .'.the triangles F C D, G A B, are equi* 
angular. At the points G, B in G B, make the angle B G H = D F E, and G B H = 

82 L F D E ; then GHB = FED;* 

the triangles F D E, G B H are equian- 
gular. 

Because the angle A G B = 0 F D, and 
BGH = DFB; .. AGH = CFE. For 
like reasons A B H = ODE, /. sinoe A = 0^ 
and G H B = F E D, th$ figures A B H G, 

C D E F, are eguiemguXeir, Moreorer these 
figures have their sides about the equal an{^ luroporthmals ; for G A B, F € D, being 
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(Mj^uiazigulBr triangles, /. B A : A G : : D 0 : OF; and A G : G B : : OF: 

t a vj[. F D;t also by reason of the equiangular triangles BGH,DFE,GB: 

G H : : F D : F E ; /, A G : G H : : C F : F E. In like manner it may be proved 
that A B : B H : : C D : D B, and G H : H B : : F £ : E G ; iht equiangtdar figure* 

A B H G, C G E F ham their side^ ahout the equal angUe proportionalSf iheg are 

* Def. I VI. similar, * 

Next, let the given rectilinear figure C D K E F have five sides. Draw D E ; and 
upon A B describe the fighro A B 11 G, similar and similarly situated, to the quadri- 
lateral 0 D E F, by the former case : and at the points B, H, in B H, make the angle 
*32 1. HBL = EDK, andBHL=DEK, then L s= K.* 

Because the figures ABHG, CDEF are similar, the angle G H B ss F £ D ; 
and B H li was made =:DEK; /.GHL=sFEK. For like reasons A B L = 

C D K ; the figures A B L H G, C D K E F, are equiangular. And because the j 
figpires ABHG, CDEF are similar, GH:HB::FE:ED; but H B : HL ; : 

E D ; E K, G H : H L : : F E : E K. For like reasons A B : B L : : C D : D K, 
and B L : L 5 : : D K : K E ; the eqmanguXar figures ABLHG, CDKEF have \ 
their sides about the equal angles proportionals^ /. they are similar. And in like manner 
may a rectilineal figure of six sides, similar to a given one, be described upon A B ; and 
so on. Which was to be done. 

PROPOSITION XIX.— THBonEM. 

Similar triangles (A B C, D E F) are to one another as the squares of their homo- 
logous sides. 

The triangles being similar, having the angle B = E, and the side B C homologous 

* Def. 9 V. to E F,* that is such that A B : B C : : D E : E F, it is to bo proved 
that tri-A B C : tri-D E F : : B C* : E F*. 

+ 11 VI. Take B G, a third proportional to B C, E F ;t so that B C : E F : : E F : 

B G ; and draw G A. 

* 11 V. Then because AB:BC::DE:EF, alternately,* A B ; D E : : BC : 
f 2 V. E F, but B C : E P : : E F : B G (Const.), /. A B : DE : : E F : B 0 ;t 

but triangles which have the sides about two equal 

* 1 5 >1. angles reciprocally proportional are equals * 

A B G = D E F. And because B C : E F : : E F : 

* ' +17 Vl.Cor.BG, .-.BC-.BG:: BC*:EF*;t butBC: 

* 1 VI. B G : ; triangle ABC: triangle AB G ;* 
triangle ABC: triangle A B G : : B C® : E F*, but 

A B G « D E F, triangle ABC: triangle DEF:: 

B C* : E P* ; similar triangles^ &c, Q. E. D. 

Con. — If three straight lines he proportionals, then as the first is to the third, so 
is any triangle upon the first to a similar and similarly situated triangle upon tlie 
second. 

PROPOSITION XX.^Theobbm. 

Similar polygons may be divided into the same number of similar trianglefi» which 
are to one another as the polygons themselves : and the polygons are to one axiother as 
the squares of their homologous sides. 

Let ABODE, FGHKX be similar polygons, and let AB be the side homdogoas to 
FG. 
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IVom L4ra'r tlie diagcoials. Because polygons are 8iinilar,’'&e «ag^ 

^ 0F£i, Hid Bi. : Jl^ : : 'f L ; the tdanglM iiBE, FOL hate aoi ang^e in one 

equal tovsn toggle in ike aikcsCf and the aides about those equal angles propoHionala, 

«.« *4 YI, the triangles are equiangular and similar,* the angle ABE 3 = FGL : 

but simee the polygons are aianilar, the whole angle ABO = the whole atigle FG<H, 
the remaining angle EBC = LGH. Also EB 
: BA •. ; IX> : OF, and from the similar poly- 
gim, AB : BC ; : FG : GS ; EB ; BO : : 

1 * U V. <3or. LG : GHj-f that is the sides ^ 
about the equal angles EBO, LGH are propor- 
tintials^ the triong^ !^0, IGH are eimi- 

lar.* For like neasoM the tri- DC K H 

angle BOB, OiK aee aiimlar, /. tAe pd^mio are ^idided inin ike mme number of 
BimiXar trimtgUe. It is now to be proved that these triangles are, each to each, as the 
polygons themselves, and that fhes© are to each other as the squares of their like •sides. 

Because the triangles ABB, PGL are rifnilar, as also BEC, GLH, 

* YJ. triiiagle ABE ; triangle FGL : : BE» : GL®*1 /. ABE : FGL : : BEC : 

t ^ Y, triangle BEO ; triangle GLH : : BE® : GL® 1 OIAI.'t 

Tn like manner, because the similar triangles BEC, GLH, as also the sim'dar triangles 
ECD, LHK, are as EC* to LH®. /. BEC : GLH : : ECD : LlIK, ABE : FGL : . 

* 10 V. BEC • GLH : ! EOB : LHK. ConsoquenCy,* ABE : FGL ; : polygon 

1 19 Yl. ABODE : polygon FGHKL ; hut ABE : FGL : . AB^ FG^t /. (2 V.) 

the polygons are to one another as the squares of their homologous sides AB, FG ; similar poly-- 
gonsy See. Q. E. D. 

Cor. Tt follows from this and the corollary to Prop, xix,, that if three straight lines 
he proportionals, the first is to the third as any rectilineal figure upon the first to a 
similar, and similarly described figure upon the second. 

PROPOSITION XXI.— Theouem. 

RedSiineal figures (A, B) which are similar to the same rectilineal figure (0) arc 
also similar to one another. 

Because A is similar to 0, they are equiangular, and have also fhoir sides about the 

♦ Def. 1 VI. equal angles proportionals.* 

Again, because B is similar to 0, they also arc equiangular, and have Gieir sides 
about the equal angles proportionals, .'.A, B arc each of them equiangular to 0, and 
have their sides about the equal angles of each of them and of 0 proportionals j 

A, 0 are equiangular, and have their sides about the equal angles propnr- 

t 2 V. tionals ;t A, B are similar figures ;♦ rectilinear figures^ &c, G. E. D. 

PROPOSITION XXII.— Thborrm. 

If fdnr straight linos (AB, CD, EF, GH) are proportionals, the similar rectilineal 
figures, similarly described upon thorn, are also proportionals : and if the similar and 
similarly described rectilineal figures upon four straight lines are proi>ortionols, the 
alsotaiw pfroportianals. 

Bzsawr AK, OLy middag«&y«qu«i angles witii AB, CD ; 'inake4dfl» AK asEF, and 
CL = GH ; draw KB, LD. 

By ^ffodkei&o Hsft omuitnaeiioa AB : AK : : CB : GL ; and 41i6 Ay G are 

• C VI. equal ; KAB, LCD are equiangular ;* 
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: : ^aeumglQ : tnongle iJQBt ) A£^ : : : AK> ^ 

: Cij* : :1s4is^ ILIB : tBki^ ) CJJ,* 

But a poilfgin oa AS : similar ^^rgonim 
CD t : AB* : CD* ; and polygon on AK : simi- 
lar polygon on CL : ; AK* ; CL* j polygon on 
AB : sim. polygon on Ct) : : polygon on EF : 
eim. polygon m GH. 

Again, let the last proportion have place, then 
AB : CD : : » : OH. 

Make equal angles at A and C, as before, as also AK =r EF ; and as AB is to CD, 
+ 12YI. so make AK to CL;t then the tiaimgles KAB, LCD are eqnian- 
* 6 VI. gular ;* and as proved above, AB* : CD® : * AK® : CL* ; but AK s= 
EF, AB® : CD® : : EF® ; CL®. But by h 3 q)., the polygons on AB, CD, EF, GH 
are proportionals, and therefore, since similar polygons arc as the squares of their like 
t 20 VI. sidesf AB® : CD® : ; EF® : GH® ; CL = GH.* But bytmiistasujOtion, 
^ 9 V. Cor. 2. the four lines AB, CD, AK, OL, ore propoftionalB ; the four Him AB, 
CD, EF, GH are proportionals ; if four straight iinesy &c. Q. E. D. 



PROPOSITION XXIII.-THnoBiaL 

EquifluguSar parallelograms (AC, DF) are to each other as the rectangles of their 
containing sides (AB*BC and DE*EF). 

Draw AG, DII, perpendiculars to BC, EF. Then because parallelograms on the 
same base and between the same parallels are equal, AC=AG’BC, and DFssDH'EF. 
Also the rectangles AG*BC, AB*BC having 
the same altitude BC, ore to each other as their 
bases, AG, AB. In like manner, the rectangles 
DH'EF, DE'EF are to each other as their 

*1VI. bases DH, DE.* But the tri- 
angles ABG, DEH having the angles at B and G 
respectively equal to those at E and H, are equiangular; 

+ 4 VI. DH : DE.f AG BC : AB BC 

*11V. AGBC : DHEF:: AB'BC 


c r. II F 
AG : AB •: 


DH'EF : DE'EF, and alternately* 
DE'EF ; that is, the parallelograms 
AC, DF arc to each other as the rcci^<7wy/c5 AB'BC, DE'EF of iheir containing sides; 
e<juiangular paralleiograms, &c, Q. E. D. 


PROPOSITION XXIV.— Thbobism. 

Parallelograms (EG, HK) about the diagonal (AC) of a parallelogncm (DB) are 
similar to the whole, and to one another. 

+ 29 I. Because DC, GF are parallels, the angle ADCssrAGF ;t and because 
BC, EF are parallels, ABCz=AEF; and eajch of tho angles 
BCD, EFG is equal to the opposite angle DAB ; BCD = EFG ; 

the parallelograms BD, EG are equiangular. And because 
the angle ABC = AEF, and that BAC is common to the two 
tmnglM BAC, EAP, they are equiangular; AB : BC :: 

* 4 Vl, AE ^ EF ;* •flrat is, the opposite ades of par«dMo- 


grwnsheiD^ equdl, AB ; AD 
DO : CB 
CD : DA 


AE 

GF 


AG^ fho sides of tho 



FE > equiangular paral- 
FG ; GA/ lelograms ED, ahoutdhe^qBal angles, 
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arc proportionids : the paralldogramfl are therefore siimlar. For like reasons, the 
paraUelograoui BD, HK are similar ; eocA of tho parallcloprams EG, HK i$ ownlvr to 
* 21 VI. BD : ihoy are therefore oimUerr to each other ;♦ .’.parall^reme^ &c. Q. E. D. 


PROPOSITION XXV.-Pkoblbm. 


To describe a rectilineal figure which shall be similar to one (P) and equal to 
another given rectilineal figure (D). 

+ 45 1. Cor. Upon BC, a side of the given figure, describe the parallelogram BE=P ; f 

and upon CE describe the parallelogram OMsa;B, 
and having the angle FOE =s CBL ; then LBC 
-P ECB = two right angles, FCE +ECBs=: 
two right angles, BC, OF are in a straight 

♦ 14 1. line;* so also for like reasons 
are LE, EM. Between BC, CF find a mean 

+ 18 VI. proportional GII;t and upon it 
describe the rectilineal figure Q, similar and 

* 18 XI. similarly situated to the figure P,* 

Q shall be the figure required. 

20 VI Cor. Because BC : GH : : GH : CF, BC : CF : : P : Q ;t but BC • 
CF BE : EF; P . Q : : BE . EF; and P = BE, Q = EF; but EF=:D, 

Q = D, and it is similar to P : which was to be done. 



PROPOSITION XXVI.— Theorem. 

If two similar paraRelograras (BD, EG) have a common angle (at A) and be simi- 
larly situated, they are about the same diagonal. 

For if not, let, if possible, the parallelogram BD have its diagonal AIIC in a different 
straight lino from AF, the diagonal of EG ; and let GF, or GF j) 

prolonged, meet AHC in H, and draw HK parallel to DA, or 
CB. Then BD, KG being about the same diagonal are similar, 

• Hyp. da : AB ; : GA : AK ; but BD, EG arc similar;* 

DA : AB : : GA: AE; GA : AE : : GA : AK; AK = 

AE, which is impossible; BD, KG are not about the same 

diagonal, that is the diagonal of BD cannot be in a different 
straight line from that of EG, the paredlelogratns are about 
the same diagonal; if two similar parall^ograms^ &c. Q. E. D. 



PROPOSITION XXVII.— Theobem. 

Of all the rectangles contained by the segments of a given straight line, the greatest 
is the reetangle of the two equal parts of the line ; that is, the square of Mf the 
line. 


This is an obriens corollary from Proposition V., Book II., as already notioed at page 93. The 
oorresponding Propoution of Euclid is long and complicated, and Propositions XXVHI., 
XXIX., are still more so. Playfair, in his edition of the Elements, has therefore replaced 
these three Propositions by others of a simpler character ; and his example Is followed 
here ; bat the demonetratioss of the next two Propositions will be found still simpler 
than those of Flayfidr. 




PROPOSmOK 

To divide a given straight line (AB), so that the rectangle contained hy its seg- 
ments may bo equal to a given square (C*), not greater than the square ofhalf the line. 

*101. Bisect AB in Dj* then must AD be 

cither = C, or 7 C. If AD = C, the thing required is 
done; but if AD 7 C, draw DF perpendicular to 

1 11 1. AB,t and make DE = 0 , as also DF = 

AD. With centre D and radius DF describe a circle f the 
circumference must pass through the points A, B, because 

DA, DF, DB arc (by Const.) equal. Draw EP, parallel Aj .D G B 

to AB, meeting the circumference in P ; and draw PG parallel to ED ; then G will be 
the point of division required. 

♦ 34 1 For (Const.) EG is a rectangle, /. PG r= ED ;♦ but ED = C (Const.) 

1 13 vi. PG = C : hut AG GB = PG%t AG GB = C^, AB is dkm 

In G, so that AG*GB = C-; which was to be done. 

PROPOSITION XXIX.— PnoBLEM. 

To prolong a given straight line (AB), so that the rectangle contained by the seg- 
ments between the extremities of the given line, and the point to which it is prolonged, 
may be equal to a given square (C*). 

Bisect AB in D, draw BE perpendicular to it, and make BE = C ; draw DE, and 
with centre D and radius DE, describe a circle meeting 
AB prolonged in G, F ; then will AG’GB = C*. Because 
D is the centre of the circle FEG, DF = DG ; and (Cemst.) 

DA = DB, AF = BG. To each of these add AB, then 

♦ 13 VI. FB = AG. But FB BG = BE%* AG GB 
= BE® = C^, AB isproUniged to G, so that AO'GB = 

C®; which was to bo done. 

PROPOSITION XXX.— Pboblem. 

To cut a given straight lino (AB) in extreme and mean ratio. 

Divide AB in C, so that the rectangle AB*BC maybe equal ^ 1 

+ 11 II. to AC" ;t then because AB'BC = AC®, 

M7VI. AB : AC : ; AC ; BC;* AB is cut in ^ ® 

+ Def. 3, VI. extreme and mean ratio ;t which was to be done. 

Kotk.— A n example is here famished of the way in which pairs of inoommensurableUnea may 
bo found at pleasure. It was proved (Prop. XXIIX., Book V.), that if two lines AB, AC, 
are such that AB ; AC : ; AC : BC' (= AB — AC), then AB, .VC, are incommensurable. 
It would be impossible, therefore, to express the two lines AB, AC, accurately by num- 
bers ; and it is thus that a theory of proportion, sulficiently comprehensive for the 
demands of geometry, could never bo rigorously established by aid of numbers only : the 
botes of the proposed triangles in Proposition I, of this book, might, for aught we know to 
the eontrary, be related as the lines AB, AC above ; and therefore could not be nnmwU 
oally expressed. 

PROPOSITION XXXI.-Th£oeem. 

In a lig^ht angled triangle (ABC) the rectilineal figure described upon the side (BC) 
opposite to the right ang^e, is equal to the aimilar and similarly situated figures 
described upon the sides (AB, AC) containing the right angle. 
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* 20 VI. For figure o»l AB ; figuro m AC :: AB? : therefore fig. oa AB -f fig. 

+ 13 V. oaAO i fig. GOI AC : : AB*+>.G* : AC«,t 

that fig. oa AB + fig, w AC : %, oa AC : : 

BC* : AC*. But fig, on BC : fig. on AC : : 

* 2 V. BC2 : AC* ; consequently,* fig. on 
AB fig. on AC : fig. on AC ; : fig. on BC : fig. on 
AC, the consequents being equal, the anto- 

t 9 V. Cor. codents are equal, f j?y. &ft AB + 
on AC z=.Jig. BC ; t« a right angle triangle^ 

Sas, Q. E.D. 

PBOPOSmOK XXXII.— T 

If two triangles (ABC, DCE) which have two sides (BA, AC) of the one propor- 
tional to two sides (CD, BE) of the other he joined at an angle, so as to hare their 
homologous sides (AB, BQ, and AC, BE) parallel to one another, the remaining sides 
(BC, CE) shall be in a straight line. 

Because AB is parallel to BC, and AC meets them, the angle BAG = ACB ; for a 
similar reason CBE = ACB *, BAG = CBE. And beoause 
the triangles ABC, BCE have an angle A := B, and the sides 
about those angles proportionals, namely, BA : AC : : CB : 

* Hyp. BE,* the triangles ABC, BCE, are equian- 
^ 6 VI. gular ;t angle ABC == BCE \ and it was 

proved that BAG = ACB, ACE = ABC -f BAC. Add 
ACB to each, ACE -f- ACB = ABC BAC + ACB = 
two right angles; that is, at the point C, in AC, the two 
straight lines CB, CE, on opposite sides of it, make the adjacent angles ACE, ACB, 
together equal to two right angles ; CB, CE, are in a straight line ; if 1m frimglee^ 
&c. aE.B. 

PROPOSITION* XXXIII.—Thbouem. 




In equal circles (ABL, BEN), angles (BGC, EIIF) at the centres or (BAC, EDF) at 
the circumferences arc to one another as the axes (BC, EF) upon which they stand ; and 
so also are the sectors (BGC, EIIF). 

Note.— I n the following demonstratioxi, by “ the angle BGL ” must bo understood ** the sum 
of the angles BGC, CGK, &c. ;*» and by “the angle EHN,” "the Bum of the Angles 
EHF, FHM, &c.” 


Take any number of arcs, CK, KX, each equal to BC ; and any number FM, MN, 
each equal to EF; and draw GK, GL; nM, HN; then the angles at G are all 
• IIL equal,* .*. whatever multiple BL is of BC, the same multiple is the angle 
BGL of BGC. For a similar reason, 
whatever multiple EN is of EF, the 
same multiple is the angle EHN of 
EHF; dtoo if BL =:EN, then BGL 
= EHN; if BL 7 EN, then BGL 
7 EHN ; and if BL ^ EN, then 
BGL < EHN. Consequently (Bcf. 

V. p. 136) BC : EF : : BGC : EHF; 
and ones the aagles A^ B, ace the 
halves of BGC, EHF, eaeh of each,, 

* BC : EF : : A : B ; mghe emm ikaareaan which ikeg shmd. 






m 


Jnsfimy Ukut matam BG€, CGE, SOL aa» 0(|ixai ; for it is tnaanfost that^ if app!!eA^ 
(m» anotbeer^ tkef wouM ooimfside ; in lilee asazmer seotors £HF, FHM, taee 

also equal ; consequently, if in tho preceding demonstrsfaoa are Sttktatitttted 

fear ** angles/* the omutoion will be tliat B€ : £F : ; sector BOO * sector %IF. 
m eqml mvkt, &c. ^ £i D. 


I shall eoneltiiit this toeatise with two supj^eioexitary propositioits of hrtorest. 

1. The diagonal and aide of a square are ittcommenauraMe, 

Let B D he a aqnare ; the diagonal A C is moommenstxraldte with its side A Bl! 

With.C aaeentreaxid G B ae radius, describe the semieircle ^ 

F B E : then ABC being a right angle, A B touches the /\ 

circle (1ft IIL) ; (36 in.) A E-AF = A B* (17 VI.) / \ 

A E : A B ; : A B : A F ; /. (28 V.) the lines A E, A B are ^ (r/ ^ 

motmunensiiniblfl, . • . A C, A are dso incommensurable | 

for if these hod a common measure, that measure would like- ^ / 

wise measure A C -f- A B, that is A E ; so that A B, A E Yy / 

would hare a common measure, which is shown to be impos- 
siblc • . • . the diagonal and side of a square are incommensurable, i B 

2. The surface of a regular inaeribed polygon^ md that of a similar circwtucribed 
polygon being given^ to find the awrfaeea of regular maeribed and circumscribed polfgom of 
doaddo the nwnher of aidea. 

Lot ab be a side of an inscribed polygon : the touching lines aA, bC will each be 
half a side of the similar circumscribed polygon, as is evident from what has been shown 
in reforence to the inscribed and circumscribed 


pentagma in Propositions XI. and XII. of Book 
IV., and from what is said at the close of 
Ptop. XVI. Let the surfaces of these two 
polygons be given. The chorda aM, iM, drawn 
to the middle of the arc aM4, will bo sides of an 
inscribed polygon of double the number of sides,, 
and the toueWg lino, BMC, wiU be a side of a 
ainafliM* jcfrcumsczibing polygon, os is evident. 

For brevity, let the surface of the inscribed 
polygon, whose side is abj bo represented by j?, 
and that of the corresponding circumscribed 
pol^^on by P ; also let the inscribed and cir- 
Gumaeribod pDl 3 rgQns of double the number of 



sidea^be denoted by p' and P'. 

' It hiierident tb*t the space OaD is the same part of jv, that 0<cA' is of F,->-4lKat IKilf 
is <dp \ — and that OnBM is of F'; each of these spaces most be repeated esttatly 


the same nnmher of times to oomjdete the polygon to which it belongs : consequents 
sinoe magnitudes am as their like^ multiples or submultiplesy whatever proportteatezbd; 
anumg these spaces, must also exist ameaxg the polygons of which they are 
Now the ri^ht angled triangles OD/r,, OAa, are similar, OD : Oa : : Oa ; OA ; that 
is, OD ; OM : : OM : OA ; and since triangles of the same altitude are to one another 
as their bases, and that the altitude aD is the same for the triangles OD«, OM«f, OAa, 
it follows, from the proportion just deduced, that OD<7 : OMa : OMa : OAa ; that is, the 



blocents of OBOKsaraT. 


numerical measure o£ the sur&oe of the triangle OMa is a mean proportional between 
the measures of CDs, OAa ; consequently iho mrfao$ of th« poison p' it a mean proper- 
tional hetwen ike surfaces of p and P. 

Again, the right angled triaixg^es ODo, BMA, are also similar, /. OB : Os : : BM 
: BA ; that is, OB : OM : : sB : BA ; consequently, sinoe the altitude aB is the same 
for the triangles OBs, OMa, and the altitude Oa, the same for the triangles OaB, OBA, 
and that triangles of the same altitude ai^ to each other as their bases, it follows that 
OBa : OMa : : OaB : OBA ; (13 and 6 V.) OBa -f OMa : 20B« : : OaB + OBA : 20aB ; 

P -h P* • 2p : : P r F 

The two conclusions now obtained are sufficient to enable us to compute tiie surfaces of 
inseribed and circumscribed regular polygons of 8, 16, 32, &c. sides, from having the 
surfaces of the inscribed and circumscribed squares already given. Thus, let the radius 
of the circle ho numerically represented by 1, then if the given inscribed and cireum- 
scribed polygons (p, P) be squares^ the aide of the former will bo 2, and that of the 
latter 2 ; and their surfaces will be 2 and 4 respectively ; and, from what is proved 
above, the surface of the regular eight-sided inseribed polygon {p*) will he a mean 
between the two squares p, P, p' = 8 = 2’8284271. Again, for the surface of 

the eight-sided ciratmser^d polygon (F) the proportion p p' : 2p : : P : F, gives 
2p. P 16 16 ^ , 

“iP+y “ 2 + v'8 ~ 4-8284271 “ 3-313708o 
And from those numerical expressions for the surfaces of inscribed and circumscribed 
polygons of eight sides, we may evidently, by repeating the operation, and substituting 
the values just obtained for p and P, deduce the 

numerical expressions for the surfaces of the Surf, of in., pel. Surf.ofcirc.pol. 

• . .j 1 j . 4 20000000 40000000 

sixteen-sided polygons, and so on to any ^ 2*8284271 3*3137085 

extent: the results are as in the annexed jg 3*0614674 3*1825979 

table, which was in part given at page 127. 32 3*1214451 3*1517249 

From these numerical values for the sur- 64 3*1365485 3*1441184 

faces of the inscribed and circumscribed pdy- 128 3*1403311 3*1422236 

it appears that number of the 256 3-1412772 3-1417504 

sides 18 so great as 32768, the two polygons ,024 8-1415729 3-1416025 

differ so little from one another, that Aeir 2048 3-1415877 3-1415961 

numerical mcasiures, as far as seven places of 4096 3*1415914 3*1415933 

docimals, arc absolutely the same. Now the 8192 3*1415923 3*1415928 

cii*^ with which these polygons arc eon. «;}«««« 

noctod, IS manifestly between tiu two, as to 

amount of surface; being greater than the inscribed polygon, and less than the circum- 
scribed one ; consequently the surface of the circle must difror less from that of either 
polygon than the polygons differ from each other ; and as the polygons themselves 
djffHT in numerical measure only, after the seventh decimal of the number 3*1415926, &c., 
it fcllaw# that this number, as far as the decimals extend, is the numei-ical expression 
for the surliftce of a circle whose radius is 1. By carrying on the foreg(^g process, 
the expcfiMion for the surface is found to be 3*141592653589793, &c. It wiU be 
proved hemfter that these decimals can never terminate. 


.of sides. 

6arf.ofins.pol. 

Surf, of circ. pol. 

4 

2-0000000 

40000000 

8 

2*8284271 

3*3137085 

16 

3*0614674 

3*1825979 

32 

3*1214451 

3*1517249 

64 

3-1365485 

3*1441184 

128 

3*1403311 

3*1422236 

256 

3*1412772 

3*1417504 

512 

3*1415138 

3 1416321 

1024 

3*1415729 

8*1416025 

2048 

3*1415877 

3*1415951 

4096 

3*1415914 

3*1415933 

8192 

3*1415923 

3*1415928 

16384 

3*1416925 

3*1415927 

32768 

3*1416926 

3*1415926 


[For a variety of Exercises on Bodi VI., see Bland’s Geometrical Problems.] 
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ALGEBRA. 

PRELXXINABT BBiCARSfl. 

Although in tlie present dmmtary course of Mathematics tiie Principles of Geometry 
have been placed before this treatise, yet there is no neoessity to defer the study of 
Algebra till Geometry has been acquired It would be advisaUe for a learner, after 
some acquaintance with a bodk or two of Euclid, to combine Geometry and Algebra 
together. The former subject, os it is indepmident of all previous knowledge of science, 
may be entered upon by any one who is familiar with ordinary language ; he may bo 
ignorant of even the multiplication table, and yet be able to master all the propositions 
in Euclid But the study of Algebra requires a previous acquaintance with the prin- 
ciples of common Arithmetic ; it is upon these principles that its operations are based, 
and the processes of Algebra are, for the most part, only the processes of Arithmetic, 
extended and rendered more comprehensive by the aid of a new set of symbols, taken 
in combination with the well-known 83 rmbols of Arithmetio. The symbols of Aiithmetio 
are the figures of Arithmetic 1, 2, 3, &o. ; and the new symbols introduced by Algebra 
are the letters of the alphabet, d, c, &c. As noticed at page 6, the peculiar marks or 
symbols employed in any science constitute the notation of that science ; the notation 
of Algebra is therefore (5f a mixed character, consisting of the figures of Arithmetic 
and of the letters of the alphabet. The letters may be regarded as standing ior figures^ 
and the reason why figures alone will not enable us to do aU that Algebra will, is 
that a figure always has a fixed and invariable signification : thus, a 3 or a 6, or a 7, 
conveys the same moaning to everybody — ^no one uses the mark or symbol 8 to denote 
anything but three. But a letter^ as a, or b, may be used to denote any figure whatever : 
a 3, or a 4, or a 7, &c. ; and it may therefore be made to stand even for a figure whose 
value may be unknown to us, and which value it may be the object of the inquiry to 
discover. This is one of the principal advantages of algebraical notation ; that part of 
tbifl notation, which is borrowed from Arilhmetic, enables us to express the known 
figures in any mathematical investigation, by marks intelligible to all ; while the other 
part, the lett^, enables us to represent the figures or quantities, at the outset unknown^ 
but which it is the object of the problem to determine. 

But besides the marks or symbols of jiwMftVy— the figures and letters—other marks 
are introduced into the notation, as signs of operation. Some of these are used alike, 
both in Arithmetic and in Algebra— as the sign (+) for addition, the sign (— ) for sub- 
traction, and one or two others with which the reader of the Arithmetic must be already 
familiar. The signs of operation in most frequent request in Algebra we shall now 
explain, and shall give a few easy examples of their application before entering on the 
formal rules of the science. We wish the reader to understand, at the outset, that we 
are about to exhibit the first principles of Algebra to mere beginners, to persons who, 
as yet, know nothing at all of the subject. Some experience in elementaiy teaching 
has convinced us that, to succeed in an undertaking of this kind, the instructor must 
forego all self-importance, descend to the level of his pupil, and, as it were, sit femiliarly 
down by his side, and address him in that rimple and unadorned style that no intelli- 
gent schoolboy can fail to understand. We shall endeavour, therefore, to be very plain 
and simple in the language employed ; and, the better to gain the leameris confidence 
and attention, shall, as in the Arithmetic, always give whatever explanations we have 
to offer in the first person. 
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DEFUfmONS JLND EXPL^WA-t^OaSB OF FIHST PBINCIPLES. 

You already know, from arithmetic, that numbers arc of two kinds : — abstract num- 
bers, and concrete numbers. An abstract number is simply a Jiffurcj or number formed 
by two or more dgures : thus, 3, 23, 147, &c,, are abstract xuunbers ; but 3 os., 23//., 
£147^ are concrete numbers. Abstract numbers merely denote how many times or repeti^ 
titmsi and accordingly whenever you use a mtltiplierf you use an abstract number. 
Oonoxete numbers denote how many things; and some mark or symbol, to tell us what 
the {things are, must always be joined to the figure or hguxes which tell us the number 
of The mark or symbol os,, as you know, moans ounces ; the symbol //,, feet ; 

and £ stands fen* pounds^ in money. In algebra, letters are used to stand for numbers, 
whether they be {d)stxaot or concrete. Instead of writing down the abstract numbmr, 23, 
a letter, a, for instance, may be put to represent 23 ; in like manner, instead of writing 
down the concrete number 23 //., a single letter may bo xnade to stand for it. You see, 
tbere&re, that a letter serves for a number of either kind, while a figure must have a 
partioular symbol joined to it when a concrete quantity is to be represented. 

It is the business of a teacher of algebra to show how the operations earned on in 
arithmetic, by the help of figures alone ^ may be conducted with figures and letters both. 
The letters, as just noticed, representing numbers, whether abstract or concrete, are 
called sgmbols of qumtiiy ; and the marks or signs which indicate operations performed 
with the letters, are called signe of operation. I am now to explain to you some of these 
signs of operation : most of them, however, have been used in the Arithmetic. 

The mark + is the sign of addition ; whenever you see it put before a number or 
letter, you are to understand that the addition of whatever that number or letter 
signifies is meant : thus, 7 + 3, which is road 7 plMs 3, denotes that the 3 is to be added 
to the 7 ; in like manner, <> + ^, that is, a plus bj signifies that the ^ is to bo added to 
the a : but you will ask— how can a ^ be added to an a ? My reply to this is that a 
and h both stazMl for numbers, abstract or concrete ; and although I say, according to 
custom, that ^ is to be added to a,** what I really mean is that the number repre- 
sented by ^ is to be added to the number represented by a. In the case of 7 plus 3, that 
is, of 7 + 3, 1 can obey the direction of the sign of operation, and I know that 10 is 
the result ; but in the case oi a -\-b,l cannot obey the direction of the sign till I know 
the mteipretation of a and b : I can only indicate the addition — I csjmot perfotyn it. 

The sign — is the sign of subtraction : whenever it is placed before a quantity, it 
indicates that that quantity is to be subtracted : thus, 7 — 3, which is read 7 minus 3, 
means that 3 is to be subtracted firom 7 ; and, in like manner, a-^h means that ^ is to 
be subtracted from a. In the case of 7 — 3, the result of the subtraction is 4 ; the 
result ofa^b cannot be given so long as the numbers, represented by a and b, remain 
ooncMded or unknown. 

The sign X placed between two quantities denotes the muUipUcaMon of those quan- 
tities toge^ker ; it is called the sign of muUipUeation; thus, 7X3 means that 7 and 3 
are to be multiplied together ; and, in like manner, aXb means theproduot^of aand^. 
In tilm oAse of 7 X <3, the result or product is 21 ; in the case of « X the result 
reomins unknosm tiHl the number represented by the multipHcr is stated. Every mul- 
t^lier, as you are aware, must be an abstract number ; if a stand for the Abstract 
number tlmn ay,biaby.b\ that is, fi times b, whatever b may stand ibr. The 
sign just es^laiaed is not akoayt used to indicate multiplication ; instead of it n do/, 
placed bet-w een the two quantities, is often cmidoyed to mean the eame eperation ; 
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thus, 7,3 and a,h mean the same as 7 X 3 and nx b \ and, in the case of letters^ even 
this sign is usually omitted, and the letters simply written side by side, without any 
intervening mark jfor multiplication at all ; thus ab, a.b, and « X aH equally mean 
the product of a and 4. When figures are to be multiplied, some sign for multiplication 
must be put between them, to prevent misunderstanding ; if, when we meant 7x3, 
or 7.8, we put merely 73, we shouft be thought to mean seventp^three^ instead of 
twenty-one. 

The sign placed before a quantity, denotes division by that quantity : it is called 
the sign of division ; thus, 12 -f- 4 means 12 divided by four, and a-^b means a divided 
by b. Bivision is otherwise indicated by writing the dividend above, and the divisor 

.12 

below a diort line, as in the notation for a fraction : thus, 12 -r- 4 and ^ mean the 

a 

same thing ; as also do a <4- ^ and-y . As in the former instances, so here, the opera- 
tion can be only indicated^ not actually performed,^ except in the case of numbers. 

The sign = stands for the words equal to ; it is called the sign of equality : thus, 
5 -j- 2 =: 7 is a brief way of saying that 5 plus 2 are equal to 7 ; and 5 — 2 = 3 
states, in like manner, that 5 minus 2 is equal to 3. Also 4j;-4“2a; = 6a', states that 
four times x plus twice x are equal to six times x ; and 4a; — 2a? = 2aj, expresses, in 
symbols, that four times x minus twice x is equal to twice x. 

A figure^ or number, prefixed to a letter, as a multipUery is called the coefficient of 
that letter ; thus, 4 is the ooeflElcient of a; in the quantity 4 x ; and 6 is^ the coefficient 
of a; in 6x. In like manner, 8 is the coefficient of xy in the quantity Sxy^ and 23 is the 
coefficient of xys in the quantity 2Zxyz. 

Every quantity which, like each of those just noticed, is not separated into parts by 
any plus or minus sign, is called a simple quantity or a simple expression — or it is said 
to consist of but a single term. But when a quantity is made up of parts, linked toge- 
ther by plus or minus signs, the quantity is called a cofnpound quantity,, or a compound 
expression. The following are simple expressions : they each consist of but one term, 

2ab dahx 

4aa;, laby^ lixyz^ — y-, , Zlamnxz^ &o. 

The following are compound expressions : the first consists of two temu^ the second 
of throe terms, and the third of four terms. 

5a --25, Zax -J- 55y — 42, Itaxy — 2dmx + ben. 

qX 

You thus see what in Algebra is meant by a term and an exprnsim ; the first row of 
quantities above is fbrmed by six distinct expressums^ each expression consisting of only 
one term : the £KiCond row is formed by three expressions, of which the first consists of 
two terms, the second of three terms, the third of four terms. The first row is a 
row of simple expressions, the second a row of compound expressions. 

I shall now give you a few easy exercises by which you may prove to yootself 
whether you fully understand the meaning of the signs already explained. You must net 
forget that whenever two or more quantitms are placed side by side, without any sign 
of operation between th em , the tmUt^plioation of those quantities^ or rather of the 
nwhbere they represent, is always meant 
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NoT«.-->In these exercises aa4,i&s2»os=S»<iss5yW338,nsl« 


JUl that yon haye to do is to give these interpretations to the letteza, thus translating 
the algebra into arithmetic, and then to put dowaMhe numerical value of each expression. 
In ease 1 should be misunderstood, I will here show you how to deal with example 4 ; 
that is, with 21m->9<f. As m is presumed to stand for 8, and d for 5, the translation 
of the expression is 21X8 — 9X8; that is, 108 — 48 =: 63, which is the numerical 
value of the proposed expression, on the supposition that m and d stand for 8 and 6 
respectively. And in a similar manner are all the other examples to be treated. Do 
not forget that when the multiplication of ntmbera is indicated, the mvltipliwtwn sign 
must be interposed between them. 

Find the values in numbers of the following expressions . — 


1. 3a + 4c* 

2. Be — 2a 

3. 13n + A 

4. 21m -9<i 

8. 7d+4n~2a 

6. 3a + 46 - 6c 

7. 6m Bn — 8b 

8. 14 ~ 8c -f* m 

9. 116 + n ~ 13 

10. — 4d 4- 6m — 2« 


11. 

3m g _ m 


T 1 


Ba 4d 

12. 

F T- 

13. 

2a + 3i 

^ + « -n 

14. 

8a - « + 6r - 2 

10 


15. 3a6 + <foi — 56 4- 6cn — 9x2 
3dm 

16* 2ci6ia — 8cdm + g 4* ad 


17. 


18. 


Bam — 26c 4 - » — 49 
140 

24 5a6c 60 m + » 
m 24 ~ 6cd 26+^ 


The first ten of these exercises are free firom fractions : the next four all contain 
algebraic fractions ’ the fourteenth is a single fi*act:on ; it is an algebraic expression con- 
sisting of but am term. The numerator of this expression is, however, a compound 
quantity, as it is made up of simple quantities, united together by the signs + and—. 
The leading term in each of the above expressions, with the exception of Exercise 10, 
has no sign prefixed to it. You must talcc notice that a term, without any prefixed 
sign, is always to be regarded as plus : the actual insertion of the +> before a leading 
term, is unnecessary ; since, when it is minusy the sign — is always put before it. The 
jfdus quantities are all called positive quantities, and the mintis quantities, negative 
quantities. There is another thing which you must also take note of. You know that 
the numerieal multiplier prefixed to a letter, or to a group of letters, is called the comment 
of the letter or letters connected with it. Now, although no coefficient should appear 
before a letter, you are not to say that the coefficient is mthingy any more than you arc 
to say, when the plus sign is absent, that the eign is nothing : the second term in 
Exercise 3, is 4 * 8 , that is, plus once by and the coefficient 1 , although not actually 
written, is to bo understood. If the question were asked, therefore, you should say 
that the coefficient of the6 is 1 : this 1 is omitted foom before the 6 on the same prin- 
ciple that the + is omitted firom before the 13a ; the insertion of either would add to the 
number of symbols, without a dding any clearness to the meaning of the expression ; for 

• The Answers to all the Exercises and Questione in this Treatise will be found at the end of the 
purely algebraical portion of the volume. 
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13w + h can nerer be mistalcen for anytbiiig but + 13« + is ihirUm Umei n 

plus b; or, as an algebraist would read it, thirteen n plus b ; the word times being sup- 
pressed. Exercise 15 would be read thus : tJ^ree b; plus m; minus Jke b; plus six 
Cj n ; minus twice nine^ or 9 times 2. 

1 dare say, from your recollection of the terms employed in common arithmetic, that 
you know the meaning of the word factor : the numbers which, multiplied together, give a 
product^ are called factors of that product : so here, in algebra, every mvUiplier is a factor : 
thus the factors of 5axy are 5, a, x, and y : the factors of beyz are 5, and z. A pro- 
duct, you know, is not altered by changing the order of its factors ; tfre following different 
arrangements of the factors all imply the same product ; hey&f byez^ eyzb^ &c. &o. ; but 
it is usual, when letters arc the factors, to write them one after another in the order in 
which they follow in the alphabet ; so that the first of the above aixongemonts would 
be that generally adopted. In a similar way, since quantities oonneQted together, some 
by the additive or positive sign, and others by the subtractive or negative sign, furnish 
the same result, in whatever order they succeed one another, the order fixed upon is 
mere matter of accident or choice : Exercise 10, above, is the same expression whether 
written 

— -f* 5w — 2«, or bm — — 2w, or — 2m — 4rf + bm ; 

l)ut the second of these ways would be preferred simply because a sign is thus saved- 
Thc leading term there positive, the leading sign •+* is dispensed with. 

I think, from the explanations that have now been given, and from the practice 
afforded to you by the exercises you have already worked, that you must perceive this 
fact— namely, that although the sign + before an algebraic quantity is a direction for 
you to add, and the sign — a direction to subtract, yet you cannot, in general, obey 
these directions till the algebi-a is converted into arithmetic, by a translation of the 
tetters into number's. But in many cases you can actually add and subtract, though you 
icmain in utter ignorance as to the meaning of the Utters; there is such a th^ os 
addition of algebra os well as addition of common numbers ; and subtraction of algebra 
as well as arithmetical subtraction. I am now going to introduce you to these opera- 
tions ; you will at once see how it happens that you can actually perform the operations 
indicated by + and — , even upon quantities whose values are unknown, by my show- 
ing you a simple instance or two, as I shall now do, before proceeding to Rules. 
♦Suppose you have such an expression as bax + Zax — + 2ax — ax', you 

would surely not require to know what ax stands for, before you could perform the 
operations indicated by the signs ; you would say to yourself— whatever thing ax may 
represent, 5 of them plus 3 of them must make 8 of those things : 8 of them minus 7 
of thorn loaves otw ; this, with the two of them following, make 3 of them, which 
diminished by one, gives 2 of the things, whatever they be, as the amount of the whole 
row ; you would thus be sure that the result is %ax \ that is, you would state with con- 
fidence that 

box + Zax — Tax 2ax —* era; = *lax. 

You have been able to r^uoe the eompomd egression on the left of the sign of equa- 
lity to the simple expression on the right, solely because the several quantities in the 
compound expression are like qumtities ; that is, they differ in nothing excejrt in ee- 
ejieient and in sign; the letters are the same in alL It is only when the terms of a com- 
pound eaq)rcssion ai’o unlike quantities that the operations indicated by + and — cannot 
be performed till the values of the letters are stated. You will no doubt be able of 
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yourself to put the proper suuple value, on the rig^t of the Big;n of equality in each oi 
the following oaaes : 

L 2xy — 4jy -f ISay + Say = 2. — aar« — laxz 4- lloassr + axt « 

3. 9m>M7 + Gnmar — ISfMfur = 4. — 6^— 2^ = 

AI>I>ITrON. 

Addition of algebra is the finding the amount of a set of quantities, of which some 
are addUtive^ and the others mbtractive. It differs, therefore, from' addition in common 
arithmetic in this ; that, in the latter operation aU the numbers are additive. Addition 
of algebra therefore combines the two operations which, in arithmetic, are called addi- 
tion and subtraction. 

Case the quantities to he added are aU like quantities. 

Rum 1. Find the sum of the positive coefficients. 

2. Find the sum of the negative coefficients. 

3. Take the difference of these two sums, and prefix to that difference the sign 

belonging to the greater sum. 

4. Annex to the difference the letters common to all the quantities, and the | 

correct sum will be obtained. I 


1. 

2. 

3. 

3a 

7x 

6ay 

5a 


2ay 

-2a 


— bay 

7a 

13ar 


-4a 

— X 

-day 

9a 

14x 

— bay 


4 5. 

+ Sfty haxz — %hcy 

3ajr — 2^ ~ 6ai'x — 2Acy 

— f>ax -f 46y 2arz -f bbey 

Aax —by — Zaxz — bey 

Qax + Iby — 4aa» -f Mtcy 

Wax 4- 1 Iby — 6a;?:z+ 3bcy 


The fourth and fifth of these examples each consists of two vertical rows of lihe 
quantities; the Jirstrow is always that which is Jirst computed; so that in algebra we 
begin with the column at which, in arithmetic, we end. The reason why the columna 
are added up in this order is, that it is more convenient to write the results of the 
several columns, with the projKjr signs, from left to right, than from right to left. 

From carefully looking over these examples, you will see that the only vmh per- 
formed is merely the adding up all the positive coefficients in each column, and all the 
negative coefficients in separate sums, and then writing the difference of these sums for 
the coefficient of the result, prefixing to it the sign belonging to the greater of the two 
sums, and then writing against it the Utters common to all the terms in the column. 
The work, therefore, is purely arithmetical, the Utters in the finished result are simply 
copied from the terms above. 

EXAMPLES FOR EXERCISE. 


1. 

2. 

3. 

4. 

2b 

iax 


Zaxy 

7b 

— 2ax 

Zby 

- axy 

9b 

Zaz 


— 2axy 

lib 

fax 

-6by 

7axy 

-3A 

^2Me 

ny 

— 12ary 


6 . 6 . 

4u 4* Zx Sax — 2bz 

2a -7x 5aa? 4- 8i* 

6a — 2;p — 4a4: — 8i« 

6a + X - 2 oa: + 6 Ac 

X 7ax — 4Ar 


— a — 



Awnioifi. 


m 


7. 

8pgy 4- 3mx — n 
~ imx + 2n 
— 8^y — 2«ur — 5n 
~ 6pqy — 6»nar — * 3» 
^p(jy 4 OwMr + ^ 


10 . 

9acx 4 26«y — 4kg 
2acx — 72«y 4 3kg 
— 4q/cx — 36^ — 2kg 

OCX 4 8^ 

7acx — 5beg 

~ 4&cy - kg 


8 . 

ixgz — 2ab 
Zxgz 4 lob — 6 

— 2a^z — 3ah 4 7 
bxyz — oi — 18 

— 8ayg 4 4a6 4 9 


11 . 

83 4 flic — 174 «p 
babe 4 4mp 
Iz — 2abe — 8m;> 
53 4 9mp 

18/«5c — 2»»/? 
— 4a5c 4 mp 


9. 

— abz 3a; 4 o — 3 

— 2d&3 4 X — 2a 

— 4a63 — 7 jp 4 2 
babz — 18ie 4 4a 

llodg 4 6a 


12 . 

Z4kt/ — 3»n3 4 2abc 

— I3ky 4 97?i3 — 8abc 

— 5mz 

4kg 4 6m3 — 3a5c 

— 5ky 4 7abc 

2ky — ll«i3 — obc 


Add together the following quantities : — 

13. 7abz — 3cey 4 2ma;, 3a53 — 7mXf 4ceg 4 fnx, 9mx. 

14. 2^a; 4 6pqy — 13, Spqy 4 11» 7gx — 3gx — pqy^ 17. 

15. 3kry, lab — c, 3axy 4 2ah 4 5«, — axy — bah — 2c. 

16. bxyz - 2am 4 Zhn, lam - 75n, Qxyz — bn, 4am - bln. 

17. 6bcx+ 3ny, Imz, - 3ny, 26cx- ny, 5ny - 3mz, - 2mz. 

18. 9exz — 18, Ihcy 4 4, 6€X3 - 45cy 4 It 135cy ~ 3, 4exz - bey. 

19. ~ 4mpy - 2ax + 3, - box -7, 3mpy - 2, mpy 4 Scar 4 6. 

20. — cgx — 4, — Gab 4 2, 3cyx — ab — 6, 17t 4 7ab, — 13. 


Case II. — the qmntities to he added are not all like quantities. 

■When rows of quantities are arranged one under another, so as to present a set of 
vertical columns, as in examples 1 to 12 above, if the vertical rows are not rows of like 
quantities, then you will have carofiiUy to examine all the rows, and to pick out from 
among them the different sets of like quantities, and add them together as before ; those 
quantities that have no like, must be merely connected with their signs to the sums thus 
found ; for wo cannot actually add or subtract when the quantities are unlike. The 
following is the rule. 

Eule. — Add together the different sets of like quantities ; and put down each sepa- 
rate result, exactly as in the last case ; then, to the sum thus found, connect, by the 
signs belonging to them, the remaining unlike quantities. 

Although it matters not in what order a row of algebraical terms is written, yet in 
addition, it is usual to commence with the quantity at the top of the left hand column 
and to select from among all the columns the several quantities like it ; then passing to 
the quantity at the top of the next column to add together the quantities like it, and so 


3x - ^ 4 23 
4y 4 03 — X 
— 33 — 2y 4 a 
4g4 83 -- y 


2 . 

— box 4 25y — 7 
36y 4 18—43 
4ax - 9 -by 
26 4 3ax - 25y 


6flf-^8jf4 8ii4a 


2fl«r 4 25y 4 28 - 4# 
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3. 

7Ay - 4a# + 2^ 

6o# 4- Smn 8 p 
2 ftc — Zxjf + 8a# 

— — fcc — a# 

~ 4a# 4- Say — 4ftc 

6cry 4* Ao# — ftc 4- 5m» — ^ 


4. 

— — 3aft 

— fc 4- 2ys + 5rtA 
7aA — 3^ 4- y# 
4«A — 6y# ~ ca: 
2ca? + y# ~ 8 


-4y#4-9ad — 7cg-f4e4 ~>8 


1 . 

2ax 4- 36y 4- 4<! 
6by + Be — ax 
7c 4- 4aa; — 2% 
3e# — 6aa: 4- la 


XXiJCPLBS TOE EXBBOISB. 

2 . 

6ay — 8c# 4- 7 
6a^ 4- 46ar — 3 
4a# — 2#y 4- e 
—19 4- g# — ay 


3. 

9ys 4- Soar - 3Ac 
— ^ — 4Ac 4- 2y# 
ary# 4- So* — 4y# 
— 2ax — y# 4- 3^ 


4. 

4aA— Bed 4- 5c/ 
— 7e -4a5 
6rtf 4- c/ - 6c 
2c/ - 3«/ 4- 14 
3c 4- o6 — cd 


6. 

— Tary — 35# 4- 4ic 
— >55# 4- 4ary — Serf 
2ic — 65# 4- 9ary 
— ixy 4- 3ic — 5# 
<—16 4- 5ary 4- «c 


6 . 

2am# 4- 2war — 85c 
6cir — 85c — am# 
55c 4-4am#4- 6 
—am# — 2 5c— 7nar 
— Simt' - U 


From comparing the examples in this second case of addition with those giyen in 
the first case, you will see that, although the placing of the several expressions to bo 
added one under another was of considerable assistance there, because the ///I'c quantities 
all appeared in vertical rows, yet the arrangement is of no advantage here, since wo have 
to pick out the like quantities after a careful search for them among the entire sot of 
expressions. We could do this just as well if the expressions were all written side by 
side, as in the examples below, without taking the trouble of first arranging them one 
under another. If you think it easier, however, you may select first one set of like 
quantities out of the expressions in each of the following examples, and arrange them 
as in Case I. ; then a second set, and so on. You may thus change this Case II. into 
Case I., taking care, however, that the unlike quantities be connected to the sum of the 
like quantities in the final result. 

7. 2axy—Bhe 4- 4, 76# — 6, 5 4- 25# — Boxy, 45# — 3c 4- 2. 

8. — 6a5c — Bde — ^f, 6/ — 2a5c4-rf#» 4rfe — 8a5c4-8, ahe—'f. 

9. 4^z 4- 2y— 7x 4- 9, 3#: — By^de 4- 2#, 2y — 8#. 

10. 8^ 4* fl# — 55, 65 — 47 —8a#, 2- — B~, 4 — 75. 

y y ^ j 

z z z 

11. — Ixyz — 8~ — 25c, 5- — 4mi» + pt 125c 4- Bxyz, — a:y# — 7^ • 

2 1 

12. ^ — 5y4-7# — 8, — -^y— -2#, 4# — 6a4?4-2y, 3y — 9#4ax. 

SUBTEACnON. 

Before giving you the rule for subtraction of algebra, I must explain to you the 
principle upon which the rule is founded, for whatever part of mathematics you study, 
you must never oonfi.de in a ^ Eule till you are convinced of its oorreotness. 
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Now, let US take any two numbers at random, say 9 and 4 ; and let us endeavour 
to sudtnffft tie latter frmn the former, when the algebraic signs +, — are, the one or the 
other, prefixed to the 9 and the 4, and try to put down what wo are certain must be the 
correct remainder. You know that to eubtract means to take away ; if, therefore, we 
can actually take away the 4 with its sign, from the 9 with its sign, we shall bo sure of 
the remainder sought. In order to this, let us write 9 in this form, namely, 9-}- 4 — 4, 
which you see, al^ugh it takes up more room is only 9, for 4 — 4 is nothing. From 
the 9 thus expressed, take away the foii^oy it actually taken up in your 

fingers and removed, or which will answer as well, take it away by rubbing it out; 
what remains is evidently 9 — 4 or 5. 

Again, from the same expression for the 9, now take the — 4 away ; that is rub it 
out ; what remains is evidently 9 +4 or 13. 

You thus see that if from a positive number, as 9, you have to subtract a 9 
positive number, as 4, the true remaindor will be got by changing the sign of the — 4 

number to be subtracted, and t/ten adding.^ as in the margin. And that ifj from 6 

a positive number, you have to subtract a negative number, the true remainder 
wOl be got, in like manner, by changing tlw eign of the number to be subtracted, 9 
and then adding ; as in the margiiL ^ 

Hitherto, the 9 has been supposed positive : let it be negative, and, in imita- 

tion of the plan above, let us write this — 9 in the form — 9 + 4 — 4. 

From the — 9, thus written, take away, or remove, the + 4 ; the remainder is 

— 9 — 4, or— 13. 

From the same expression for the — 9, take away the — 4 ; the remainder is 

— 9 + 4, or — 6. 

You see, therefore, that if from a negative number, as — 9, you have to subtract a 

positive number, as 4, the true remainder will be got by changing the sign of the g 

number to bo subtracted, and then adding, as in the margin. And that if from 4 

a negative number you have to subtract a negative number, the true remainder 

wiU, in like manner, be got by changing the sign of the number to bo subtracted, — 13 
and then adding, as in the margin. 

This reasoning, which of course appKes to any pair of numbers, as well as to g 

9 and 4, at once suggests the following rule for subtraction of algebra. 4 

Eule.— C hange the signs of aU the terms in the quantity to be subtracted, or 

conceive tJwm to he changed; then proceed as if it were addition instead of sub- — 6 
traction : the result wfil be the remainder. 

1. From 9a + 66 — 5c or, which is the same thing, To 9a + 66 — 5c 
Take 4a - 26 + 3c „ Add — 4a 2 6 - 3c 

Eem. 6a + 86 — 8c 6a + 86-“8c 


In the operation on the left, the signs of the subtractive terms arc only conceived to be 
changed} and then addition performed. On the right the change is actually made, and 
the terms then added. 1 need scarcely say that the results of subtraction, like those of 
addition, are written from left to right. 

2. From 4flur — S6y — 7cz 3. From 8«i.r + 6ar — 6<^ — 2 

Take Soar + 4iy — 9ca— 2 Take — 2mar— 36x + 4(y — 8 

Bern. — or— 76y + 2c«+ 2 Bern. lOiwc + 46ar — 10<y+ 1 
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As subtraotioa is thus oomreited into addition, all that has been said ohofttl addUlan 
appHos of course hero* Tosds t&ot have no Uka are to be brougitt down in the rmarn^ 
dtiTy those that are in the subtraotiye row ¥xith chmgti 


L 

6 *— 6 y + Zi 
2 x -H 4 g — 5 g 


EXAMPLES FOB. BXEBOIBSk. 

2. 

2 ar 4 - 45 y — 7 cz 
Sax — 2 fey -f iez 


3 . 

— Ley — 6 ar+ 7 
4 9gy-~4 


4 . 

— 28 ay *— 146 j? + 6 
— 18 ay — 9 bx 


6. 

lloftc + 3 ife — Sfg 
— ^bc — 7 de 4 - 5 


6. 

2bt — - Soar*— m 
■»"4^a -f* Sbbc -}- **i 


7 . 8 . 

8 — 6 + 2 — 4 — 7 lOify — llaaf— 

8 4-5 — 94 2 — 4 9(fy — Hear 4- 12/s 4 8a — 4 


9. 

•—‘layz — 9 hz 4 - 6 c — 2 e 
4 qya 4 85 ar 4 2 c — 4 d 


10 . 

9 cea: — 7 abg 4 - 2 chf 4 - 11 
— 3 cear 4 ahg — 2 dx — Sz 


' In the following examples the suitable arrangement of the terms, so as to bring like 
quantitieB under one another, is left for you to manage yourlelf. 

11. From Bax — 3Jy 4- 7ca take 2&y — Sax 4- 2cz. 

12. From — \hz — 2cy — ax take 2^ 4- 4cy — 8bz. 

13. From Tag 4 Bbx — 16 take — 36a? 4 4ay 4- 3«ii 

14. From 4^a; — 2y 4 13z — 4 take 4* 6y — Jar. 

16. From — SJoary — 3j6ar 4 4m take — 6ibz — ■tey 4 2n. 

16, From 6^yz — 5Jaar — 2J take 4ay — 4 4y^ 4 f. 

If you hare correctly worked the examples now given, you will have acquired a 
pretty good knowledge of Algebraical Addition and Subtraction, and have become 
familiar with the meaning and use of the plus and minus signs. I fthe.ll now explain to 
you a few further particulars, and shall then give you a short specimen of the appHoa- 
tion of Algebra to what are called Simple Equations. These will throw some light upon 

I the practical utility of the science ; they will afford you an insight into the value of 
algebraic symbols in matters of calculation, and enable you to see tbc great advantage 
in such matters of combining letters with figures. 

You already knq^ that the sign minm prefixed to a quantity indicates the subtraction 
I of that quantity. Hitherto the sign has been prefixed to simple quantities only ; but it 
I may be prefixed to a compound quantity, so as to indicate that all the simple terms of 
I which it is composed are to be subtracted. In order to this it is only necessary to 
i nnite all the tmrms by some link, so as to imply that when a sign is put before the 
compound quantity, that sign is to affect the whole quantity or every individual term of 
which it is composed : whatever be the link employed, it is called a vmctdum. Suppose 
we have the compoimd quantity 4a — 26 + 3(? to subtract from 9a + 66 — Be, as in 
Exorcise 1, page 169. We might indicate the subtraction thus : — 

9a -J - 66 — 64 J— (4e— 26 -J- 3«) ; or9a>f*66— 6«— .-I 4e— 26 j or 
gia-J-66 — Be — [4a— 26«{*30]. 
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fis tiiaM axe also oaEed droaheU. It is plain, frcnu the rule d snb- 
traotiojif t hf»t a bracketed qmntity may be &eed from the bTaokets, when a mimm sign is 
prefixed to it, by simply changing the signs of all the terms which compose it. Thus 
the alwve expression, wdthoat l^rackets, is, 

9<i 6J ■<*— 5c— — 4a 25— 3c zz: 5a 85— 8c. 

And the subtraction of a compound quantity may in general be performed in this way 
without the trouble of writing it under the quantity it is to be taken from. 

When the terms to be subtracted are aU connected, with changed signs, as above, to 
the other quantity, we shall merely have a row of terms to be united, like with like, as 
in addition ; just the same as in the example now given. 

If the sign plus appear before a bracketed quantity, then, smtQ addition implies no 
change of sign, the signs must remain undisturbed, though the brackets be removed: 
thufr— 

9<i *4- 65 — 5c + (4<i — 25 4“ 3c) = 9<i + ~ + 45 — 2c. 

Now, that you may never find yourself puzzled, as to signs, when you have to free an 
expression from brackets, always be careful to notice the sign, whether + or which 
precedes the bracket ; fancy this sign rubbed out along with the brackets ; if it be -f, 
the terms thus set free present their proper signs, without any change being necessary. 
Of course the leading term within the brackets, if itself a plus term, as the 4a, above, 
will not have its sign actually inserted ; so that when the + before the bracket is rubbed 
out with the brackets themselves, there will be a gap as between the 5c and the 4fl 
here ; you need scarcely be told that in this gap the 4* belonging to the 4a must be 
inserted, because 4a is now not a loading quantity. 

But if the sign before the bracket be — , then having rubbed out this sign, with the 
brackets, or having fancied it rubbed out, write all the terms, thus set free, with changed 
signs. For example— 

8aa5 4*5y4* ( — “”35^ ) =8ax4-5y — 6aa?— 35y = Soz — 25y 

Saa; ^ — 50® — 35f^ ) = SaoT 4- 5y 4- 5aaj 4- 35y = 1 3aaj 4- 45^ 

You see that in the first of these expressions yon have only to fancy that, with the tip 
of your finger, you rub out the marks 4* ( , between the by and the - 5a® ; and in the 
second expression that you, in like manner, rub out — ( , between the by and the — 5a®, 
and thm that the signs of the terms thus set free arc changed. By attending to these 
hints, you will not be likely “ to stick'* at bracketed expressions. 

Coefficients are frequently found before bracketed quantities ; you are aware that 
coefficients are multipliers or factors. When the brackets are removed, the factor is to 
be introduced into each simple term, as in the instances foUowing : — 

3 ( 4 a - 25 4- 3c) = 12a — 65 4- 9c ; 6 ( - 5a® - 35y) = - 30a® — 185y 
- 4 (- 3 ®- 5 ay 4 - 2 )z= 12 ® + 20ay-8; 2a (3®y - 25z) = 6a®y - 4a5s:. 

As already stated, brackets are not the only kind of vincula used to hind a set of simple 
^ quantities into one compound whole; a 5ar or \ine, put over the ro w of quantitieajjs 
sometimes, thou^ less frequently, employed ; thus, a 4* 54-«- 5, and a + 5-« -5, 
are the same as a + 5 + (a - 5), and a 4- ^ i vin^ is 

getting out of use, though the bar or line, which separates the numerator frean the 
of a frftction, stfll perfonus the office of a vinculum when there are sevewl 

terms in the ntmeraibr; thus, in the fraction— ^ imnus sign, before Hie 
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bar of teparation, operates as it would do if the compound numerator were inclosed is 

brackets ; thus, IT J that is, the fiaction is the same as ^ 

m w* 

I shall not detain you further with these explanations, except to remark that the 
two instances I have given above, to show the meaning of the har^oineulumy suggest 
two arithmtetical theorems, which, although very simple, you will do well to remember, 
as they are useful. The expressions referred to are — 

= and a b — (a — b) ssi2b. 

Now, as a and b may stand for any two numbers whatever, we learn from these 
results that — 

1. The 9 um (a ^ b) of any two numberSf increased by their difference {a — b)y is twice 
the greater numbet' ; that is, 2 a. 

2. The sum of any two numhers^ diminished by their difference, is twice the less, viz. 2b. 


Take, for instance, the two numbers 7 and 3 ; their sum 10, increased by their 
difference 4, is 14 — double of the greater, 7. And the same sum, 10, diminished by 
their difference, 4, is 6 — double of the less; and the same of any pair of numbers 
whatever. 

SIMPLE EQUATIONS. 

I am now going to show you a few applications of the principles laid down in the 
foregoing articles to the solution of simple equatimis. What I here propose to give, you 
must regard, however, as only on introduction to the complete consideration of the 
subject ; it will bo resumed hereafter. 

An equation is merely a statement, in the characters of algebra or arithmetic, that 


two quantities are equal : thus, that two and five are equal to seven, is a statement of 
equality which, when expressed in figures and signs, thus, 2 -f* ^ 7, is on equation. 

In like manner oH these are equations — namely, 6 -f" 2 — 3 = 6, 7 — 4c=:6 — 3, 
2 + 8-1 = 9, 3a; — 2 =z 10, &c., &c. All but the last are purely arithmetical equa- 
tions; the last is an algebraical equation, as it contains the algebraical chana^ter or 
symbol x. You sec that an equation consists of two members or sides : one on the left 
of the sign of equality, and the other on the right. These members or sides, if equally 
increased, or equally diminished, equally multiplied, or equally divided, give results 
that must evidently be new equations, because equal quantities thus operated upon must 
give equal quantities for the results of the operations. This is a general axiom which 
you must pay attention to, as your success in solving the equations I am about to give 
will depend chiefly upon your skill in applying it. But I must tell you what I mean 
by solving an equation. 

You are said to have solved a question in arithmetic when you have worked it out 
and arrired at the answer ; till you have completed the calculation, the answer remains 
unknown. It is the same in algebra ; the solution of an equation is the finding the Talue 
or intexpcettttion of some letter or letters which at the outset is unknown. Unknown 
values axe usually represented by letters towards the of the alphabet z&c,y,t, &c., 
while letters irhose numerical value are already known, are chosen fium the begimiing, 
tA a, b,c, Ac. In the equation given above, namely, Sx — 2 = 10,s represents a 
number, at present unknown, snoh &at three times ^t number, diminished by 2, is 
equal to 10 ; the operation by which the number, or value of a;, is discovered^ is tho 
solution of the equation. This solution is as follows 
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Add 2 to »idej the result is the new equation 3a) » 12 ; that is, 3 times x is 
equal to 12. 

Divide each side of this by 3 : the result is a; s= 4 : so that x, at first an unknown 
value, turns out to be equal to 4 ; and you see that three times 4 diminished by 2 is 
equfd to 10. 

As here, so in the examples which follow, x will always be used to stand for the 
value at the outset unknown; so that the solution of the equation will be the Jindiny 
the value of x; the operations for this purpose will be very easy : they are called Tran*- 
position and Clearittg Fractions, 

rrawsjwwYien.-— The operation called transposition consists simply in taking quan- 
tities from one side of an equation, and putting them on the other side, still, however, 
fflVing care to preserve the equality of the two sides, for whatever operations we per- 
form, we must never disturb the equality of the two sides ; the result of each operation 
must still be an equation. Now, if you remove a quantity from one side of an equa- 
tion, and place it on the other side, that is, if you rub it out, sign and all, from one 
side, and then write it down on the other, the change you thus make will not disturb 
the equality of the two sides, provided only the quantity rubbed out he written on the 
other side with clutnged sign. You will be convinced of this by an example or two. 
Let there be the equation 4x — 6 = 3x — 2 : then if we wish the 5 on the left to be 
removed to the right, all wo have to do is to add 5 to both sides of the equation, the 
result is the equation 4x == 3x — 2 + 6. Here you see that the 6 is transposed ; it is taken 
from the left side and put on the right tvith changed sign. The now equation is there- 
fore 4x=: 3x 3. Again : if we now wish to remove the 3» £i*om the right to the 
left, all we have to do is to subtract 3x from both sides ; the result is the equation 4x — 
3a; = 3. Hero you see that the 3x is transposed : it is taken from the right and put on 
the left with changed sign. The new equation is therefore x = 3. We have thus 
actually solved the equation 4x — 6=r3x — 2; the xin this equation, at the outset 
unknown in value, is now found out to stand for 3. If you put this 3 for the x in the 
proposed equation, it becomes the numerical equation 12 — 6 = 9 — 2; which you sec 
is true, each side being 7. 

Clearing fractions . — ^When a fraction occurs in an equation, we may clear the equa- 
tion of the fraction by multiplying both sides of it by the denominator of the fraction. 
You know from common ari Emetic, that if you multiply a fraction by its denominator, 

2 4 2 

the result is simply the numerator : thus, gX3=2;-^X6=4; ^ x7 = 2, and 

X 

BO on. In like manner, g x 3 = x ; -j X 5 = 4x; y x 7 = 2a, &c. If, therefore, wo 

X 

have such an equation as 2x g + 2 == 22 — x it will become cleared of fractions by 

multiplving both sides by 3 ; the result of this multiplication is the new equation 6x + 
X -f- 6 = 66 — 3x, which is free from fractions. To complete the solution of the equa- 
tion, that is to find the value of x, we must, by transposition, bring aU the unknown 
quantities to one side of the equation, and all the known quantities to the other : we 
shall thus have 6x-|-x + 3x = 66 — 6; that is, lOx = 60 ; consequently, dividing 
each side by 10, there results finally x = 6 : and if this be put for x in the original 
equation, you will find the two sides of it to be numerically equal, for each aide will 
be 16. 
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lb 9oh9 a simple equation oontmning only one tmknoum quantity, 

Euus I.— If there bo a fraction in the equation, clear it away by multiplyini; both 
Bides by the denominator of the fraction. 

2. If known and unknown quantities ai-e linked together, separate them by irons- 
position i so that all the unknown quantities may appear on one side of the equation, 
and all the known quantities on the other. 

3. Collect the terms on each side into one sum, so that there may bo only a single 
unknown term on one side of the equation, and a single known tmn on the other. 

4. Lastly, divide each side by the coelHcient or multiplier of r, the unknown quan- 
tity, the result will be x alone on one side, and its value or interpretation on the other 
side of the sign of equality. 

Example 1. — Given the equation 5x — 8 = 3u? -j- 2 to find the value of x. As it 
is usual to choose the left hand side of the equation for the unknown quantities, and 
the other side for the known numbers, I shall transpose the known number 8, and thus 
get the equation bx Zx 2 8, then tiansposing the unknown quantity 3®, I 

shall obtain the equation 5x — 3x = 2 8, the left side of which is occupied wholly 

with unknown, and the rtyA<*side wholly with known quantities. Eoducing now each 
sidt' to a single term, the equation is 2® = 10 ; and dividing by 2, there results ® = 5. 
The steps of the solution, as you would be expected to solve the equation, would stand 
as follows : — 

Given equation, bx — 8 = 3® + 2 
By transposition, bx — 3r= 2 -+• 8 
Collecting the terms, 2x— 10 

Dividing by 2, x = b 

2. Given the equation 2® — 9 = 31 — 8® to find the value of ®. 

By transposing, 2® 4- 3® = 31 -f 9 
Collecting, 6® 5= 40 

Dividing by 0, ® = 8 


3. Given the equation — 22=:0to find the value of x, 

3 4 

Multiplying by 3, to clear the first fraction, 

3® 

2® + 4- — 66 0 

Multiplying by 4, to clear the remaining fraction, 

8® 4- 3® — 264 ac 0 

Transposing, 8® -j- 3® = 264 

Collecting, 11® — 264 

Dividing by 11, ® 1 = 24 

4. Givea ~ to find the value of x. 

3 4 6 

3® 3® 

Multiplying by 3, ® 4- 4- y = 3 

12 ® 

„ by 4, 4®+3®4-~5“=12 

„ by 6, 20®4-15®4-12®=60 

60 

.% 47 ® a= 60, .% iC“=Ty « 


Notk.— The sign as in the preceding treatises, stands for the word therefore i on aoooust 

of its convenience it will be frequently used hereatter. 
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SXAMFLBSTO& EXEEOXSE. 

Find the value of a? in each of the following equations 
KoTjE.-'Sinoe any quantity maybe removed from one siae of an equation to the other, provided 
tte 9iffn he changed^ it follows that if all the sig^Qs on one side, and all the signs on the 
other be changed, the equality oi the two sides will not be disturbed ; for this changing of 
all the signs Is merely the same as transpoaing the two sides. 


1. 2ar — 7 = a? + 4 

2. 6x --k 3 — 3xc + fi 

3. ar4-2 = 42: + 8 

4 . Zx^l^x + 7 

5. Bz — \Z=^Ax — 1 

6. 2(a; + 3) = 20 

7. — 4) = 6 

8. 4:{x — l) = ar + 5 

9. 6(ir + 2) = 2(a: + 8) 

10. 3(2j;— 3) = 4(a>— 2) 

n X z - 

3+;=^ 

12. f-^ = l 

3 4 


2x X - 

l-4=® 


2-^3 6 

X X z 

3+4+ 6“ ' 

IG. 2a:— (48— ar) =*+; 

ir. i(2^ = 85 

... 


2 (8— j?) t= 

. 4 — Sar 29 



A---8 X a?—' 

2 +3“"^^ T 

3.t~ 13 11— 4ar_ 

^ o ^ 


22. 4a>— 2(8— J7)t=- 

23. Ca: — = 


dlTESTIOKS TO BE SOLVED BY SIMPLE EftUATIONS. 

Every question^ whether in arithmetic or algebra, has for its object the discovery of 
some unknown value by means of the conditions, stated in the question, which connect 
it with known values. In algebra, the first thing to be done is to express these condi- 
tions in the form of an equation, some letter, as x, being made to stand for the unknown 
quantity ; the solution of the equation is the solution of the question. If there are 
several unknown quantities to be determined, as many distinct equations will in general 
bo necessary ; at present those questions only will he considered that fumibh a, single 
equation with one unknown quantity. The method of translating such questions into 
equations will bo better learnt by the study of a few examples than by verbal directions. 
I shall therefore here give you some instances of the modes of proceeding. 

1. There are two numbers of which the difference is 8 and the sum 38 ; what are 
the numbers ? 

Lot X stand for the smaller of the two numbers : then a: + 8 must represent the 
greater : and since by the question the sum of the two is 38, we have the equation, 

37 “f* 8 = 38. 

Or ti’ansposing the 8, 2r = 30, /. 3-=: 15, the smaller ntUnber; and as 3^ + 8 is the 
gi-eater, 16 + 8 = 23, is the greater. 

You see that these numbers satisfy the conditions of the question ; for 23 — 15 =q? 8, 
and 23 16 = 38. 

2. From two places, 160 miles apart, two persons, A and B, set out at the same time 
to meet each other. A travels 18 miles a-day, and B 22 miles : in how many days will 
they meet ? 

Suppose they meet in x days : then A will have travelled IBx miles, and B, 2^ 
miles : the sum of these distances is, by the question, 160 miles ; hence we havo the 
equation, 

1837 + 22a; = 160 ; 

that is, 40a; s=: 100, a? sag 4, the numhelr of days. 
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3. A £ikther is three times as old as his son ; hut fire years ago he was four times as 
old: what are their ages now ? 

liot the present age of the son be x years : then, by the question, that of the father 
is 3« years. Also five years ago the age of the son must have been 4? — 5, and that of 
the fiither 3a: d. The question tells us that this latter number is four times the 
former: that is, 

ap — 5 ss 4 (a? — 6) ; 

or, removing the vinculum, 3a: — 5 =s 4a; — 20 ; /. transposing the 20 to the left, and 
the 9x to the right, 

20 —• 6 = 4a; — 3a:, 15 = a:; 

that is, the son’s age is 15 years ; and 3x, the age of the father, is 45. 

4. A vessel holding 120 gallons is partly filled by a spout which delivers 14 gallons 
in a minute : this is then turned off, and a second spout, delivering 9 gallons in a 
minute, completes the filling of the vessel. How long did eacA spout run, the time 
occupied by dot A being 10 minutes ? 

Suppose the first ran x minutes : then the second ran 10 a: minutes. As the first 
delivers 14 gallons a minute, the quantity delivered by this'spout must be 14a: gallons ; 
and the quantity delivered by the other, at 9 gallons a minute, must be 9(10 — x) gal- 
lons *, /. the tvAole number of gallons delivered is, 

14x + 9 (10 — x) = 120, by the question ; 
that is, removing vinculum, 14x + 90 — 9x = 120 ; 

transposing, 14a: — 9x = 120 — 90 ; 
collecting, 5x = 80, x = 6. 

/. the first spout ranJO minutes, and the second 10 — 6 = 4 minutes. 

5. What number is that of which the third part exceeds the fifth part by 48 ? 

Let X bo the number : then by the question 


Multiplying by 3, x— y=144 

„ by 5, 5x — 8x=720 ; 

that is, 2x=720, x=360, the number required. 

The third part of this is 120 ; the fifth part is 7 2 ; and the difference between these 
parts is 48. 

6. A vessel can bo filled from a tap in 3 hours, and from a second tap in 6 hours : 
in what time will it be filled if both taps run together ? 

Jjet the number of ho^ be x ; then the part of the vessel filled in one hour will 

be the — part | 

X 

But the part filled by the first tap in 1 hour is the | part, and by the second tap the 

, , , . , 


3 


i, 


Multiplying by 15, 


/. the time is one hoifr and seven-eighths. 
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Tliete i^peoin^ens of the eolutioiii of quostionf hy aiinple equations mnet suffice f^ the 
present. Ton will see, &om an examinataon of thenif that the onl;^ thfag of any diffi- 
culty, in thus applying the first principles of Algebra, is the translation of the conffitionB 
of ^0 question into sllgebiaical leuaguage, under the fcnnn of an equation ; the process by 
which this equation is to be solved, and the unknown quantity in it discovered, is in 
general sufficiently suggested by the appearance of the equation itself. As the aim is 
to isolate the x, so that it alone may occupy one side of the equation, while known 
numbers occupy the other, every step in the solution u made to contribute to ibis end. 
By tran^K>8iti(m, clearing fractions, collecting like terms, &c., the equation is made to 
pass through one change after another, til! at length a single unknown term appears on 
one side, and a known number, which is its interpretation, on the other. It &en only 
remains to divide each side by the coefficient of a;, if it have a coefficient other than 
unity, and x itself becomes known. 


QUEsnoNS von exeuoise. 

1. There are two numbers of which the difference is 9, and the sum 43 : what are 
the numbers ? 

2. From two places, 108 miles apart, two persons, A and B, set out at the same time 
to meet each other. A travels 17 miles a-day, and B travels 18 : in how many days 
will they meet ? 

3. Find two numbers of which the difference is 13, and which are such that if 17 
he added to their sum, the whole will amount to 62. 

4. There are two numbers of which the difference is 15, and which are such that if 
7 times the less ho subtracted from 5 times the greater, the difference is 19 : what arc 
the numbers ? 

5. A person starts from a certain place, and travels at the rate of 4 miles an hour. 
After he has been gone 10 hours, a horseman, riding 9 miles an hoiu*, is dispatched after 
him : how many hours must the horseman ride to overtake him ? 

6. A person has 264 coins,— sovereigns, and florins ; he has 4^ times as many florins 
as sovereigns : how many of each coin has he ? 

7. A person spends ^th of his yearly income in hoard and lodging, ^th in clothes and 
other ezpezises, and he lays hy £85 a-year : what is his income ? 

8. 'V^at number is that whoso third part exceeds its Jifth part hy 72 } 

9. I have a certain number in my thoughts. I multiply it by 7, add 3 to the product, 
and divide the sum hy 2. 1 then find that if 1 subtract 4 from the quotient, 1 get 15 : 
what number am I t hink i n g of? 

10. A man 40 years old has a son 9 years old : the father is therefore more than 4 
times as old as his son; in how many years will the father be only twice as old as his 
son ? 

11. Two persons, A and B, 120 miles apart, set out at the same time to meet each 
other. A goes 3 miles an hour, and B, 5 miles : what distance will each have travelled 
when they meet ? 

12. Divide £250 among A, B, and C, so that B may have £23 more thao A, and C 
£105 more than B. 

18. A can execute a piece of work in 8 days which takes B 7 days to perform: in 
how many days can it he done if A and B work together ? 
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14 A oistem ofla be fiUed by thj?ee pipes ; by tbe first in 2 hours, by the second in 
3, and by the third in 4 : in what time can it be filled by all the pipes naming 
togetiier? 

Id. Solve the preceding question when the first pipe fills the oistcfm in 1 hour 
20 minutes ; the second in 3 hours 20 minutes ; and the third in 5 hours. 

16. Aifcer A has been working 4 days at a job which ho can finish in 10 days, B is 
sent to help him ; they finish it together in 2 days : in what time could B alone have 
done the whole ? 

17. Divide £143 among A, B, and C, so that A may receive twice as much as B, and 
B three tiines as much as G. 

18. A person has 40 quarts of superior wine worth 7^. a quart ; he wishes, how- 

ever, so to reduce its quality as that he may sell it at 4«. 6<f. a quart : how much water 
must he add ? « 

19. Divide 90 into four parts, such, that if the first bo increased by 2, the second 
diminished by 2, the third multiplied by 2, and the fourth divided by 2, the results may 
all be equal. 

20. Divide 39 into four parts, such, that if the first bo increased by 1, Ihf’ s^’cond 

diminished by 2, the third multiplied by 3, and the fouilh divided by 4, the results may 
all be equal. 

The preceding examples may serve to show you how the first principles of alt^cbra 
may bo applied to inquiries of a practical nature. It is time that you now prorood to 
the other two niles—multiplication and division ; for, as in arithmetic, these four rules 
comprehend all the operations in the science. But two or three particulars must be 
previously defined. 

You know that when factors are multiplied together, the result is called a product ; 
if the factors are all equals the product is called a power of the factor whose repetition 
in the multiplication has produced it : thus, in the following instances, namely — 

5 X 5 = 25 ; 3 X 3 X 3 = 27; 2 X 2 X 2 X 2 = 16, &c. 

25 is the second power ^ or the square of 5; 27 is the third power, or the c\d)C of 3 ; 16 is 
the fourth power of 2 ; 32 is the fifth power of 2 ; 64 the sixth power, and so on. Tbe 
fourth power of « is aaaa ; the fifth power of a; is xxxxx, and so on. Bfut as this repeti- 
tion of the factors is tedious and cumbersome, it is agreed to represent a power by 
writing down the factor only once, and placing over the right hand upper comer the 
number which denotes the repetitions ; thus, the fourth power of a is Written a*, the 
fifth power of x is written a?®, and so on. Suppose, for example, that a; stands for 3, 
then a? =i: 3, = 9, a;8 = 27, = 81, a:® =:± 243, a;« = 729, a?** = 2187, &c. The 

small figures, thus used in the notation for powers, are called exponents or indices ; the 
exponent or index for the cube, or third power, is 3, that fbr the fourth power 4, and 
so on. 

The number or quantity, which thus produces a power, is called a root of that 
power ; thus, 3 is the square root of 9, the cube root of 27, ihe fourth root of 81, and so 
on. There is a convenient notation for roots as well as for powers. 

The sign V, for a root, is called the radical sign ; it is prefixed to the quantity 
whose root is meant, and a small figure, denoting what root is to be understood, is con- 
nected with it ; thus, ^4 means the second, or square root of 4, that is, 2 ; because the 
second power, or square of 2^ is 4 ; in like manner, ^8 means the third, or citbe root of 8, 
namely, 2 ; becatiso the third pow^, gt cubs of 2 , is 8 ; means the fourth! root of x, 
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tlxat is, it is a number 8 i 2 ch that the fottrih power of that number is the number that m 
stande for. It must be observed, however, that in the case of the eeomA or equim root, 
tho little 2 is always omitted ; so that when there is no itidex-'Jl^ure eonnected with the 
radical sign V, the sqmre root is always to be understood. You will now easily make 
out the following statements or equations : — 

V9 = 8, ^126 = 5, ;^ai»=a®, V3*=*s. 

But besides the radical sign, there is another contrivance for indicating roots^a 
contrivance like that for denoting powers, namely, the attaching an exponent to the 
quantity whose root is meant ; thus, the equations above, expressed in this other form 
of notation, are as follow : — 

9l=3, 125i=5, (««)i =s«, (a:»)i=a;, . 

In tho case of a power of a quantity, tho exponent is a whole number, which indi- 
cates whad power is meant ; in the ease of a root, the exponent is a faction, the deno- 
minator of which indicates, what root is meant. The power of a proposed quantity 
may be easily determined, as the mtdtiplication may be actually executed with but 
little trouble ; but to find a specified root of a proposed quantity — even of a common 
number— is often a difficult matter ; some numbers, mdoed. Have no exaet roots. But 1 
bhall have to speak about roots again. 


MULTIPLICATION. 

Casl I. — When the factors are simple quantities, 

Bule 1. Observe whether the signs of the two fiiotors are like or unlike; it they are 
that is, both -|- or both — , write for the sign of the product ; but if they are 
unlike^ that is, one and tlie other , write — for the sign of the product 

2. After the sign, wiite the product of the coefficients. 

3. After the product of the coefficients, write that of tho letters : that is, put down 
the letters in both factors, one after the other, without any sign between them, and the 
complete product will bo exhibited. 

Thus, if wo have to multiply together tho two factors, — A:ax and Zbg^ we first 
observe the signs ; these boing unlike^ we know that the sign of the product is minus ; 
after this minxes we write 12, the product of the coefficients, and ^finally we place 
against the 12 the quantity ahxy, this being the product of the letters when arranged 
in alphabetical order, the product is — \2abxy. Again, if we have to multiply 

— Ibxz by — then the signs being lihe^ we write for the sign of the product, 
35 for tho product of tho coefficients, and abexyz for the product of the letters ; 

— 75x3 X — 5<wy = 25abexyz, the plus sign being omitted, as unnecessary. In a 
similar way we have — 

Zmx X 6ay = 18<wna;y, 2hey X — 4fiw?= — ^abexy. 

You viU observe that the third of these examples is the same as — ^aax X baaabx 
=: — 2i^aaaac^xx ; and that this result, in tho more brief notation for powers^ is 

— 20«®5x*. And you must perceive that, by always adopting this notation, the mul- 

tiplication of powers of the same quantity is reduced simply to the addition of the expo^ 
nenta of the factors ; thus, the fimtors in fectors which are all powers of the 
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same, quantity ar, are a?®, a?», a?* ; the »um of the exponents ’is 2 + 3 + 5 = 10 ; so 
that =r ; nothing, therefore, can bo more easy than the multiplication of 

powers of the eame quantity. I need scarcely tell you that ar is the same as a?®, so that 
ararssrar*, ar®a; ssa?*, &0. 

The preceding direction, as to the of the product of two factors, is called the 

Bttle for the eigne. It is briefly expressed thus : — Zike eigne give plus ; unlike eigne^ minus. 

You may satisfy yourself that the rule for the eigne is true as follows : — 

Take any two factors whatever, say 7 and 3 ; then aU the possible varieties, as to 
signs, will be these— namely, 

7x3, —7x3, 7x— 3, — 7x —3. 

The first is the case of common arithmetic, the product being 21 ; the second case 
requires no consideration ; for — 7, repeated three times, is necessarily — 21. The third 
case is peculiar ; but we may arrive at the true product thus : increase the multiplier 
— 3 by 4 ; the product, whatever it be, wiU obviously be 4 times 7 — ^that is, 28 too great; 
hut the multiplier increased by 4 becomes 1 ; and once 7 is 7, and as this is 28 too great, 
the correct product must be 7 — 28, that is — 21, 7 X — 8 = — 21. 

In like maimer, in the finirth case, increase the multiplier— 3 by 4 ; then, as before, 
the product will be four tithes — 7, that is, — 28 too great ; in otkOT words, — 28 must 
be eubtracted from, the erroneous product to make it correct; but the multiplier increased 
by 4, is 1, and once — 7 is — 7 ; the correct product is — 7 + 28, that is 21 ; because^ 
the sign of the — 28 must be changed when subtracted ; — 7 X — 3 = 21. You 

thus see that when the factors have like signs, the product is phie ; and that when they 
have unlike signs, the product is minue ; and, fiom the foregoing reasoning, it is plain 
that the same conclusion would have followed if any other tivo factors had been chosen ; 

the rule for the eigne in multiplication is general. 


17 1 

Ex. 1. 

2. -7<Lr® 

Sbx 

8. — Tx^y"' 

— Sox'* 

1 1 1 

~^aly 

— 21aAir® 

2lax'^y'^ 

66ahxy'*z^ 

C. IZaH^x 

7. 16ry®r* 

— ah^z^ 

8 . — 

— tax^y* 

5ar®y® 


— 16oi®cy®xrf 

3o*3r«y' 


10. Za*x^z^ X 7a^xy^ 

e= 21a*a?''y®s® 

11. — Ase^yz^ 

X 5x^y*z *= — 20s^y®4:* 


12. — 3d^c®ar = 186«cV 13. — gaar’ x 


EXAMPLES P0& EXEBCI8E. 

[Note. — ^You wiU observe that the rule for the signs enables us to fix the sign of 
the product of two factors only ; but it is unnecessary that it should do more than this ; 
if there are three factors, the product of two becomes a factor to be combined with the 
third. It is plain that, however numerous the factors when the number of them pre- 
ceded by the minue sign is odd, the sign of the product is minus ; and that when the 
number of minus factors is even^ the sign of the product is 

1. 9a*tf*x4e*y* 2, — 7&«f®y*x8hV'‘ 8. — 6 

4, 8, Wa^xy^z^x — 

6. — I3<»*«*i^xl4a*jc®y* 7. 8. ^ax*3®x}*®|yr^ 

9. 2<fcr®tfX— 8o®y*x— 4<i®ar* 10, — 36*j/3x— 

11. ^jcy»x|a:^x— 8a®y* 12. |a®«»x— ^jjpx— 

13. — |aVx--3&Vx-^aJa:®ye. 14. f^x— •2/^x— lOa^A’s* 
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OAiBB II When the multipliemd is a compound qua/ntity^ and the mdtiplm^ a simple 

fwmUiy^ 

Bulb. — Multiply each simple term in the multiplioaud by the multiplier, beginning 
always at the left hand^ connect the several products together by their proper signs, 
and the complete product will bo exhibited. 


1. — nf 

Zaxy 

3. lix^yz — 2ay2 — W-y 

— 2xt^ 

+ A axy^z^ - f ^li^xyz^ 


— Zajsy^ — + 2a-® 

baxi^ 

— 15a®a?®y®g® — tOahxz* + lOa^xi^ 

— 5ax*y — hy^z + 

— 6a*^y® 

80o»fearV + -- 


1. 3<Mr* — 2l>xy 
4a^x 


EXAMPLES FOB EXEBCISE. 

2. 5a®y* — ix^y^ 

— Zaxy 


3, — 6b^yz^ -f- iah^y- 
^2ayz 


4. — Zx'^y* + 5 

iax^y 


5. — 7o*y® — 2h^x’^y 

— 7an*a:2 


In the following examples, the oinculum or brackets may be removed, and the simple 
factor (the multiplier), placed under the leading term of the compound one, as in the 
preceding instances ; but in most cases, I dare say you will be able to write down the 
result of the multiplication at once, without resorting to this arrangement 


6. f2a*ficc®— dry®) 8ar®y 7. (2ary® — 3 r* 2 + 2 ir)x — 4aa:y 

8. (»u:y® -f-3«y® — 2y^z)x — Gm^x^y 9. (4y*2* — 3a2»— 6d.y*)x — 6a6*y 

10. (6cA»— yt:®— 32«) 11. (iaa^-4dy»— 2 c 2 *)x— 12a»6c* 

12. {4ay* — (26®2®— y^~2)}3a®y2® 13. j 2ixV— (5cy®2-l-4y2®— 3s®) { X--3a;®y 

14. (doV— (3d*y*+2a®r« — 4ay*)} x—2a‘b^xy 


Case III.— When multiplicand and multiplier are both compound quantities. 

Bule 1. — ^Multiply all the terms of the multiplicand by each term of the multiplier, 
proceeding with each as in the last case. 

2. Collect together the several products that are like^ as in addition, and to the sums 
of these unite, by their proper signs, the other products; and the complete product will 
be obtained. 

1. Multiply r+y by aj—y. 2. Multiply r+y by x+y. 


X -r y 

* x*+ xy 

— — / 
. (i? -f y) (x— y)=: x® — / 

3. Multiply X— y by x— y. 


a? -f y 

r -4- y 
x*+ xy 
xy + ^ 

*•* (jc + y)«= » x®4-2xy+yg 


(x — y)®= X®— S 
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I have a'Xttnark to make in^refisrence to these three examples : you vrill do well to 
keep it in remembranoe j it is this : since x and y stand for any two numbers wbatever, 
we learn that ^ 

Is Thetaom of two numbers (a? - 4 - y) multiplied by ^oir difference (r — y) is the 
difference of the squares of those numbers («* — y*). 

2. The square of&e sum (jc -+-y) of two numbers (x and y) is equal to the sum of 
their squares (or* +y^, together with twice their product (2xy). 

3. The square of the diffbrenoe (x — y) of two numbers is equal to the sum of their 
squares (x* + y% diminished by twice their product ( 2xy). 

Example. — Let 7 bo one number and 3 the other : then, 1st, their sum, 10, multi- 
plied by their difference, 4, is 40 ; flio squares of the numbers are 49 and 9 ; so that 
7« — 3* = (7 + 3) (7 — 3) = 40. 2nd. (7 + 3)« = 10* = 100, and 7* + 3* = 49 
-|- 9 = 58 ; also twice 7x3, that is, 2 X 7 X 3 s= 42 ; and 58 42 = 100. 3rd. (7 
— 3)* =4* = 16; and 58 —42 = 16. 

4. Multiply (x y)* by X + y, that is, multiply out or develops (r -f- y)*. 

{x + y)*= 2xy + y* 

V- 

2x*y 4- ocyi 

_ yl 

(x + y)*= :c*-^ Zx^if -f + y^ 

5. JOevehpej or multiply out (x — 4) (x 3) ; (x + 5) (x — 7) ; (2x + 3 (Sar 2) 
and (a a) (x *4" ^)* 

X — 4 
X -j- 3 
x^— 4x 

3x- 12 

x*~ X - 12 


In the third of these results the 13x is got by actually adding the coefficients 9 and 
4 ; in the fourth example, the corresponding coefficients of x, not being nwnbmt cannot 
be actually added; but the addition may nevertheless bo indicated, as above ; and where, 
in the third example, tho middle term of the product was wiitten 13x, that is, (9 -j- 4)x, 
the corresponding term here is written {a h)x ; this is better than making two terms 
of the same quantity, and writing it thus ax *4” bx. Here the coefficients of x area and 
h ; and, being letters, they are called literal coefficietits : the coefficient of x, in the rcbult 
above, is {a b). Whenever a common factor enters several of the terms of a com- 
pound expression, this common factor may always ho written outside a vinculum, and 
whatever multiplies it, within ; repetitions of the same factor are thus avoided ; and in 
tho answers to questions, or the final results of operations, this more compact form of 
expression should he adopted ; thus, such a result as ahx 4cx — 8mxf would have 
an unfinished appearance ; it should be changed into (ab 4c — 8m) x. This, you will 
see, is more easily computed than the former, when the letters are replaced by the num- 
bers tiiey represent. Suppose, for instance, a = 12, ^ = 6, c = 5, and = 9 ; and 
that X = 23 ; you will find that iffio numerical value of tho expression is more readily 
obtained from the second form than from the first. And I may as well tell you here, 


X 4- 5 
X - 7 
x‘‘^4- 5x 
- 7x - 35 

2x - 35 


2x + 3 
3x 4^ 
"6x2-f 9x 

4x 4- 6 

6x*-hl3.f -f 6 


X 4 fl 
X + 5 
x*-i-f- ax 

hx 4- ed) 




wrvonmw* 


its 


once for aU, that idgebnutts take oare that their rmUt are preeented in a form 

that mil give the least trouhle to the arithmelacal computer, ^hw prineiple wiH in 
general be observed in what follows. 

I shall now work an example which suggests a principle nC acme intexest in asilh- 
motic. (6.) Multiply w 4- r by w' + r\ 

n + r ^ 

nn'+n'r 

wr'-frr' 

nn' '{-Tt r-^nr' 'j-rr* 

Kow suppose a number to be divided by any other numberi say 9, and to leave a 
remainder, which we may denote by r : then, if we express this number, wetj^rngf the 
remainder^ by «, the entire number be denoted by w + manner, a second 

number may be denoted by ri r\ where n and n represent numbers exactly divisible 
by 9 ; and r and / numbers leas than 9. You see by the above expression for the 
product of the two proposed numbers n-\-r and n 4“ /, that the whole of it is neces- 
sarily divisible by 9, except the part r / , because w or w' is a factor of every other term : 
you may, therefore, at once conclude that if you divide a multiplioand and its m^tMipiier 
each by 9 (or indeed by any other number), and note the remainders (r, /), and then 
divide the product of those remainders by 9 (or the other number), the remainder aris- 
ing from this last division must ho the very same as the remainder arising from dividing 
^Qprodtict of multiplier and multiplicand by 9 (or the other number). And thus you 
have the principle of the method of proving multiplication hy casting out nines (Arith. p. 
12), The reason that 9 is chosen for divisor is, because that for the divisor 9, the 
remainder is the same whether the number itself, or only the sum of the figures com- 
posing it, be divided ; and it is easier to sum up the figures, and reject the nineSf than 
to perform the division on the number. 


EXAMPLES FOR EXERCISE. 

1. Multiply 2ax ^ — 3&x — 2 by 2x ^ — 2x 

2. Multiply 4ay + 2bx — ic by 2by + 2c 

3. Multiply out (ox ^ — ix"+ 2x — 2) — r 4 - 1 ) 

4. Multiply out {x 4- 2) {x — 2) (a? 4- 3) (x — 3) fSee 1, page 182.] 

6. Multiply out (x 4- a) (x— a) (r- — a*) , 

6. Multiply out (2x + 8«) (4x — 5a) (x 4- «-) 

7. (3ax — b) {iax 4- c) (5ax — 3) 8. (4ax + 3&y — 1) (2flx — hy 4- 2) 

9. (x — y)^(x 4- y) 10. j — (a + 6) x -f c J (x — c) 11. 3^(x^ — a®)- 

12. (2x + 3)(2x — 8)(4 x* 4-9) 18. { (« 4- 2)(x — 2)} « 

14. (x2~.ix + l)(x'^-f-2x — 1) 


INVOLUTION. 

Involution is nothing more than multiplication: it is a term employed to .signify 
that the factors multiplied together are all equaij the product or result being a power. 
Example 4, for instance, page 182, is a case of involution ; for x 4” y i® i^ffieed, as it is 
called, or involvedy to the third power. Involution is ^us the opwratwib of jvtdsing^ ft 
pK^osed quantity to a |»opo8ed power, and this operation you know 
Tbe following are examples of the involution of simple qmniiim. 
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[ (2aar)»=:8a«x®, (2««4f)^ = 16a«x* (-<TarV*)* = ~ &c. 

The Rulb for obtaining the powers in such cases as these is pretty obvious. 

To the power of the cmfficUni annex the letter^ with their several exponents 
plied by the etpmeni of the power. 

The rule of eigne must of course be attended to. If the quantity to be raised or 
involved be negoiwey thi^ sign of every even power must be positive — that of every odd 
power negative. The following examples cannot present any difficulty : 

«! ^ f- t 

When the quantity to be involved is a compound quantity, the proposed power of it is 
to be found by midtiplying the quantity the requisite number of times by itself, as in 
the examples below : — 

1. To find the cube of « — 2jr. 2. To find the cube of Zax — 4y. 


CL — 2x 

2x 

cfl — 'lax 
— 2ax4-4x* 

(a— 2x)*=af'~4«x-f4x^ 

a-~2x 

■~2a«x-f8ajr»— 8x» 
(a--2x)® =s — 8x* 


Sax — 4y 
Sax — 4y 
da*x* — 12axy 

-~12axy4-16yg 
(Sax — 4y)*=ba*x* — 24axy-)> 16p* 

Sax — iy 

27oV~*72a*x»y+48axy* 

— 36a*x«y+96axy‘» — 64y 3 _ 
(Sax — 4y)^=; 27a"x‘* — 108o^x^y-i~144axy *~~64y^ 


EXAMPLES FOB EXEB0I8E. 

1. (a-f2x>» 2. (Sox — 4y)» 3. (a + & + c)* " 4. (8^^+ 2x -H 5)* 

5. (a — 2i + 3c)« 6. j (a + *) (a — ») j * 7. j (ar + 2) (® — 2) } ^ 

8. j(2a: — 3)(2x + a)|* 9. {(* — «)»+ 2«4 * 

10. I (* + 1) (a - 1) (*.+ 1) } « 11. {(x — 1)*} • 

The following is a table of the powers of {a -f x) developed in order, from (a + x}* up to 
(a + x)* : the result of the actual multiplication is called the development^ and sometimes 
the expansion of a power. The table exhibits the developments of the powers of an 
expression, consisting of two simple terms, a and x. Every expression of two terms is 
called a binomial. 


TaUe of tlw developments of the powers of a hiivmial. 

i 'a + xy= a -f X 
a 4- lax -f x* 

a -i- *>•“ ®*4“ 3a*x + 3ax*-f ** 
a 4* a^-j- 4a*x -j- 6a“x®4' 4ax»-4- x* 

a -f" xj**® 0*4“ 4" 10a*x®-f“ 10a®x**f- Sax^-f- x* 

a 4 4" 15a*x®4 20a*x*4 15a®x*-f- 6ax»4* x* 

a 4. xytBt ai'4* 4- 21«»x®4 36o<x*4 86a*x^+ 21a®x»-f 7ax«4* x’ 

a -f* x)*=« at<<|- 4* 28a*x*4 66a*x*4 70a*x*4 56a*x*4“ Sax’-f- x« 

This table, which may be eanied to any extmit, ^ows that the ooeffioimits ot the terms 
in the devk<^ment of a blaoiBiai follow one another according to a remarkable kWf by 
observing which they may be derived, each from that which precedes, with very Httie 
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trouble, so that the actual involution of the binomial may always be dispensed with. 
By examining the several rows of coefficients, you will discover the law to be this, 
namely : — 

If the coefficient of any term bo multiplied by the exponent of a in that term, and 
the product be divided by the number which marks Hhepltiee of the term, in the row (as 
the 2nd place, 3rd place, &c.) the quotient will be the coefficient of the mxt term. 
Thus, kxdc at the development of + The Jirat term in that development wc 
might know to be without actuid multiplication. The coefficient of this first term is 
7x 1 

1; and— j- =7 is the next coefficient, the complete term being 7a®jr. This is the 
6x7 

second term: and— ^ =:21, is the next coefficient, the third term being 21a®«*; 


and from this we get 


6X21 


: 36, the next coefficient, the fourth term being Z5a^x^ 


In like manner, from this we find — — = 36, the next coefficient ; and in this way 

all the coefficients may be found, one after another, without involution. As to the 
letters connected with those coefficients, the writing of them involves no trouble at all. 
The first term is the first term of the binomial, with the exponent of the power over it ; 
the last term is the other term of the binomial, with the same exponent over it ; this is 
the highest exponent in the row of terms ; in each intermediate term, both the letters 
occur in conjunction ; and, in proceeding from term to term, the exponents of a regu- 
larly descend in value, and the exponents of x as regularly ascend ; that is, the powers 
of a are— 

fl’ «« a* a* a® a} 

and those of x, x' x* x® x* x® x® 


the sum of the exponents of both letters always making 7, in every term. And, genc- 
nerally, the sum of the exponents, in each term, is always equal to the exponent of the 
power. 

There arc one or two other things which it is important you should take note of in 
looking at the foregoing developments. 

1. The number of terms is always one more than the number which marks the power 
of the binomial. Thus, when the exponent is 1, the number of terms is two; when the 
exponent is 2, the number of terms is three, and so on ; when the exponent is odd 
the number of terms is even, and when the exponent is even, the number of terms is odd. 

You cannot, therefore, ■<rith propriety, speak of a ^middle term, except when the 
exponent of the power is even ; when it is odd, there are tunt middle terms ; and you see 
that the contents of these middle terms are always the scwis— another remarkable 
circumstance. 

2. But perhaps the most remarkable thing of all is, that when, in the case of an 
even power, you have reached the middle coefficient, as above directed, the re m a ining 
coefficients are got by simply writing those which precede the middle one m reverse 
order ; so that th^ remaining coefficients require no oompuiinff. When in the case of an 
odd power you have reached the first of the two middle coef^ents, you ^ve only to 
repeat this coefficient, and then to write all the coefficients, before the middle ones, in 
reverse order, as in th© other ease j so that no coefficient beyond the middle one, or the 
middle pair, need over be computed s they have only to be copied. 
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The present examination alSords a good opportunity to bring another pailioular 
under your notice. The foregoing table presents ua with a sot of equaHamt but 
they differ from the equations solved at pages 174, 175 in a very marked manner ; you 
must take notice of this. The equations at the pages referred to fix certain eonSitwns^ 
which the value of x must be such as to satisfy — ^no oth^ values of x would do ; but in 
the equations in the preceding iabk^ no conditions are implied, both a and x in each may 
stand for anything whatever ; for the second side, or member, is only the first side 
dinfolopedf or unfolded, or spread out ; in other words, one side is nothing but the other 
side put in a different form ; so that, write what wo will for a and x, the two sides must 
of necessity remain equal. Equations such as these, in which one side is only the other 
in a changed form, ai*o called idetUical equations, or simply identities. Now, as in iden- 
tities you may put anything for the letters, you may in the table put — y for x ; you 
will thus get the developments of the different powers of a — y, or, to be uniform, of 
fl — X ; all you have to do is to change x into — x on both sides ; you will see that the 
only change in the development is that the second, and every alternate term, becomes 
mium; thus — 

(a — x)*z=a ♦ — 4a^x-^ — 4ax® 4"^% 

and so on. With these changes, therefore, in the alteruato signs, the table exhibits the 
developments of the power both oi a -\-x and a — x. 

What has now been said in reference to the powers of a x, that is in reference to 
the powers of a plm or minus x, must be very carefully read over, and fully understood. 
I have been giving to you the leading particulars of the celebrated Binomial Theobbm, 
and you must try to impress them on your mind. In order to this, I would recommend 
you to write out the developments of (a — x)*, (a — x)®, &c., and to try 
(a — x)®, &c., finding the coefficients according to the short and easy method explained 
above ; that is, deriving them, one after another, from the law shown to prevail, as far 
at least as to the eighth power. It prevails universally, but the general demonstration 
of the Binomial TJmrem requires more advanced principles of algebra ; you Will do 
right to refuse assent to the law at present, for an exponent higher than 8, unless you 
like to put it to the test for 9, 10, See. You will find the theorem in a more general 
form hereafter. As an application of the Binomial Theorem, let it be required to 
dovelopo (<3f — 3y)®, which is the same as (a + x)*, when — 3y is put for x. 

From what is shown above, it appears that the terms, without the coefficient, aro^ — 
«♦ (3y), a= (3y)«, (3y)», a (3y)«, (3y)». 

Aad from the law of the coefficients, those arc — 

1, 5. (or 10), 10,5, 1; 

the last three, being those of the first three written in reverse order ; therefore, remem- 
be^ing to write the terms alternately plus and minus, 

(a - 3y)« 5a* (3y) + lOa^ (3y)« - lOa* (Sy)^ + 6a (3g)* - (8g)^, 

» - 16a*g -f 90a V - 270a*y =* + 405rty-» - 243. 

Again, let example 2, page 184, be taken, namely (3ax — 4y) The terms without the 
coefficients are — 

therefore, inti-oducing the coefficients, 1, 3, 3, 1, we have— 

3ax(4y)2 — {4y)^, 
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% {a^xy. 3. (a + 24?)». 4. (1— a?)®, 5. (l+arj^. 

6. (a:4“2y2)^ 7. ^*+8y»)*. 6. 9. (4:-^V)''* 

Note. — The preceding process may be extended to expressions of three terms, four 
terms, &c., in the manner following: — 

[a -j” ^ ~ L “H ^ *4“ 2 (/» c* 

= ^*“4“ 2 (<» c 0 ® 

=s= a* + 4" 4*2 

[a+J + (, + rf]»=:[(« + «) + (, + ^]« = (a + J)«+2(<r + 4)(» + <0 + (o + <0’. 

zzz cfi -I" “t* 2 (iWJ ttd “h’ bo b^ c* 

"xan <1® “f* A* *4" *4” 4“ 2 (i*^ *4* 4“ 4“ 4" 4 • 

So that tiio square of the sum of three quantities, or of the sum of four quantities, is 
equal to the squares of the quantities themselves, together with twice the sum of the 
products of every possible pair of them ; and the same is true for fm^ and for any 
mnnber of quantities. 


Dmsioar. 

When one quantity (called the divid^xd) is to be divided by another (called the 
divmr)^ the object is to find a third quantity (called the qmtieut)^ such that, if the 
quotient and divisor be multiplied together, the product will be the dividend ; and this 
is to be brought about whether the quantities concerned are the figures of arithmetic, 
or the symbols of algebra. The rule for division is thus suggested by that for multipli- 
cation * it is as follows : — 

Ca^ie I. — When dividend and divisor are both simple qumiitus. 

Rule 1. — Determine the sign of the quotient, on the principle that if the signs of 
dividend and divisor be like, the quotient is plus : if unlike, minus. 

2. Having found the sign, next find the coefficient by dividing the coefficient of the 
dividend by that of the divisor, as in common arithmetic. 

3. To Ihc coefficient, annex the letters^ which must be such, that when they are 
united to the letters already in the divisor, they may exactly make up those in the 
dividend. 

It is plain, that by following these precepts, you will get a quantity for quotient 
such that, when it and the divisor are multiplied together, the rcffolting sign will bo 
that of the dividend, the resulting coefficient also that of the dividend, and finally the 
resulting letters, arising from combining those of divisor and quotient together, the same 
as the letters in the dividend. 

If it should happen that there arc letters in the divisor, that is to bblj factors in the 
divisor, which are not also in the dividend ; then, like as in arithmetic, since actual 
division by ffiese cannot be performed, they must b© written as divisors in the quotient ; 
the^quotiont will then appear as a frat^xon incapable of reduction to a simpler £acmr>~ 
just as in dxvhdon of ntm^ers. 

1. Divide — 12a®a!«y by Zax. Hero == — ia^xpf for the signs being 

Sax 

unlike ^e sign of the quotient is minus ; also divided by 3 gives 4, so that — 4 is 
the coefficient in the quotient ; and since, from looking at the luttew in dividend and 
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divisor, we see tliat two a*s, one Xj and a y, most be united to the divisor to make up 
! the letters in the dividend, the^ie wanting letters are those which the quotient must 
supply ; the compete quotient is therefore — If the divisor had been 3 «es, then 

the foregoing quotient must have been further divided by 5 ; that is, ^ 

Suxz 

— ^ . f j ? ; for it is plain that to divide by Saxz is the same as first to divide by 3ax and 

JS 

afterwards by the other factor In like nmnner, to divide by 3axy* is the same as first to 

— 4ax, 

divide by Soxy, and then again to divide by the other factory, /. — 

All this is the same as in arithmetic ; thus, if we have to divide 48 by 36, we may pro- 
48 12.4 4 12.4 

coed as follows ; ^ 3 ; = 4, and this divided by the other factor 


- 

3, gives g 

2. 14«*x«ya . 

HiuV 

5, 7ax»y» _ 7xy 

Y' 

8. 16o«ara\/y 


— r ^ 

— 4ax®y* 4a 


= 4ax\fy 


__ — 2Vz 

6x3y* 3x*y 


4. — 12yyyx« ^Vx 
— 46*y*x h 

7. — 9ay*g® ^ Syr* 

— 6o2y*r Ya 

- 2Vz 2v/r 


Notp. — ^W hen the numerator of a fraction is minus, and its denominator^^, it is 
matter of indifference whether we put the minus before the nwnerator, or before the 
entire foaction ; because, from the rule of signs, a minus quantity is the result of the 
division indicated. Thus, in the last example it is indifferent whether we write 

2 Z I ■ r 2 z 

— — or — . The same is true when the denominator is minus, and the nume- 

8itf*y 3x*y ' 

rator plus ; for in division of one quantity by another, as in multiplication, whichever 
of the quantities be minus, provided only the other be plus, the result is minus. Thus, 


the following all express the same thing : -- = — — - 

o ~ 0 0 


For you see that, in 


either case, when a and d are interpreted, and the division performed, the quotient is 
tnmsts. For instance— jks »» 


^=:-3.-=-3, 


.^ = -3, 4c. 


Before proceeding to the following exercises, it will be well for you to look again at 
precept 3 of the Buie, from which you may yourself draw an inference of some 
importanoe in the general theory of exponents. The inference is, that when the same 
letter occurs in both dividend and divisor, and that the exponent of it in the former is 
greater than that in the latter ; the quotient, as far as this letter is concerned, is got 
by simply subtracting the smaller exponent from the greater, and placing the diffbrence 
over the letter ; thus, in example 2, in the dividend, and in the divisor, give a* in 

* Tlie learner wOl perosiTe that, having indicated the divisUm by a fraotkm, whether the ftao- 
tkm he al^liraieal or paraly nvnMioat, all we have to do U to eanesl idl the faeUtrs eommon to 
numerator and dexmaunator : 1S»e reenlt is the value of the fraction, reduced to ite Amplest form. 
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tho quoticnpi^ aikd of^ ia dividend, and a;* in the divisor, give .r’ in the quotient ; the 
y* in MA is mteelM, Tea thus see that, when the same letter or quantity is concerned, 
divisioa becomes the suitractian of asyxmentBf mnltiplioation, as you are aware, being 
the addition of exponmto. You will no doubt think, when the exponent in the divisor 
is fffMter ^^lan that in the dividend, that this view of division must be abandoned ; but 
it is not BO, as you will idiortly see. 


EXAMPLES POB EXERCISE. 


1. Divide' Bax^y^ by iaxy 
3. “ by — 8»*y**^ 

6. 7ax*yz^ by — 6a.*a;®y2* 

7. 24cy* by — 21c»y«s 

9. bahx^^y by 10a6*Wy 
11. — 2mar<y* by Sm'x*y* 


2. — 66aj*y®s by 2bix^y 
4s. 16aa;®y» by 4a®a?y® 

6. — 8^y*z by 66*y*i?* 

8. — 36aV>y* by 2y7a*Ji*y 
10. — &a^c»x* by — \2ac*x^^z 
12. — \Zx*j^z\ by — 26y<'/« (see page 179). 


Case II . — When the dividend ia a compound quantity, and the divisor a simple quantity. 
Kulb 1. Find the quotient of the divisor, and each term of tho dividend by t^ 
former rule. 

2. Connect the separate quotients together, by the signs which belong to them, and 
tbe complete quotient will bo obtained. 

1 . + 4 


12aaj»«»-~ Ba*a: 2 * — ixz 


Zaxz — 2a2 — ^ 


3. Here the compound term in the numerator is to 

be subtraeted firom what precedes, therefore tho signs of tho subtractive quantities are to 
bo changed, and they are then to be a^ed (see page 171). Hence the fraction is-* 

21a9ar*-|-7s*;r»-42a^a;+28 „ . 4 .,v ... 4 

TJi; =® «*+»-0»*+ ^ =3 («+!):.:-< »«+ — 


EXAMPLES FOB EXERCISE. 


1. 9a*s*~ 3a»ji^-f 
8a*» 

8. 3a<y (4a?y 8ay^)-|-12aagy 

Soiy 

5. 8aaa;‘^y'»-*2(8aa>Vga_ i) 
Axzxy 


2. 12*«y2*+6*«y»«2-.3#V 

Zx^yz^ 

^ — 2y) x 

Ax'hj 

6. 16«<&«aj>-(8 — 8a«&r«) 

4a“iaj* 


Case III. When both divi^Und and divisor are eofnpomd quantities. 

Bulb 1. Aiimge the terms of dividend and divisor so that the exponents of the 
powers of some one letter in both of thorn may appear in decreasing or increasing 
order ; that is if x, for instance, bo the letter ohosen to govern the arrangement, place 
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the teims in. either of these two ways :^X«et the term containing the highest power of x 
be put first; that oontainiug the next higher power immefiiately after, and so on; or else 
let the term containing the lowest power of a; be put first, that containing the next 
lower immediately after, and so on ; but do not write the terms at random. 

2. Tho diridond and divisor, thus iirranged, being placed as dividend and divisor, 
are placed in arithmetic, divide the Jir<^i term of the dividend, by the first term of the 
divisor ; the result is the first term of the quotient. 

3. Then, as in arithmetic, multiply tho whole divisor by the part of the quotient 
thus found, and subtract the product jfrom the dividend. 

4. To the remainder annex another term, brought do^^Ti from the dividend, or annex 
more of the tonus if more are seen, from tho extent of the divisor, to be required ; the 
row of terms thus got is a now dividend, with which, and the divisor, proceed as at first, 
and a second quotient term will bo obtained. And in this way the operation is to pro- 
ceed, like the corresponding operation in arithmetic, till all the terms of tho dividend 
have been brought down. When the last tenn has been brought down, and annexed to 
the remainder— no term in the dividend having been overlooked or neglected — then the 
row of terms thus got is the complete remainder. Should it happen that tho divisor will 
not go into this complete remainder, the operation is at an end, and you do just as you 
would in the similar case of arithmetic ; you place this complete remainder, with the 
divisor underneath, in tho quotient, as a fractional correction. 

1. Divide by 2x—a. Hero dividend and divisor are aiTangcd according 

to the descending powers of ar, the highest power of that letter occurring in the first 
term. If the arrangement bo tho reverse of this, tho operation will be that of the 
second form below ; minus the dividend is divided by minus the divisor for con- 
venience. * 

2j? a)6x* — or — a a — 1x)a- ax — Gx^((t -f- ^x 

— 'Aax — 2ax 

'lax — 3aar — 6jr- 

2ax — 2,ax 

2. a;- + 2qa: -{- + lOa*®* lOfl’jr® -f- ba^x -|- ...^ SaajO -j. -|- a® 

X* -f 2€tx* -j- 

Bax* ri* -}- lOa'ar^ 

4 lai^x^ -f- 
-f- 6a*x* -f- Ba*x 

a’a?* ri- 2a*x -f a& 

4- 2a*a; -f r/* 

8. a; — 2)2a;4- 32t(2ar»+ 4aj*-f- 8x 4 16 
2x * — 4a:* 

■ 4a:* 

4a:^*- 8a?8 
“^a:* 

8a;-— 16ar 

16ar— 32 
16a: — 32 

• ‘Whether one quantity be divided by another, or minta tho lormer by minus the latter, the result 
a —a 

i’^'the same ; for is the same as whatever a and h may stand for j It is of oourse the same 
with muMplioatlon : the factors a, b, give the Kune product as the foetots — o, •— b. 

t Ihia is evidently the same as 4* Oa# + 0** 4 Oar— 82 ; so that the— 92 need not be brought 

down tiU we arrive at the oonoluding at^ of the work. 
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4 . 4 a,*^ 13«*— I4x*+ 8ar*4. l(3a;»+ 2x*4- 2 + 

l*2x«— 21a:< 4 a'2— 

8x4— 14a;3 
8jr*— 14a^ 

8x’H- 1 
8x* — 143? 

Remainder, 14x + ^ 

EXAMPLES POE EXEECISE. 

1. Divide x* — 2^ — 35 by x — 7 2. Divide x ” — x — 12 by a; + 3 

8. Divide 6x^4* 13x -f- 6 Kv 3x -f- 2 4, Divide l2x»-i-29x^-\-]4x by ^x-’\‘2x* 

♦5. Divide 18a?^ — 33x^4- 41x — 35 by 3x* — 2x 4* 5 6. Divide x * — y* by x — tj 

7. Divide a;*— — 7aar-+8a2x— a*\v x — a. 8. TiixiCiei x~-\-(a-\-h)x-\-ahhy x-\-a 

0. Divide 8a?‘y 4- *^.y — — Zx^y + x bj' 4ar*y 4* 3a*y — 1 

10. Divide a^ — x44- ^ — 1 by x‘^-\- x — I 

11. Divide 3(22?=* 4-3) — 20a7 by 3(x — l)aj 12. Divide by a>--(» 

13. Dinde a:Hpx'-*4yx+r by X— a 

[It ia worthy of notico that in each of the last two examples, the ftnal remainder is 
the voiy same as the dividend^ when the x in it is removed and a is written instead,] 

ox EXPONENTS, EOOTS, SUEBS. 

You have already been told (page 179) that there are two ways of indicating a root 
of a quantity : one way by means of the radical sign V, placed before the quantity, and 
another by the introduction of a fraction, written in smaller character, over the right- 
hand comer of the quantity proposed —this comer fraction, you know, is called an 
exponent or index. The radical sign is used exclusively for rooU ; exponents are used 
alike for roots and for powers — thus, is the fourth power of fl', and a\ is the fourth 
root of a. But exponents or indices have a wider application still. As yet you have 
had to deal only with positive exponents ; algebraists, however, have introduced 
negative exponents. I must give you some account of these— show you how they have 
aiisen, and what meaning is attached to them. 

Your attention has already been drawn to the fact (page 189) that when a quantity 
with an exponent denoting a power, is to be divided by the same quantity with a 
smaller exponent, the subtraction of the latter exponent from the former is all that is 
necessary-, thus 

— _ = a -2- j ® — aa— a sss a* = a, <S:c. 

a* o* ’ 

Now, this mode of proceeding has suggested the extension of notation adverted to above, 
giving riflie to such expressions as a®, <» — a — ®, &c. : thus, carrying out the fore- 
going principle, we have 

— =s£ — > = flO ; hut — or — = 1, si 1, ft remarkable result, 

tf ^ a' a 

In like manner, ^ - * =: a — » : but — = .*. « — * = — 

a a^ « 

♦Tnexerelaes in division, a’vravs expunge, before you begin the operation, ■whatever factor is 
obviojisly common to both dividend and divisor, as you ■would do if jou had to deal ■with a portion, 
the dividend being the numerator^ and the divisor the denominator. In the example MKxva, the 
factor X obviously enters all the terms of both dividend and divisor : it is therefore a useless encum- 
brance, ahd should be expunged ; the division will then be 12d?« 4- 29* + 14 by S'« 4- 8. Exatt|rte 1 1 
admita of a like simpliacation* 
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SimUarly, 


a—® ; but s=-r> - 


And in tbe same way, at-*® and generally, ~ = « — •»; 

a® <*" 

whateyer whole number n may stand for. You thus see that without making any 
inquiry as to the particular values of m and n, you may always write — =r a*" — ** : if 

m SB 3 and nzz: 5, then — = « — ®, whidi, as seen above, is only another way of 

writing - . I may hero observe that unity or 1, divided by any quantity, is called the 

reriptvcal of that quantity ; thus, i is the reciprocal of «* ; i is the reciprocal of a ; 

a 

and so on. And any quantity with a negative exponent stands for the reciprocal of that 

quantity with a positive exponent ; thus, a 4 means -i, a “ means &c. ; so that 

a\ 

not only powers and roots, but also the reciprocals of powers and roots, are represented 
by exponents. 

In the instances hitherto given otfradional exponents, the numerator of the fraction 
has always been unit or 1, the notation implying a root of the quantity to which the 
exponent is attached. When a poxeer of this root is to be indicated, or the root of a 
power, the somewhat cumbersome form used at page 179---namely, (o^)^ for the third 
root of the fourth power of a, or for the fourth power of the third root of a, is not 
the notation usually employed ; a single finction is mode to serve ; the numerator of 
the fraction denoting the power, and the denominator the root; thus would stand 
indifferently for the third root of the fourth power of a, or for the fourth power of the 
third root of a ; whether you regard the power to be taken first and then the root, or 
the root first and then ^e power, is of no moment ; the result is the same. Thus | 
suppose you have 8^ ; if you regard this as the 8^K>nd power (or square) of the cube or 
third root of 8, then since the cube root of 8 is 2 (seeing that 2® = 8), you have 8* = 

23 B= 4 ; but if, on the contrary, you regard it as the cube root of the square of 8, then 
since tbe square of 8 is 64, you have 8^ = 64l b= 4, as before (seeing that 4® 64). 

Or take the more general case noticed above, namely, a*. If you regard this as (o*)^ 
you consider it the same as ipaad)^. And if you regard a^ as («^)*, you consider it 
the same as aWalal. Now these two results differ only in appearance ; for let 
a\ that is, the cube root of o, whatever it be, be denoted by o ; then, of course, « is c’; 
and it is plain that ; the first side of this identical equation being 

the former of the Above expressions, and the second side the latter. It is therefore 

m 

matter of choice with you whether you call a » the «th root of a»», or the wth power of 
1 

a ” ; and, in actual numbers, you may take whichever of these two views you find to be 
most convenient for the purposes of arithmetic. ' 

Whenever an exponent in the form of a firaction is such that the numerator and 

m 

denominator are the eamoy as in a that exponent may be replaced by unit, or I ; 
because if the mth power of any quantity bo taken, and then the «»th rod of the 
result, the original quantity (in this case 0 } is of course brought back again. 
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The second operation merely undoes what the first does; the two operations 

m 

mutually destroy one another, and are .*, of no effect, so that a. In consequence 
i?* — £ 

of this, such an expression as at •» is the same as en, since the former means the wth 
root of the »»th power of thia. You sec, therefore, that when a fractional exponent has 
a factor common to both numerator and denominator, the comm(^ factor may be 
expunged. All that is said above applies as well to negative as to positive exponents, 
as each expression there considered may be equally regarded as the denominator of a 
fraction whose numerator is 1. The following is a view of the principal operations 
with exponents when they are attached to the same quantity : — 
pjn p 

; for example, = a^; a^=a®*^ = a® ; &c. 

X a” = ; for example, a* X a® = a* ; a^X a^= 

^ a* — I for example, a* a® = a ; ~ =. ^ 

for example, («•)*=«% (a^)^ = a^; &c. 

That is — 

To Multiply. Add the Exponents. 

To Divide. Subtract the exp. of divisor froin exp, of dividend. 

To Express a Power or Root. Multiply ilte exp. of the quantity by the exp, of the 
power or root of it wJUch is pt'opoacd. 


In evolution^ or the extractioit of rootSf there are some particulars respecting siyna 
which require to bo especially mentioned. In itwolution, or the raising of powers, you 
have seen that the sign of the result is always fixed by the rule of signs ; it is not so 
in the reverse operation of extraction. For instance, the square of 4 is 16, the 16 being 
plusj whether the 4 be plus or minus; but the square root of 16 is ambiyuoua as to sign; 
the numerical value of the root is, of course, 4 ; but we have as much right to prefix a 
minus to this 4 as & pitta ; since (— 4)* and 4* are equally 16. Hence v' 16 =s + 4 ; 
that is plus or minus 4. And there is a like ambiguity, as to sign, in every even root 
of a positive quantity ; because the corresponding even power of that root would be the 
same whether a -f- or a — be prefixed to it : V 4 or 4* is + 2 ; 16 or 16* is + 2, 

and so on. As to an even root of a negative quantity, the thing is impossible. Such an 
expression as V — 4 implies an impossible operation ; for you inow the square root of a 
quantity is that which, when squared, reproduces the quantity. Now a quantity 
squared, whether its sign be -f- or Is always -j* ; it is impossible that — 4 can be 
the square of anything. Such expressions as V — 4, V — 9, V — 1», &c., arc caUed 
imaginary or impossible quantities ; and they answer this purpose, namely, whenever 
they occur in the solution of a problem, you may take it as a sure indication that the 
problem implies some impossibility or contradiction. You thus see that the numbers 
o| arithmetic, when introduced into algebra, divide themselves not only into positive and 
negative^ but also into real and imaginary. Real numbers, too, are separated into two 
classes ; namelv, rational and irrational, or surd. The following are examples of surds; 
namely, V 2, v -S, Vd, V7, V 10, &c. Surds, you see, are roots; but roots of numbers 
that are not themselves the reverse powers: 3, 5, 7, 10, &o. are not squares; they have 
no easaet squanre roots, Nevertheless, either of ^ese numbers being proposed, we can 
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i^^ys j^d mx&m nweBber sneh that^fai squm sluil^^pgroaoh at w^-io ifeko proposed 
^tW3aW ^ we please ; ve can thus 4^pproximate, as it is called, to the square root of 8, 
or 5, or 7, &c., to any degree of laeamess, as you hnow from your recolleotion of the 
operatiort lerKhe a^aare root in deounal arithaaetic. fhere is thus a marked diJ^eawBoe 
between 3 and t/ — 3 ; the value of the former can be appiro»mated to, to any degree 
of nearness r th^ value of the latter eannot beapproaohed to at all—it has no existence. 
It may be nottoed, however, that both surds ysdtstiytaasy ^fumutUiss may sometiines he 
- a little simpli fred in appearance. Thais, 8g= t /^* 2 a a?i^ 4 / 2 ; ^27^=:^ 9’8=:s3v'3 ; 

t/ — 8s= = 2 ^ — 2; V'— 27«sav^ — 3-9=:3v^ — 8; 4r32v^^l, 

&c. This can always be done when the number under V can be separated into two flac- 
tors, one of which is a square ; the operation implied in \/ being actually on this 

square, it becomes freed from the radical, which then applies only to the other factor. 
You should never leave under the radical, in any final result, a factor upon which the 
operation indicated by the radical can be actually performed. Thus, such an expression 

.n 

as t/ a^b should be reduced to the simpler form ax/ b. In like manner, i^a^x^yzz. 

axV y; 16 = t/ 8*2 ax^ = 2 r 2o; and so on. It is customary to call such 

forms as t/ i, V yj t/ 2a, &c., in which the operation under the radical cannot be per- 
formed, algebraical surds ; although, if the letters were interpreted, it is quite possible 
that the algebraical surd might prove a rational number. Thus, if b were 4, then y/h 
would be + 2 ; which is rational, though ambiguous as to sign. 

I shall now give you a few examples on the evolution of simple quantities, or quan- 
tities consisting of but erne term. You have b'^on told (p. 184) that quantities consisting 
of two terms are called binomials ; you will be prepared to expect, therefore, that those 
of one term are often called monomials^ those of three terms trinomials^ those of four 
quodrinomials ; a quantity consisting of more terms comes under the general name of 

polynomial^ or multinomial. 

To extract a proposed root of a simple or monomial quantity. 

Rule 1. Write the root of the coefficient with its proper sign, remembering that an 
odd root, like an odd power of any quantity, has tho same sign as that quantity ; but that 
on even root of a positive quantity takes the double sign +. 

^ 2, Divide the exponent of each letter by tho exponent of the radical ; or, which is 
the same thing, multiply by the fractional index, by whi^h tbo radical may be replaced ; 

the proposed root wiR he obtained. 

1. V 16<i^4»^s=4a« V Xy or ;fi[cre theaqujp:e roptof tho coe^aciont 16 is 4 ; the 

letters, with their e:iqponents are a^x^y the index or c|n). of tho Widioal is 2 ; dividing 
the exponents by this, the Utters of the result are =7 a}x^. Or ^plaping the radicfd 

jmnt§it^«^^thavi«culw^ by the exp. wUbouty vrehave'4{a*x^^4=:4a»a:t=:4a*'/a!. 
The Asuhle aign ia not placed before ithe 4 : the smm is> that the extractionia apt 
oopQ^plated ; * 4s a stUl^unpaprfiMrmed opeistion, and the doable sign is regatsded t 

t kapkad in. V. 

2, 3. V 2a*ax gssiftae^ %a 

4.V 

It is to he hbaeryiM ^t when an iztdtionai or surd quantity oooors among the 
factors af htUrs composing that term ore not arranged in al]^betioal order 





except when the surd is expressed by.a^^tctkmd exponent ; when it is denoted hy the i 
sign V, it is §4^^* to prevent fdl jnaistake as to the extent of 4fl#^enoe 

this sigtL If the reshit in the last ex^ had been wixtben ztja^Xy it would oviliinUy ’ 
have conveyed a wrong meaning ; it is true this might have been remedied ihy 

marking the extent to #hich ^ reaches by a bar- vinculum, thus 3 oib^ , x ; but super- 

jBiUOua marks and sigais are^ always to he avoided^ so that 4ihe fonn'^.a; to be pre- 

torced ; a bar over tfd* ds^not’requiredy whenit is understood that V eovers, or 
to, all the faetors which fbilow it. I have indeed myself put a bar over sunUar ox|»es- 
sionsatpage Idi, hutididso for lisar that ysw ^ouM lixnit the iMuenee the radical ; 
it is best omittod when there is no danger of such mistake being made. 

^ 7 ' aW ~ 5^7a ®, JOT ;?= a— *. The tot of these tons, 

namely— — _ {g ^liat which would, in general, be employed ; negative mdiees, thoi^h i 
ab^ya ' 

of much importance in certain general investigations, being seldom used in particular 
expressions. But I must tell you that algebraists do not like to leave surd quantities in 
the denominators ef fractions ; for as I said before (page 183), they wish their final 
results to be in a form the best suited for arithmetical computation. Now suppose you had 
1 

to compute — j~y a being interpreted to you ; — say <1 = 11. You would have first to 

y a I 

find the square root of 11, to several places of decimals ; suppose /e«r places were con- 
sidered sufficient, you would then have —1— ~ —1— — — ^ — , and the division here indi- 

V« Vll 3*3166 

cated would have to be performed. But instead of taking this course, let numerator 

and denominator of -i- be multiplied by |/ a, wbieb, from the tot principles of arith- 
t/a j 

metical fractions, you know to be allowable,. — L.^ would thus be changed into } ’ 

\/a a 

, ,,, Va v/11 3 3166 „ 

and you would have to compute — ^ ~ ® moment, 

pronounce the final result to be *3016 . . . , which of course, is the cauic |is the result 

^ -L --. but it would have tikcn you much to discover it, Bx. 6 therefore i 

o*ol66 

should not he left in the state in which I have left it above ; the steps shpuld be 

1 ^ ^ ^ ! I 

^ db^'\/ ab*a * | 


IXUfpLXS fOU EXEBCIBf. 

1. Va*a?"y 2. 8. 4. 

,6. $/— 6. \/8a^y^m 7. a 


10. 


11. v'<*~**“*y 


la 

la ^ — 16a»aiV.* 


11 . 

V. 02a'4*y)* 


IS. 

18. (82jrir|^ 
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PRINCIPLES OP ALGEBRA. 


FRACfTlONS. 

Algebraic firaotioxiB are treated exactly the same as numerical fractions in common 
arithmetio; the only difference being in the symbols, not in the operations per« 
formed. 

To reduce a mixed quantity to an improper fraction. 


A quantity is called a mixed quantity when it is partly integral and partly fitic- 
tional ; such a quantity may always bo changed into an equivalent one, wholly frac- 
tional in form ; the result is called an improper fraction, as well in arithmetic as in 
algebra, because an integral quantity is really absorbed into it. The rule for reducing 
a quantity partly integral and partly fractional to a form wholly fractional, is as 
follows : 

Eule. — M ultiply the integral part by the denominator of the fractional part ; connect 
the product with the numerator, by the sign of that numerator, and place the denomi- 
nator underneath. 

1. a-}-— == Here nothing more is done than replacing a by which is 

b b b 

of course equivalent to it. The integral part a is converted into a fractional form, by 
multiplying it by the given denominator by and dividing the result by the same letter, 
thus destroying the effect of the multiplication. And this is aU that is done in opera- 
tions of this kind. 


2 . 

X X 


g(x— y)— ^ 

aj-y*" x-y 


4. 

6 . 


a — — a^-f-y 
“““ b 

xy xy 


a. 

xy 


7. 

a—b 


182). 

xy xy 

^ 

a—b 


8. f— 1 ~ - j -.- ~ yJL (seep. 196). 

^X |/a? X 


To reduce an improper fraction to a mixed quantity, 

Eule. — Divide the numerator by the denominator, as far as the division can be 
carried, and to the quotient annex the remainder with the denominator underneath. If 
there be no remainder, the quotient, which will then be whoEy integral, will be the 
complete value ; showing that the so-caEcd improper fraction is an integral quantity 
disguised under a fractional form. 

This operation, you sec, is nothing but that of division : the examples at page 191 
serve as weU as any to illustrate the present rule ; but a few others may be added here. 


1 . 


3. 


12<i*--4a-j-36 


4a 

4x^>‘ 26***4-20aj'4" 26 




a!*-7«+10-f 


a?— 6 
4xH-3 


2 . 


Cl*— ac* -j- 1 
a — X 


a 



g— Jc 


4. 


a.4^4.7 
ic*— 3*4“2 


=g:*+3a:+74- 


7g— 7 


KXAMPLIS POE EXERCISE IN THE TWO PEECEDINO EVLX8. 

Prove that the following are identical equations 
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1 . 

4. 

7. 

9. 


a;* »- 


^±^=o«+ax+x»+— 
O — 4? o — 


2. 8-,-y-'= 


a»— *» 


7 

3H-y 


3. 

^b~c^ (^)* 


6. x*_o»+.5^= Jjl- 

aj®4-(i® af®-4*a® 


o—a; . - • w — fa- 

(a?-i-y+g) (a?+y~g ) j a;®4-y®-~4» ^ (g-fy+g) (g+y— g) g ^ (a?~y)' 

2ay 2a;y ‘ 2a;y 2a?y 

gg-f ya^^a (a^-y^^) (4?~.y+i) 10. T« 9 t M3-g)_«{(»-l)»-4} 

2xy 2ay a;— 2 


2 


To reduce fractiom to a common denominator. 

Before fractions can be either added or subtracted they must be reduced to a 
common denominator. No two quantities can be actually added together, or subtracted 
the one from the other, so long as the denominations of the quantities are different. You 
cannot add 4 shillings to 2 pounds ; you can only connect them together as distinct 
quantities, till both are brought to tiie same denomination. It is only then that they 
can be actually incorporated in one sum ; 40s. and 4«. make 444. ; the 2 and the 4 
make 6 ; but these are neither pounds nor shillings, and have no meaning in reference 
to the things proposed. A fraction, like a concrete quantity, denotes a stated number 
of things of a stated denomination ; the number is expressed by the numerator, the 
denomination by the denominator ; and so long as the denominators are different, two 
fictions can no more be added or subtracted than pounds and shiUings. You see, 
therefore, that before fitictions can be fitted for addition or subtraction, they must be 
prepared for these operations by a previous reduction of them to common denominators. 
The rule for this r^uction is given below ; it is founded upon the obvious principle 
that a fraction is not altered in value, though the numerator bo multiplied by any 
quantity whatever, provided only that the denominator be multiplied by the same 
thing since the new factor in the denominator just coiinteracts the influence of the 
same factor in the numerator ; a multiplication, and then a division by the same thing, 
leaves the quantity operated upon, whatever it may be, virtually untouched. 

Rule I.— Multiply each numerator by the product of all the denominators except its 
own ; the results will be the numerators of the changed fractions. 

2. The product of aU the denominators will bo the denominator common to aU the 
changed fractions. 

This rule will effect the reduction of fractions to a common denominator in all 
cases ; but sometimes the desired change may be brought about in an easier way. The 
common denominator, foimd by the rule, is evidently such that each of the proposed 
denominators is always a factor of it. It is the object of the rule to make sure of such 
a number in every case ; but it often happens that a smaller number exists, such that 
each denominator is a factor of it ; and whenever such smaller number can be discovered 
with little trouble, it is of course better to use it, than a larger number. The smaBest 
number possible is called the least common multiple of the denominators ; and a little 
examination of the denominators wiU often enable us to arrive at it very readily, as 


, , , a , b . e ays ,bxs .cay 

will be seen in some of the following examples:—!. “ + - + g = 

Here the three fractions on the right of the sign of equality are respectively the 
same, in value, as those on the loft; and the denominator xys is common to aU. 


2 . 




80 


4 - — 4 

aft * 


80 ^ 30 


Zx 


U 
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^ + 1 , 53? 
^ “^4* 


Here it is plain that 12 iae, numb^j and the least nnmberi awdi that 


j 6 and 4 are eadh aikctor of it, /. 12a ia the least common mtiltipie of da and 4, «e that 
the cothmnn denominator need bo no higher than l2a ; this 12a is the first denominator 
t ahove'WitipiUed b^ 2, nntkiplying the numerator also by 2, the changed fimetion is 

Again^ the same 12a is the second denominator multiplied by 3a, mul* 

12a ‘ 

tiplyixig the numerator also by 3a, the second changed firaction is so that 

*4" ^ isomiam denominator would have 

been twice as great 


5. 


2x 


4- 


, — i — . Here,* sinoe ytt know that (x^») =b 5-3 j* -^a*, the 

;ra— a* ' ar-l-a v • / v » 

second fiwctifm will he converted into one with a denominator the saihe ad the first, by 
merely multiplying numerator and denominator of the second by a; — a, the fraOtionsr 
^ *- 3(3?-a) 


a* -a* 


4^ 


! S, --2^ 4. , . ■ ~ -L, -5-. Here the oa^ient of the common denominator is 6, the 
least number divuible by the coefficients 3, 2, and 6 ; the letters are a*^*, the least 
quantity divisible by a^M, a®i*, andoi, the changed fractione are 4“ ^sfa 4* 

I fraction here differing from that M^hich it replaces only in appearance,— it 

I is the original fraction with numerator and d^ominator multiplied by the same thing. 


It will not he necessary that I should give you any exercises expressly for practice 
in the preceding rule. The examples furnished to you in addition and subtraction,— the 
rule for which I am now about to give, will equally afford practice in the foregoing 
operation j for, as you have already seen, all fractions must have a common denominator 
before they can be cither added or subtracted. I shall therefore at once proceed to 

Addition and Subtraction of Fractions. 

"SivuB^AMition . — Reduoe the fractions to oqi^valeat ones with a common deno- 
which place under the sum of the changed numerators. 

SMtraetim . — Beduce the fractions to equivalent ones with a common denominator, 
which |daed under the difference of the changed numerators. 


x+a.b ,1 15(3?H-a)+10&-f6 ^ 2a?+3 53:+ l_9+53r-53;*_^ 9+53:0— r) 

1. 2 30 * a; "8 8a: 3x 

(q+^)g+(a— ;»)2 2(a®+5®) ^ fl+5 a—h _ (0+5)"®— ( a— 5)^ idb 

a — 5 ^a+5* a® — 5^ — 5^ a — b a+5 a® — 6® ** <*0— .5® 

23?— 3 4g+2 23?— 3— (4a?+2) a; _ 4iga+3 1 , _i «i±i 

* 3a: "" 3 ** 3a? Sa: a’* a’‘ +1 «'*+! 

7 a?®— a;®+y®— (3;^— 2 / g x^+y* „ ^ a:® + y » •— 23 ?y _ (3^-y ) ® 

* «®+y^' ar®+y*^ ^“ar^^+y* * xy ^ xff xy 

In thk example, as well at in ihe preceding, an iMager occuM in coimDdtion witii a 
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fijaction ; and it indy here vhe^ttiticed, that Itatf ‘integer inay,^ ahrays he put in the form 
of a fraction hy efa^ly giTing to it 1 for^dtaoBiiddtor : thws^ in the pireieitt exaa^le, 

the 2 jinay.he regarded as j.*" 

skAlfFLlsd FhA'lfXSAeiMd/ 


1 . 

4. 

8 . 

11 . 

13. 


NoTX.— Itsdmef^m^ bappehiii th^ttbd ■uin or dlft^ehoe of fractloUi'la a fraction sac^ that 
numerator and denCntinatbr h&te a faetdr oomnion to both. common factor* should 

always be expun^red from the final resell, ^whenever they are seen to enter : they only 
serve to giVe to the fmotion an appearance unnOeessarily complicated. A fraoti<m thuc 
deprived of all common factors in numerator and denominator is said to be in its lowest 
terms, the numerator and denominator being called the tsrmi 


5 , iP— 1 
H- 




3 ' 2x 

2 . U ■ '3 af— fi 

lx li" 

l+l^L 

x'x^ X'* 



I I O 

i*.. X 


2 a? — a~ 2 a; + a 4 a?*— a* 


a2-_&»^a-d a+b 
Show that 


^4.JL_=_f ^ 

jB+y a?— y a?— y a?-fy 


12 . 

14. 


14-ar-f/e* 1 — a?+a?® 


^ y~^i y yH-3 
y— 3 y y-h^ y 

a? y z z 

y+s~y+2 a?+2 


MULTIPLICATION OP P11ACTION8. 
a 

If a fraction j ia to be multiplied hy an integer e, we have to take a things, of deno- 

ae 

mination c times ; the product ia therefore j ; that is, ac of those things, jilat as if 

we had to multiply a pounds, or a ounces, by <?, the product would be «p of those pounds 
or ounces. But, if instead of c, we are to multiply only by the <fth part of o, then, 
of course, the product will be only the efth part of tho former ; that is, it will be 

^ -f- rf, or ^ ^ ^ This suggests the rale, which is as follows : 

Kul£ 1. — Multiply tho numerators together, tho result will be the numerator of tite 
product. 

2. MuBhply tho denominators together,' the result will be the denominator oftlie 
product. 

Notje-— B efore performing the operation, see whether efther bf the fractions can be reduced to 
lower terms ; if so, reduce the fraction. And after the operation, see whether a like reduc- 
tion can be easily made in the result ; if so, reduce accordingly. (See preceding Notk.) 

It is of importance in dealing with algebraic fractions, that you should always keep 
in remembrance the factors of such eispressionB a« M, ««— &c. ; as also 

of a^-^2ab-\-b^y and o* — You have seen at page 182, that the diff'mnoe of 
the squares of two quantities is tho product of the sum and difference of the quantities j 
so that (a--b) ; a*--b*zzz(a^-^-b») (a*— 6») ; A»== 

&o. ; alsb that a*+2ab-^b»xs (a+i) (a-f^ or i and that 

(a — b), or (a^) *. Ton Will have very* frequent ooca^n to apply tlsesO truths in ope- 
rations with fractions : I repeat them here, that you may have full wdntizig of what 
you will be expected to remember. 
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9—1'^ «-fl 


6»* 


6 g« 

-I)** 




10 


Here it is 


(«— IXar+l)"”* (flD— 1)»* "' 5 '^2a?*— 3x 

easy to see that the factor x enter into both numerator and denominator of the pro- 
duct : it is useless to allow it thus to enter, and afterwards to expunge it ; we there- 
fore silently suppzess or cancel this common factor, and so preclude its appearance alto- 
gether. In like manner, the factor 6, foreseen to enter numerator and denominator of the 
product, is, at the outset, cancelled; so that, before actually multiplying, we imagine the 
3x—l 2 2(33?-!) ^ 

factors changed for — j— X 2^113 ~ " 2x~8 ~'* product m its lowest terms. 

You arc aware that all this is exactly what wo should do in common arithmetic : you 
have, in fact, nothing to Icam in the management of algebraic fractions that is not 
equally necessary in the fractions of pure arithmetic. Suppose the example here com- 

— X 10 

mented upon had been — ^ — X ^ ; then, seeing that the second fraction has the 

factor 2 common to numerator and denominator, you would here, as in arithmetic, 
expunge or cancel that factor ; and, to make each step perfectly plain, might write — 


3aj*-a: 


X 


10 


2a:«— 4a: ‘ 


3a:* -« 

. _ 


3a>~l 


• a:“— 2a: 


= — X 


3*— 1 


■ *- 2 ' 


1 . 2 . 

7 9a; 3 7 

8. 

11. 7^ 9^4,^ 5 
14 (^-y^ y^+y 


EXAMPLES FOR EXERCISE. 

3. 

gfi — C^X 


4a:-f2 Sx 


2 


2r— I 3®"!"! 
x+2 ^ a:-8 


ax — a* 


7. 

ym y» 


9. 


14. 


i^!/y 



x*«~4a* a:*— u* 
10. — 

5{/x 

ar— a x-^2a 

12. 

4a:-f2 5x 9x — 8 


3 2af-|-l X 

* ar— y 



DIVISION OF FRACTIONS. 

a a 

If a fraction y is to he divided hy an integer <j, the result is of course ^ ; but if it 

is to be divided, not by r, but by only the dth part of Cy that is by ^ then the quotient 
will be d the former quotient, as is obvious ; that is to say, tho quotient will bo 
^X ^ division is converted into multiplication, as directed in tho fol- 

lowing rule : — 

Bulb. — Invert the terms of the diviewy or turn it upside down, and proceed as in 
multiplication. 

, 3ar— 2.6a:+l 8*— 2 7« 7(fi®~2) 

^ 6x+l“ 2(6a:+l) 

ar-y 


2« ■ Tar 2x 
ar^-y* . ar»-fay 


(ar--y)* ' ar-y (a?-y)' 


a?(ar+y)' 


(r»-fg«x»»-y*) .. 

<x+s)~ ^ 

a*— a:* 


a«+ar» 


SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY. 
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KXAMPLSB VOS BXEROXSa. 

JioTJt.'—£e/ore inTerting the dlyisor* you may always exponge factors eommon to either both 
muneratortf or to both donomittators : tbiu, the a: in the denominators of example 1, lastpegey 
might hare been omitted, as also r— ^ in each denominator of examine 2. 

X . a? — 1 ft g-f 1 . a^—l g . jf4-3 

* X — 2 ' »*+2 ' a ‘ a * 6 ' 

6a^-2g . x^ 9je^— 4y« . 3a?-~2y . a;«+ary 

4--x'‘‘ * 2-4-» * «+y 'x*— y* * x*~2xy+y** x— y 


At page 174 a rule was given for the solution of a simple equation, and several examples 
were proposed to show its practical application. These examples, however, were 
selected with a view to your acquaintance with the operations of algebra at that stage 
I of your progress. You are now, I think, qualified to attempt equations of a higher 
order of difficulty, and to understand and apply the following more general rule. 


I Genejelal Kule for the solution of a simple equation with one unknoum quantity, 

I 1. Clear the equation of fractions, if there be any. This may be done by multiplying 
' each numerator by all the denominators except its own ; or by taking a common multiple 
of the denominators and then multiplying each numerator by this multiple, after sup- 
pressing that factor in it which is equal to the denominator. 

2. Clear the equation of radical signs, if there be any. This is done by causing the 
quantity under the radical wo wish to remove to stand alone on one side of the equation, 
and then performing the operation the reverse of that Indicated by the radical, on both 
sides of the equation. Thus, if the radical be we must square both sides ; if it be 

we must cube both sides ; and so on. This reverse operation evidently disengages 
t^quantity from the radical ; if two radicals enter, the operation must bo repeated in 
»if^*?o!&’cnce to the second radical. Transposing, collecting, &c., are sufficiently explained 
in the former rule. It need only bo added here that the example itself must suggest 
the order in which the precepts given in either rule should follow one another. 

X X X X 

1. 5“h4 = 2 — II®re, if each numerator bo multiplied by the product 


17 

of the denominators of all the other fractions (regarding 17 as y we shall have 24x -f- 
ZOx = 60x - 40x + 2040, /, 24x + 30x + 40* - 60* = 2040 ; that is, 34* = 2040, 

X— —60. 

But if we take the least common multiple of 5, 4, 2, 3, which is easily seen to 

60 , 60 

be 60, we shall have to multiply the first numerator by ^ or 12, the second by ^ 


or 16, the third by or 30, the fourth by 5? or 20, and the last (17) by ??or 60. 

2 3 1 


The 


equation cleared of fractions in this way will be — 

12x -f 16x = 30* - 20* + 1020, 12® 16x -f- 20® ~30* =s 1020. 

That is, 17x = 1020, = 60. 

It is plain that, whichever method be used, the equation free from fractions always 
arises from multiplying both sides of the original equation by the same quantity ; thus, 
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in the first way, each side is nw d tiyi i tedrby 12B^ <tha fiivduct of the denominators ; in 
the second way, each side is multiplied by 60, the least common multiple of the deno- 
minators. 

2. Transposing the x, agreeably to pMoept 2, of ih»mle^ 

=3— ar ( scaring both sides, 6*-l-af®=:9— fir-f-a;® 


/. 6j= 9— 6jr, 12«=:9, 


_8 
12 — 4 


! 


I 


3, Transposing, 'v/s?4-7=V^a;+l. 

Sqiuiring both sides, a:+7=a;+2v'x+l. Transposing again, to get the radical alone 
on bne aide, 

ap4*7— 1=060*21/^?/ SrSBV^jr, <8gttarixig} Osfijr. 

4. — o = it i® eyident that («-— a?) or a*- «« is 

the least cOmmoofimiitipk of the denomixui^rs.' 

that is ox. Transpodng the unknown terms to the left) 

oaj— that is (l—a)ax=rui^+a^^l. 




<,r.(g±^]£!:rL 

(!-«)« 


(l-u)a 

As already remarked at page 100, we may if we please always cAai^e ike elgm of nume- 
rator and denominator of a fraction, so that it would be equaliy^cocreot to write the 

priding expression for x thus : 

5. i/a 4* X -f- v'j; -f i =: <?. Transposing, \/ a -f a = c — i — y'x* 

Squaring, a-\- x^{o — by — 2 {e — b) 1/4; -f ar. 

Transposing, 2 {c — b) ^ x'=. {c—bY — a. 

Squaring, 4 — — a} a. 



(e-bY^a \ a 
'2{c-b) I * 


This example i^ in appearance difficult, but in reality it is easy. If you look at the 
operations actually performed^ you will see that they are very trifling ; the work is for 
the most part merely vidieatedy not executed; and such, in general, is the case when we 
hare to deal eiclusiyely with litej alf and not with numerical quantities. The work of an 
algebraical problem is usually the greater, as the merely numerical operations are 
greater; because these must be actually performed it is the arithnetic^ not the algebra, 
that occasions the labonr. An example purely algebraical, like that aboye, requires 
only a little address in the deduction of one step from another ; a little caution in the 
management of signs, and some core in indicating processes, which arithmetic must 
perform when the symbols are interpreted by numbers. It is not easy, however, to 
embody in a rule all the expedients and ortiflees which may with advantage be resorted 
to in the solution of a simple equation ; these must be acquired by observation and 
experience, by the exmoise of yeur own mgenuity, and the suggestions of common 
scnoc. A little thought and reflection will often do more for you than the most elaborate 
nde. The following example will serve to illnstratc these remarks 


6 . 


f/e* H* jr ; h 


In this example the removal of the radicals is evidently 
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the fiwt ihiag #©‘should try to effect; tod it ie easy to see that if wo were to attem;)^ 
this by impUdtIy', following the precepts in the ruley We should soon h^ td (teM wl^ 
complicated expressions. Let us try to evade these by a little ingenuity. You see that 
if we were at liberty to subtract the denominator of the first member from the nume- 
rator, the upper ra^ctll 'would be removed at once ; tWs the subtracting 1 from 

ett^ siie, we therefore make tlua ficllowing the first step, nfandy^ 


— _ 1 — 1 • that IS, — — — 

ya* ar® ■— a; 0 » c 

And as it is in general loss inoonvenient to have a radical in the numerator than in the 
denominator of a fraction, we shall take the reeipromla of these fhMon^ that 1^, Shall 
simply turn them upside down, writing the equation thus — 

i/a* -f — j? e i, { 2e ,A b e 

/bi^eY , ss* (5-— c)® a^ — e) a(i--*e)\/be 

' a® — 4.bc 2be 

The step marked [A] may be reached a little differently by help of a property of two 
equal fractions^ wlmfii you will do well to remember, *aiid apply in examples like that 

above. Let -> j be two equal fractions may stand for the first member of the given 

equation above) ; then extracting 1 fiom each, wo have— 

P — g b’—'C 


Also, adding 1 to each, wc have — 


Now divide these results by the former, and we got — 

p-^q _b + c 
p — q b — c 

By ap^ying this property to the given equation, we get at once — 

y / a aiid thence t/cf* -)r as® = ^ 

X b — c 0 ^ c 


EXAMPLES FOB EXSBCISE. 

Noia.—Examples 8, 9, 10, 11, and 16, have been selected with a view to the application of the prin- 
ciple just explained, Eemember, in ex. 15, that sum. X == of iquares^ 


1 2f, £^22+5 
6^2 ^6 

4. ii±i = 6 + 5 

X X 

6. V^i-^x=n 

V/r+28 _ v/a?+38 
t/r + 4 ” y/x + 6 
V^<wc — a _ 

y/aX ■+• a ^ 3v^H- bm 


2. l+l + ^ei 


3. 

2 4 3 6^ 


5 .li 3a:-ll 5(r~l) 97-^7r 
• ^ 16 8^2 


7. 


y/x-\-'l 3 


4. r 

10 _ y /xAr^a 

\^x + b t/r f 36 

12, v/(^-24)=v'a?—2 13. i/(4a?+2l)=2t/4r4-l 
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14. ^(24?+3)»3 


v'5*+3"“ 2 


\/ JP+ ^ 1 


Simple equatiens with two mhnown qwmtitiee. 

There are three methods of solving a pair of simple equations containing two 
unknown quantities. I shall lUiistrate them by an example : — 

1. Find the values of x and y in the equations, = 

From the first oqua., by trans., 2xz=z2Z — 6y /. a;=: 


From the second equa., by trans., 3« = 6 2y /. ar = — ^ — . 

. « . 23 — 6y 6 -h 2y / i . % 

Equating these two different expressions for a?, we have — ^ ~ — 3 — 

69 - 15y = 12 4- 4y trans. - 19y = -- 57 y = 3. Substituting this 
value for y in either of the expressions for a?, the second, for ins t an ce, we have x sss 

4 a: = 4, y = 3. This method, you see, consists in equating the expres- 
3 

sions for the same unknown quantity, as deduced from the two equations. 


2. Having found an expression for x from one of the equations, as, for instance, a? — 

substitute it for x in the other equation, and we get + 5ys= 23 ; 

3 ^ 

clearing and removing brackets, 

12 4- 4y 4“ 1 5y = 69 19y = 57 y = 3, 

so that X or ^ = 4 /, a: = 4, y = 3. 

o o 

This is called the method of substitution. 


3. In the third method the first object is to convert the proposed equations into 
forms such that one of the unknown quantities may have the same coefficient in each, 
thus : — ^multiplying the first equation by 3 and the second by 2, they become changed 
into 

6a; *4" 15y 69 

6a;— 4y=:12 

By subtracting, 19y = 67 y = 3 

And *blg value put for y in one of the given equations, in the second for instance, 
12 

there results, 8a? — 6 = 6 .*. a? = -^ = 4. 

Or without, in this way, borrowing from the method of substitution, multiply the 
first equation 2, and the second by 6 : they then change into 
, 4x4-10y=r46 
15a? — lOy = 30 

By adding, 19a? = 76 /. a? = 4 

This is the method of equalizing the coefficients of the same unknown quantity in the 
two equations. When this equality is brought about, then addition or substraction. 
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cusoording as the of the equal ooeffioients are unlike or like, mil of course remore 
one of the unknown quantities altogether : when one of the unknown quantities is thus 
got rid of it is said to be eliminated. 

The operations by the three methods may be stated in a rule as follows : — 

Rule 1. By eqmiing two expressions for the same mhnotvn. Find an expression for 
one of the unknown quantities from the first equation. Find an expression for the 
same from the second equation. Equate these two expressions and you will thou have 
but a single equation with one unknown quantity, the value of which may be found by 
the former rules. The value of the other unknown is got by substituting the value 
just found in one of the expressions for that other unknown. 

2. By stabstitution. Find an expression for one of the unknowns from either equation, 
and substitute this expression in place of that unknown in the other equation : an 
equation with but one unknown will be tho result. 

3. By equalizing coefficients. Multiply the two equations by such numbers (or 
quantities), the smaller the better, as will cause the resulting coefficients of one of tho 
unknowns to be the same in the two chained equations : then by addition or subtraction, 
according as tho equal coefficients have unlike or like signs, an equation will arise 
having only one unknown quantity. Both unknowns may be eliminated one after the 
other in this way ; or having eliminated one, and then found the value of the other 
from the resulting equation, the value of the former may then be got by substitution, 
as in the example above. 


1. Find the values of x and y from the equations 


^ 4 - 5^=6 

6^4 

4^6 ^ 


Multiplying the first equation by 2 and the second by 3, 

1+1=12 

r+|=xr 

3^ ^ 

Subtracting, ^ ^ 9^ — 4a; = 60 5x = 60 a; s 12 

4 o 

(equation 1) 2 ^ = 6 /. y =: 16. 


2- 

2^3 

3^2 


clearing, Sa? + 2y s=e 42 ] ... [A] 


2;*; -f 3y = 48 j a; = 24 — ~ . 


Substituting this in the equation above, 72 ^ + 2y = 42 

144 — 9y + 4y = 84 60 = 5y 12 = y 

Aadafss 24 — -1=24-18 = 6. 

Or, subtracting the upper the lower of [A], 

— fl; + y = 6 y = 6 + ^* 

Substituting this in the former, 

4- 12 + 2« = 42 6a; ass 30 X = 6 y = 6 + a: =E 12. 
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fi^satiotts w}^ ammskaownt jmj a<lopted Rm4idmMif£lP* 


1. 2«+8y=23j 


'EX4XBm& FOR SXmOESB. 

% 5x+^«58) 
3ar4-7^*=67 1 

5. Zx-^ly 2af+3f+l 

2-q?=0 ) 

o 


g+8s-JM) 

|+S*».13l) 


6. ar+2 


+8#=31 


l>-f fc'ysac' ) 


7. a«+i^al j 8. flw+^-c j X y ( be regarded as ^, -; wher 

Q,x--ky^l) a^V-ffc'ysac' ) ^4- -54 3 

x'^y~~ ^ these are foqnd, the recipro- 
cals can be taken. 

^2 10~ar y— 10_^ 11. ar+6_ y-f-2 

2(y4-2) 2:c% j:-fl3 _ C y->7 1 P* x^^lls S 

O o'" A ^ ^ lO' 


Id J7— 2 10 — X y— 10 


Here ihe imkaowns had better 

be regarded as when 
^ y 

these are foTind» the recipro- 
cals can be taken. 


^-|-i y— 13 


Questions in Simple Eq^eeitione with (me or two Unknowns. 

1. Find a number such that whether it be divided ii;ito two equal parts, or into 
three equal parts, the product of the parts shall be the same. 

Lot X be the number ; then by the question 

2 '^2~"3 ^ 3-^3 

“ r =f! •■• I = #7 ••• •■• f = ®* = 

When the question implies parts of the unknown quantity, fractions may generally 
be avoided in the solution by representing the unknown not by a:, but a multiple of Xy 
such that the proposed parts may be integral : thus, in the present case— 

Ijet be the number; then by the question 

3jr X 3i; = 2a: X 2a? X 2a? 

that is 9a?= z=: 8a?s /. 9 = 8a? /. a? =|- /. 6a? ss^ss 

O 4 

2. A pexiBon ufrer spending one-fifth of his income tod dllfi motre^ found that he had 
£36 more than half his income left ; wliat was Ims incom® ? 

Let 10a? represent his income ; then by the question the number of pounds he spent 
is 2a? -{- 10, so that he had lOaf ^ (2aj + 1^) left ; that as 8a? — 10 ; but by the ques- 
tion he had 6a? 36 left, 

8a? — 10 ss 6a? -j- 36 .*.*8a? va 46 a? ss: 16 10a?tcss 160 
so that his income was £160. 

3. There is a fraction such that if 3 be added to the nnmerstor^'itrTlliiie and | 
1 ^auhtnustedfrenrtiie denonunator, its value is | : what is theikadtiotf ? 
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Let ic be iSb.6mmamkir tad p ^e denoseojiatoF ; then tbe fimotaen ssid 1^ the 

V 

q^iflystion 


^Li-? j. 

y ~3 


3:c -j” ® y 

5a? = y —1, = 5a; 4- 1.' 


Heace^ equating these two expressions for y, ve haye 

6a; 4“ 1 = 3a; -f* 9 2a? = 8 .*. a- =r 4, the numerator. 

4 

And y = 5a; + 1 = 21, the denominator, is the fraction. 

. 4. A man and has wife could drink a harrel of beer in 16 days ; but after drinking 
together 6 day8> the woman alone drank the ^maindor in 30 days. In wl^at time could 
either alone drink the whcAe bairel ? 

Suppose the man cn^d drink it in a? days, and the woman in y days » then in om day the 

man’s share is - of the whole, and the woman’s ^ . so that 15 times the sum of these 
a? y* 

shares is 1 whole barrel ; that is — 


But by the question 


X y 

30 6 36 

.- = 1; that is, “+- =1. 


So that diyiding the first equation by 15, and this last by 0, we haye 


1 1 _ 

* y Id 


By subtracting 


Also smee, ~ = 


1 1 
6 15 ~ 30 lo ■ 

_3 

y'^ 10 iO 


*lx cs 150 ; 


Consequently, the man alone cotdd drink it in 21|‘day8, and the woman in 50 days. 
In this example wd ^ are.aiegardiedijasjthe nnknnwn qiijpitjt^ recommended 
at page 206, eicample 9. 


1. Find a number such that if it be increased by one*hhlf^ one- third, and one-fourth 
of itself, the sum shall be 50. 

2. There is a fraction such that if 4 be added to the denominator the yalue is \ ; 
and if 3 he added to the numerator, the value fs d : required the fraction. 

3. What number is that such that if it be increased by 7, the square root of the sum 

Bl4dlbe.eqijaltoth^fqnarefootof^giei|^ liWWW? 
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4. Fifly labourers are engaged to remove an obstruction on a railway : some of 
them are by agreement to reoeive ninepenoo each, and the others fifteen pence. Just £2 
are paid to them : but, no memorandum having been made, it is required to find how 
many worked for 9<i., and how many for I5d. 

5. A person ordered a quantity of rum and brandy, for which he paid £19 is. : the 
brandy was 9 j. a quart, and the rum 6a. He has, however, forgotten the exact number 
of each he has to receive ; but he remembers that if his brandy had been rum, and his 
rum brandy, his outlay would have been £1 13i. less. How many quarts of each did 
he buy ? 

6. A person has spirits at 12«. a gallon, and at £1 a gallon ; how much of each sort 
must he take to make a gallon woi*th I4s. ? 

7. A merchant has spirits at a shillings a gallon, and at b shillings a gallon ; how 
much of each must he take to make a mixture of d gallons worth c shillings a gallon ? 

8. In the composition of a certain quantity of gunpowder, two-thirds of the whole 

lOlbs. was nitre ; one-sixth of the whole — 4^1bs. was sulphur; and the charcoal j 

was one-seventh of the nitre, all but 21bs. How many lbs. of gunpowder were there t > 

9. A farmer wishes to mix 28 bushels of barley at 2s. id. a bushel with rye at 3s. a ! 

bushel, and wheat at 4s. a bushel, so that the whole may moke 100 bushels worth 
8s. id. a bushel ; how much rye and wheat must he use } I 

10. Two persons, A and B, are engaged on a work which they can finish in 16 days ; 
but after working together 4 days, A is called off ; and B alone finishes it in 36 days 
more. In how many days could each do it separately ^ 

11. A composition of copper and tin, containing 100 cubic inches, weighed 50o ounces ; 
how many ounces of each metal did it contain, supposing a cubic inch of copper to 
weigh 02 ., and a cubic inch of tin to weigh i^z. ? 

12. A cask is supplied by throe spouts, which can fill it in «r minutes, b minutes, 

and c minutes respectively ; in what time will it be fiUed if all flow together ? 1 


Simple equations with three unknown quantities may be solved by imitating the , 
operations in equations with two unknowns ; that is, by first eliminating one of tho 
unknowns from ttco oF the equations, and then eliminating the same unknown from one 
of those two and the third ; the results of the eliminations will be a pair of equations, ‘ 
with only two unknowns : for example, i 

A and B can perform a piece of work in 8 days ; A and C in 9 days ; and B and C 
in 10 days. In how many days can each alone perform it ^ 

Suppose A, B, and C can do the ath part, the yth part, and the sth part respectively 
in one day : then by tho question, I 

8a?-4-8y sss 1 (t/ie whole)^ 9a^-9«s=: 1, 10y-|-10«=: 1. t 

To equalize the coefficients of y, multiply the first by 6, and the third by 4 ; and wo ! 
have 

40a;-f40y = 5 
4055-i-40y z= 4 

/. Subtracting, 40^; — 40«= 1. Mult, this by 9, and tho second equa. by 40 : 

360ar— 360s=:9 
8604;+8602=:40. 

t '49 ftl 

Adding and snbtraeting, 720^; ss 49 and 7200 sas 31/ /. sc a and s sz 
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.MOy + 10* = lOy +ii = 1 lOy == ^ »=-^- 

49 41 31 

Hence A can do-^^of the whole in 1 day; B can do ^ ; and C, 

A can do the whole in ^ days, B in days, and C in days. 

That is, in 14^ days, 17|f days, and 23^ days, rospectiyely. 

Equations which, like those considered in the preceding pages, imply distinct 
conditions, all existing together, are called aimultaneotu equations ; the conditions of the 
foregoing problem are implied in the three simultaneous equations at the commence- 
ment of the solution. 


Quadratic Equations with one Unknown Quantity, 

A quadratic is on equation in which the square of the unknown quantity enters, and 
enters in such a way as to require a peculiar process for its removal. It is possible that 
even a simple equation may contain the square of the unknown ; but then, in order that 
it may deserve the name of a simple equation, this square must be removable by trans- 
position or division, or by some other of the operations common to simple equations 
in general ; whereas a quadratic^ properly so called, requires for its solution an addi- 
tional principle : what this is, is now to be explained. 

And first, you are to observe that the square of a quantity, consisting of but one 
term ; that is, the square of a monomial is itself a monomial : thus the square of a? is ; 
the square of cx is a^x^, and so on. But tho square of a binomial consists of three terms; 
that is, it is a triwnnial : thus, (x-f-a)® = x®-|-2flx-J-a®, (x — a)® =: x® — 2ax-(-a®, and 
so on. 

The next thing you arc to observe is, that if only the first and second terms of the 
square of a binomial, or x — a, bo given, the third term of it can always be found ; 
for you see that thi'^ third tenn is nothing more than the square of half the coefficient in the 
second term. Thus, if the first and second terms, vis., x®+2ax, or x® — 2fl5x, be written 
down, we can complete tho square to which these two terms belong, by dividing the 
coefficient of x, namely 24? or — 2a, by 2 ; and then adding the square of tho result. 
Thus, half the coefficient of x, in x®-f 2ax, is a ; the square of this is a® ; adding this 

to the two terms proposed, wo have x®4-2ax-}-a®, for the complete square of x-\-a. 
In like manner, knowing the two terms x® — 2ax, we have only to add to them the square 
of half — 2a, that is, ( — a)®, or a®, to get x® — 2ax-j-a®, the complete square of (x— a)®. 
It follows from this, that whenever we have an expression of this form— -namely, x®-}- 
pxy whether p be positive or negative, we can always add to it a term, easily found, 
that will make the expression a complete square ; this term being no other than the 
square of ; that is, ; and moreover, that the root of this square may at once bo 
pronounced to be x-{-}p. In fact, common multiplication shows that x®-fj3X-|-^p® = 
(x-f*^ py, whether jo be + or — . 

I shall give you an example or two of completing the squarCy as it is called — 

1. Having the two terms x®+6x, complete tho square to which these two terms 
belong, and express the root of that square. Hero half the coefficient of x is 3, /. the 
wanting term is 3® =9, /. the square is x*-^-6x-^9, and tho root being x, with tho half 
coefficient taken with its own sign added, we have x®-f 6x+9 ~ (x-b3)®. 

2. Given X*— 8x to complete the square. Here the half coefficient is — 4, of which 


r 
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the square is 16, the complete sqtwre is 16, the root of which being a?, toge- 

ther with the half coefficient^ we hare a;*— •8jr-|-l6=(a:— 4)®. 

3. Given »»*-3aj to complete the square. Here tixe half coefficient is — its 
square is /. the complete square is a^®— 3ic-f f=:(a?~f)*. 

1 think you can now find no difficulty in rendering an es^ression of the form 
x^-^pXf in which the coefficient of a>* is unity ^ an^ that of a? any thing , a complete square. 

It is the accomplishment of this single matter that constitutes the whole mystery of 
quadratic equations, as you will now see. 

To solve a (^mdratio Equation. 

Eitle 1.— As in a simple equation dispose all the unknown terms on one side of the 
equation, and all the known on the other ; the unknown side, wh<m the terms are col- 
lected, will then consist of but Uvo terms — the first containing j®, and the second x 
simply. I 

2. If ar®, in the first term, have a coefficient other than unity, divide both sides by | 

that coefficient ; the equation will thus be reduced to the form where a is 

the hnotm side, and p a known coefficient. 

3. Add the square of half this coefficient to both sides ; the unknown side will then he ' 

a complete square.^ viz., the square of the sign of p being the same as that in the I 

above reduced form ; and the known side will he a + | 

4. Extract the square root of each side, and the result will be a simgde equation^ viz., 

a; -f 4- 

You will observe that although I say extract the square root of each side^ yet as far as 
the unknown side is concerned, there is, in reality, no actual extraction performed; you ' 
have nothing to do but to write down x together with half the coeffioient of x, in the ^ 
reduced form ; but, as respects the known side, when this is a number ^ the I 

square root is actually found by common arithmetic, imlese it is seen to be a surd, | 
when we may leave it imdor the sign t/, the extraction being merely indicated. You i 
must romomber, however, that when the square root of a number is actually determinedj 
the sign to be prefixed to that root is ambiguous (see page 193) \ it may be either -f or — . 

1. Find the values of a; in the equation a;®-f-6z=55. 

Completing the square, a5®-f-6aj-4-9=64. 

Extracting the square root, a-f-Sxz+S. 

,*. arrr— 3i8=is6,or — 11. 

If 5 be put for », the proposed equation is 2d-f-3(b355. 

If 11 be put for flj, the equation is 121--66£n66. 

2. -|-2a;— 9=76. Transposing, and then dividing fey 3, the coefficient of z*, 

aj® «j-|aa=:y . 

Completing the square, 

Extracting the root, 

a=:>-^i;-^3*rst6 or-^V- 

3 3a?®-~9z— 4=80. Transposing, and dividing by 8, aj*— 3=^8. 

Completing the square, a;*— 3a;*f |=28-|-fcs^* 

Extracting tiie root, —*=+¥■• 

i¥’=*7, or —4. 
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4. - 4 .-=r 5 i. Multiplying by 5a?, to clear ftactioxn, 

5 'a; ® 

Z. a?®— a€«x:— 26 . 

Com^l^tuig tbfi oq;uare, 4;^— 2diPti-l3®««168— 26=il44. 
Extracting the root, a;— 13= 1/144= +12. 

«=13+12=a5, or 1. 

7 2 

5. ^qp|-i-^=:5. Clearing fractions, 

7«+2a?4-2=6a:® -t-5ar. 

Transposing, 5a:®— 4=2 a:®— ia?==. 

5 6 

Oompletuig the square, 

2 14 1 

Extracting the root, a:— _=v'_— -t/14. 

5 26 5 




6^5 ' 

The square root of 14 is found, by arithmetic, to be 3*742 ; and 1 of this is *748 ; 

5 

also since ? — *4, we have a=*4 +*748=1*148, or —*348. 

6” 

6. Multiplying by aJ®, to clear jfractions, 

a:®+l la:+9 -b 4a=7a;® 6a:®— 1 5a=:9. 

5 3 

Or dividing by 6, a:®— 

^ ^ 5 , 26 3 , 25 49 

Completing the square, ^~ 2 ^+i 6 '^ 2 “^ 16 ~i 6 ‘ 

Extracting the root, a;— ^=-v/^=+^ • 

*=4±i=®’ “-2 

2y^;r-f-2 4 — i/iP 

7. ’ 4 ;i j r ^ 7 ^~ Clearing fractions, and remembering that sinnxdi£.s(adi£aqr8. 

2a;+2\/a=:16— a: 2|/ir=16— 3a:. 

Squaring, to remove the radical, 

4at=a266-96a:+ia:® 9a:*-100=-266. 

100 256 

Dividing by 9, a:® — — 9 “* 

^ ^ 100 . 2600 2600 256 196 

Completing the square, y ===-gf 


Extracting the root, r 


■^9““'^ 81“"~9 
60 ,14 64 


We might have oompleted the solution without clearing the radloel frcaa the equation 
2a:+2v'a=16-'a:, thus : by transposing, 
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Sx~j‘2^xsszlQ *, • 

Now, since ^ in tihe first term is the square of in the second, it is plain that we may 
treat this as a quadratic equation, regarding yx as the unknown quantity /. com- 
pleting the square. 


Extracting the root, 


8^ ^9 3^9 9 


. 1 t7 


, 1,7 8 64 

/. ViC=— 3+3=2, or— g; /. j=:4, or-^ • 

Note. — And in a similar way may any equation of the form, x^'‘-l-jjx**=za, in which 
the exponent of a; in the first term is double that of a; in the second, be solved as a 

2 i 16 

quadratic ; the equation just considered is x-{^x where the exp. 1 of a;, in the 

first term, is double J, the exp. of a; in the second. 


EXAMPLES FOB EXERCISE. 

1. a:*-4a:=45. 2. a:2+8a?=33. 3. x*-8x=^9. 4. 3a?*4-2a:=:161. 

6. 7a:*— 20ar=32. C. a:*-a:-170=40. 7. 5a:*+4a?=273. 8. 

o 

9. x + 10. 5j?+ 3=4*+159. 11. 6z+?5^— 44=0. 

X X 

12. *‘^+i±| = 14. 13. ^|+-=U or 48«-=+32z-i=U (See p. 192). 

X~X X“ X 

14. z‘-40»’+39=0. 16. ®*+oz+J=0. 16. — +^^=6. 17. 5-;l/z=22i. 

x—Q. x~^a 2 3 

18.* (3a:-2)(l~ar)=r4. 19. 15a^-48a;+45=0. 20. v'^+V'^=4. 

x-yl X’-l 

The preceding method of solving a quadratic equation is that which is usually 
employed for the purpose ; in certain cases, however, it is attended with inconvenience ; 
in those cases, namely, where the completion of the square introduces numerical frac-- I 
tiom into the work. I am now going to show you an improvement upon the common 
rule, by adopting which, in your own practice, you will prevent the introduction of 
fractions. 

The most general form of the quadratic equation, after the proper preliminary re- 
ductions, is fla?* + ia; = tf. Let each side be multiplied by 4« ; the equation will then 
be 4fl®a:* + ^ahx = 4ac, or, w’hich is the same thing, 

(2aa:)® + 2h{^ax) = 4flc. 

The first member of this, you will observe, consists of two terms : — ^namely, the 
square of 2aa: and 2h times 2ax ; so that regarding 2aa; as the unknown quantity, we 

« The roots of this equation, and also those of equation 19, are imaffinary ; that is, the values 
of d- in each will be found to involve the square root of a negative number ; we may conclude, there- 
fore, that it is not possible to satisfy either of these equations hy any real value of x (see p. 198) . 
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shall eompltie the equare by addixig ; and the root of that square will be 2ax -f- b : 
we therefore proceed thus— 

Completing the square, ssa 4<f(j + 

Extracting the root, 2<tx H- J + i®). 

Hence any quadratic may be reduced to a simple equation, of which this is 
the general model, wdthout the introduction of any jfractions. The stops from the 
proposed qiiadratic ax^ + to simple equation 2aa;+ i = ^{iac-\>b^)y 

need not be gone through in each particular example ; the reduced equation may be 
derived at once as follows: — 

Rule II. — Take twice the coefficient of in the proposed quadratic ; this will be 
the coefficient of a; in the derived simple equation. 

To the first term thus found, connect with its own sign tiio coefficient of x in the 
proposed : and the first member of the derived simple equation will be obtained. 

To form the second member, multiply the second member of the proposed by four 
times the coefficient of a:®, add the square of the next coefficient (that of x) to the result, 
and cover the whole with the radical sign. 

This is the rule for the solution of any quadratic ; it is a mere translation in words 
of the formula foi; the solution ; namely, 

'Bropoeed quadratic. Derived simple equation, 

ax'^ bxz=z c. 2ax ^ {fac -f- b^). 

You may either commit the rule to memory, or keep the formula before your mind's 
cyo ; remembering that, as a square is always plus^ 3® is to take the positive sign, 
whether in the quadratic, is + or Thus (see ex. 6, p. 211), 

Quadratio, Simple equation. 

6a:* ~ 16a; = 9 
or 


2.P* - 5a; = 3 . 
Again, ex, 5, p, 211, 
5a;* - 4a; = 2 . 


4a; - 6 =: i/(24 -f 25) = |/49 = + 7. 
10a; - 4 = t/(40 + 16) = v^66 = 2^/14. 


Also ex. 3, p, 210, 

a;® ~ 3a; = 28. . . . 2a; - 3 = v'(112 + 9) = 1/121 = + 11. 

And from each of these simple equations you may deduce the value of x. at^ a single 
step ; thus — 


« 3 + 11 - . 

ex. 3. a; = — = — = 7, or — 4 ; 


5- a; = i+l-'^A* = 5 + iv'14; 


ex. 6. X = 3, or — J, 


as at the pages referred to. You will do well to return to all the examples you have 
worked by the common method, and re-solve them in this way, which you w'ill find to 
be much the shorter and easier, whenever fractions are unavoidable by the former rule. 
I refrain from giving additional examples here, solely because I expect you to act upon 
this recommendation. 


To solve a pair of equations^ with two unknown qumtities^ when one is a simple equation 
and the other a quad/ratio. 

The mode of proceeding in tbi« case scarcely requires any formal directions. From 
the simple equation an expression for one of the unknowns may be easily found in teims 
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of thto oAer iii4 hmum quantities, m at page 204 ; and tSds expression snbetitated in 
the quadratic ’wHl, of course, give an equation with only one unlcBOWiE quantity ; the 
other being elitndtmted in eonaequehco of the substitution. Thus^ 

1. 2y =; 7 l Prom the first equation a? sa: 7 — 2y. Substituting this 

=s 23| in the second, it be^mes*— 

^ — Itif +^(7 — 2?/)i/ — y' 55 s 23 ; that is, 49 — 28jf + 2ly — — j/* =5 23, 

oiray*+7y = 26 

Bale II., 6y + 7 *s ^^(312 + 49) = \/S61 = + 19 
:.y= ~X±}l =2,or-^.-. :r=7-2y=3,orl6j; 

SO that the two values of x and y which satisfy the proposed pair of simultaneous 
equations are either — 

y = 2f “ iy = -4i. 

Pro™ the first oquation « = Substituting this 

in the second, it becomes — 

, 1 + 3ys2 , 1 -f 3y . 2 _oo. ^ 4“ -f t ^ _ Ki/9 — o.n. I 


2[^T + '4^ =20; that is, i±«^ + t±M _ ^ 20, 

or, multiplying by 2, and transposing, 2y’“ + 7y = 39 

Knlo II., 4y + 7 = t/(312 + 49) = t/361 = ± 19 

-7 + 19 , 13 l + 3y . 

.'. y= J — = 3, or — Y-'. * = — y-^ = fi)Or-9I, 

so that the values of x and p ore either — 

* = ®l or |^ = -0i 
y = 31 “ ty = - 6^. 

Sometimes pairs of equations, coming under the present head, may be most conveniently 
solved, independently of nde^ by exercising a little ingcunity. Here is an example . — 
3. a? 4" y = 12 ) By squaring the first equation, and then subtracting the second, 
ip’*4-y^ = 743 2iry = 70 4iPy=140. 

From the sq. of the first, via. 4* 4“ y" = 

Subtract = 140 


Extracting the square root. 
But, 


ix^/ = 140 

. 2ry 4- = 4 

r — y =± 2 

r 4- 2/ = 12 

= 12 + 2, and 2y = 12 + 2 


adding and subtracting, 2a: = 12 + 2, and 2y = 12 + 2 
a: = 7, or 5 j and y = 5, or 7 
that is, the values of x and y are either— 

a: = 7) fy = 7 
y = «i “ (» = «. 

4. In a srmiUir way you may treat the equations * — y as fi, 
you will find that the values of x and y are either a: = 7, y=l; oricrz—l, yx3:^7. 


Questions requiring iks solution of Qimifatic Equations. 

1 . The fore-wheel of a carriago makes 6 revolutions more than the hind-wheel in 
going 120 yards; but it is found that if tbo circumference of each whed be increased 
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1 yard) that it will make only 4 reyolutionfl more thaa the hind- wheel in the same 
distance ; required the circnimjtereinoe of each wheel. 

liCt x = No, of yards in circ. of larger wheel, 
y = smaller wheel, 

then-^ = No. of revolutions of the former, and- — = No. of revolutions of latter : 

X y 


and by the question, — 6 20y = 20x — xy xy = 20a; — 20y , . [A]. 

120 120 

Also by the question, --r^ = ^ + !) = (;*?+ 1) (20 — y), 

x-\~ i y "T A 

that is, 30y 30 = 29a; -f- 29 — ary — y /. xy = 29a; — Sly — 1. 

Substituting this expression for xy in the equation [A], we have — 

29a; - Sly - 1 = 20a; - 20y 9:r = lly -f 1 . . . . [B] 

This equation [B] is a simple equation, and [A] is a quadratic, or an equation of 
two dimensimsy because of the term xy. 


Also by the question, ■ 


•4 S0(y+1) = (:r+ 1) (29 - y), 

— y = 29a; — 3iy — i. 


From [A] we have x = 




; this substituted in [B] gives — 


-20y lly^ + y = 220y + 20 l$jOy = 40y + 20 
lly"" ~ 39y = 20 

/. Buie 11., 22y - 39 = \/(880 + 39») = ^^2401 = + 49. 

89 + 49 , 5 lly + 1 , 1 

^y = --^==4,or-J^/.^==---^ or-^ 

From the nature of the question, it is plain that the negative values of x and y arc 
inadmissible ; they fhlfll the algebraical conditions [A] and [B], as well as the posiiim 
values, for there is nothing in those conditions to exclude them ; and it will often be 
found that the algebraic translation is free from the particular rostrietiems embodied in 
the question itself. The algebra famishes all the values of the symbols^ whether 
positive or negative, real or imaginary ; and those of them are afterwards to be rejected 
which the restrictions of the question necessarily exclude. In the present case the only 
answers to the question are x = 5, and y = 4. 

2. A company at a tavern had £8 lbs. to pay; but before the bill was settled, two 
of them left ; in consequence of which, those who remained had each 10^. more to pay. 
How many persons were in company at first 

Let a; represent tike number : then ^ is the share of each in shdUinga, and^^ 


the portion each paid, after two had loft , the difference is - — 5 

question, clearing fractions, 

ir&iT— I75;p«f360 =r ; 

or, dividing by 10, 86 as — 2«, or — Ja? = 36, 

2 + 12 


10 by the 


■ 2= v^(140 4) = + 12 x^- 


=3 1 + 6 = 7, or- 


Consequontly they were 7 persona at first, 

3. What number is that which, being divided by the product of its two digits, tlae 
quotient is 2 ; and if 27 be added to it, the digits idB be inverted or transposed* 

Lot X and y be the digits, then the number jus lf>x + y ; and when the digits aare 
inverted or transposed, ^ number is lOy +• x. 
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By the question, — — = 2 /. lOa; -f y = 2ary .... [A] 

and 10* -f- y + 27 = lOy -f“ ^ 9a? -f- 27 = 9y a; + 3 == y. 

Substituting this value of y in [A], we have — 

11a; -f 3 = 2a;'* + 6a? 2a;'* — 5a; = 3 

4*— 5 = t/(24 +25) = V49 = ±7 *= = 3, or — J 

y = a? -f 3 = 6, or 2|. 

The only admissible values are a; = 3, and y = 6, /. the number is 36, 


1. Divide the number 33 into two such parts, that their product may be 162. 

2. Find two numbers whose difference is 9, and which arc also such that their sum 
multiplied by the greater gives 266 for the product. 

3. A company at a tavern had £7 4s. to pay ; but two of them having left, the 
others had each Is. more to pay than his fair share ; how many persons were there at 
first ? 

4. A purse contains 24 coins of silver and copper ; each copper coin is worth as many 
pence as there are silver coins, and each silver coin is worth as many pence as there 
are copper coins : and the whole is worth 18«. How many are there of each ? 

5. Two messengers, A and B, were dispatched to tho same place, 90 miles distant. 
A, by riding one mile an hour more than B, arrives at his destination an hour before 
him. How many miles an hour did each travel ? 

6. A grocer sold 801bs. of mace and lOOlbs. of cloves for £65^; but he sold 601bs. 
more of cloves for £20 than he did of mace for £10. What was the price of lib. of 
each? 

7. The product of two nximbers is 240, and they are such, that if one of them be 
increased by 4, and the other diminished by 3, the product of the results is still 240. 
Find the numbers. 

8. A and B set out at tho same time for a place 150 miles distant. A travels 3 miles 
an hour faster than B, and arrives at the place 8^ hours before him. How many miles 
did each travel per hour ? 

9. What number is that the sum of whose digits is 15, and if 31 be added to their 
product, the digits will be transposed ? 

10. There is a certain number consisting of two digits. Tho left-hand digit is equal 
to three times the right-hand one; and if 12 be subtracted from the number, tho 
remainder will be equal to the square of the left-hand digit. What is tho number ? 


A pair of simultaneous equations, with two unknown quantities, cannot in general 
be solved without the aid of higher equations, when tho proposed ones are both 
quadratics. There are only two particular classes of such simultaneous equations to 
which general methods of solution, capable of being explained here, apply. These 
classes are called respectively komogeneom equations^ and symmetrical equations. I shall 
very briefly consider them in the present article. 

Homogeneous quadraiies»—A. pair of quadratics is said to be a pair of homogeneous 
equations when each imknown term in both is of two dimensions ; that is, when no 
term occurs without either the square of one of the unknowns, or the product of both ; 
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thfi presence of two unknown factors— whether equal or unequal— in a term, being the 
oiroumstanoe that renders that term of two dimensions. The following is a pair of 

homogeneous quadratics, each unknown term being of two dimensions : 

. ^y— y*— -12) 

The following is the general way of solving such equations Put sy for z, and the 
equations become 

aV-H^=77, and *y®— y«=12. 

77 12 

Prom the first, ; from the second, y»=^ .... [A] 

77 12 

12^-65r=-77 

By means of this contrivance, viz. the putting z times one of the unknowns for the 
other, we easily obtain a quadratic equation involving z only : solving this, we have 
24i;— 65= (-77 X 48+66*) = v'529=±23 
66+23 11 7 

24 - 3»«>r 

Substituting each of these in equation [A], wo have 

12 12 9 3 3 

^*=2’ ^"" 72 "" 2 
or ^7. 

You see that each of the imknowns has/owr values ; for \/2 is either + or — : such 
is usually the case when the proposed equations are each of two dimensions. From the 
77— A'® 

first equation above y= — - — j and if this be put for y in the second, the result, 

cleared of fiiactions, would evidently bo an equation of the fourth degree ; and it is 
proved, in the TJieory of JEquatiomy that an equation always has as many roots as there 
are units in the number which marks its degree : this is the reason that the values of 
X and y above are four in number. 

Symmetrical Quadratics. — An equation is said to be symmetrical, in reference to the 
unknowns which enter it, when they so enter that they may be interchanged without 
producing any alteration in the equation : thus z+y=a ; a;*+3zy+y*=6 ; 2z* — 3z*y* 
+2y’=<?, &c., are all symmetrical equations ; because for every x you may put y, and 
for every y, z, without altering either df the equations. The following is a pair of 
symmetrical quadratics ; namely, 

^*+y® — X — y=18^ ^The general method of dealing with such equations is as 
zy+«+y=:19 j foIlowB: — ^Put «+v for x, and w — v for y, and the equa- 
tions become 

(u+v)‘'*+(t<— v)*— 2w=18) fM*+v*— w=9 . . . .^ [A] 

(«+v) {u—v) + 2m=19} (w*-v«+2m=19 

Byadding, 2u«+«=28 4 m+1=v'( 224+1)=+16 I or -4 


^+v*— 1=9 v=+: 

16+v*+4=9 r«=-ll v=-v/-ll 


. .=±2 


/.z=«+v=:^j;^, or — 4+i/— 11 ; that is, a?=4, 3, or -“4+v'- 


y=«-v=^:p^, or-4+t/-ll ; 


1 y=8, 4, or -4+t/— 11 
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Th .0 two tliMsm of fq^oatkms here exempUfied will alwaFe jiM to the IbregoiAg 
methods : but piurtioular eases of these, as also of other ktuds of aimultanecms equations 
for the solution of which no general rules can bo given, may often be solved more 
easily by the exercise of a little tact and ingenuity : for instance, you would not think 
of applying the first method to such a pair of equations as y*-b^==16 ; 

because the slightest inspection of them would suggest to you the better way of adding 
thorn together, which would give you a^-|-2ajy+y*=25, whence iP+y=+5 ; and since 


the first is you would have at once 4'5a;=9 ; and thence y=+5 


— X = 4:5+? = jh Or you may proceed thus: the two equations give 

j-fy = 1 -, and a; 4 -y=:^ /. by substitution in the given equa- 

tions, you would have 

and ^*'‘ = 16. 

16 

These equations give no different values for Xy since the second is nothing but 


times the first : hence the only values of a? are a; = + ^ 



Matio and Proportion, 

The abstract number whiob arises from dividing one quantity by another of the 
same kind is called the ratio of the former to the latter. Matioy therefore, is only 
another name fbr the quotient of one quantity by another of the same kind : — the first 
quantity (the dividend) is called the antecedent of the ratio, and the second (the divisor) 
consequent : these arc the terms of the ratio. Thus, of the two quantities a, by the 

ratio is | ; or, which is the same thing, a but the little mark between the two 

dots, in the symbol for division, is usually omitted in expressing a ratio ; so that the 
ratio of a to b would bo denoted by a : h. Thus, the ratio of 8 to 4, that is 8 : 4 is ^ or 
2 ; this ratio is of course the same as the ratio 4 : 2, or the ratio 2:1. 

When there are four quantities such that tiie ratio of the first to the second is equal 
to the ratio of the third to the fourth, the four quantities are said to be in proportion : 

thus, if the four quantities a, by c, d, bo such that | or, which is the same thing, 

a : h-=zc : dy then a, A, c, are in proportion ; and we express this by saying that a is 
to as c is to a ; or by writing a : h c : d. Of these four termsy the first and last (a 
and d) are called the extremes ; and the intermediate terms (d and c) the means. 

From what is here said you see that two equal fractions may always be converted 
into a proportion, and a proportion into two equal fractions. All the properties of 
proportional quantities may therefore bo derived from those of equal fractions, the 
following are the most useful : — 

1. In four proportional numbers, a : 5 : : c : the product of the extremes is equal 
to the product of the means : fbr since ^ ^ ad he, 

Qonverselyy if the product of one pair of factors be equal to tho product of another 
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WG get, by multiplying ^7 ~ ^ 


pair^ tho four £eiotor» are iu preportioa : the facton of one induct t>e]ng tlie maans and 
tboee of the other the extremes : t^us, if a^=: ^ then a : d :: e : 4i because firom ttd 

=£ be, we get, by diyiding each side by | ^ . 

3. If Ibur quantities are proportional they are proportional when taken inversely/, 
that is, the second is to the first as the fourth to the third : thus, ifa:b::c:d, then 

b \ a:: d : e; because from ~ ^ we get, by taking the recijffocals, ~ 

4. They are also proportional if taken alternately, provided the four quantities ar(' 
all of the same kind ; that is, the first is to the third, as the second to the fourth : thus, 

iia : b :: c : d then a : c :: b : d if the quantities are alike in kind ; because fi*om ^ ^ 

If a and e were quantities of different kinds, as 

for instance, pounds and yards, they could of course have no ratio ; rafie being always 
an abstract number expressing how many times the antecedent is contained in the 
consequent. 

5. T/iree quantities a, <? arc in proportion when they supply the equality 

f—-; that is, when a : b b \ c. It is plain that three such quantities must always 
b 0 

be of the same kind ; the first of them is to the third as the square of the first to the 

square of the second ; that is, a; : e : : a® : ft* ; because from wo get, by multi- 

, . , b a b"^ a" 

plymgbyp-=^=,. 

6. It is further obvious that you may midtiply or divide the first and second terms 

of a proportion by any number, and the third and fourth by any number, without dis- 
turbing the proportion : for -z=^ is the same as . And that the first and tim'd 

may be multiplied or divided by any number, as also the second and fourth ; for 

from^esrf we gct^=~ Moreover, since leads to ^ 3 =:^ , whatever bo in, it 
b d nb nd b d 

follows that the same powers or roots of four proportional numbers are also in proportion, 

7. The terms of two proportions, when they arc numbers, may also be multiplied 
together ; that is if— 


a : b 
and e ; / 
then ae ; bf 


: c d 

: y : A 
: eg . dh 


for this is only multiplying the equations together. 

h d f h 

8. lfa:b::e:d^ a: e:: c:f* This follows from multiplying together the 
and b : e :: d:f f 

equations which give ^ or f—f. 

h d e f he dj ^ j 

By thus deducing different equations from the equal fractions or ratios on end- 
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loss variety of sets of proportionals may be obtained ; btrt tbe most general of these 
deductions is derived from the following principle, namely : — 

If two friictions, i are eq^ual, then we may replace the terms a, h of the first by 

any expressions involving a and b that are homogeneous in reference to these quantities, 
provided we also replace the terms c, d by expressions involving o and d in the same 
manner. For instance — 

is homogeneous as respects a and b : each term being of two dimen- 
sions; so also is 5ab-\-ia^—2b^f we may therefore substitute these for o and i, provided 
wo put the similar expressions 2c^ — Zed + d* and 5cd^i(^—2(fl for c and d ; that is, 
we may infer that because — 

dTd 

The reason of this is pretty obvious ; two fractions cannot be equal unless one is con- 
vertible into the other by multiplying num. and den. of the former by some factor (#w) ; 
so that in the above, c must be=ma and d=mb. Now if in the second of the changed 
fractions above you put «wi, mb for their equals c and d, you will see at once that that 
fraction will be nothing but the Jirst fraction with its num. and den. multiplied by wi*. 
If the homogeneous expressions chosen for the terms of the first fraction had been of 
three dimensions, then after the substitution of 7na, mb^ for c, d in the similar terms of 
the second fraction, the result would have differed from the first fraction only by the 
num. and den. being multiplied by m^^ and so on, as is obvious. The particular case 
of this general theorem which is most frequently employed is this, namely : — 

^ a mb ^ e jr md 
b'~^ d‘ ' a + nb ”” o + nd' 
or, from a : b :: c : d 

a + mb : a + nb : : c + wwf : c ^ nd 

where the values of wi and n are arbitrary. In most applications they arc chosen each 
equal to 1, or one equal to 0, and the other equal to 1. I need scarcely mention, that 
when any of the conditions of a question are expressed by a proportion^ the product of 
the extremes equated to the product of the means converts the proportion into an 
equation. 


ARITHMETICAL AND GEOMETRICAL rROORESSIONS. 

Arithmetical Progression. 

An arithmetical progression is a row, or series of quantities, such, that each quan- 
tity, after the first, is merely the preceding quantity with some invariable value added 
to it, or subtracted from it : thus, 1, 3, 5, 7, &c., and 1, — 1, — 3, — 5, &c., are arith- 
metical progressions ; the terms after the first in the former are obtained, each from the 
preceding, by adding 2 ; and in the latter by subtracting 2. The constant quantity 
thus added or subtracted is called the common difference : it is usually denoted by d ; 
and as d may stand for a quantity either positive or negative, the following will be the 
general way of expressing an arithmetical progression — viz. : 

«, a -j- fl -i- 2«?, a -f 3<f, a 4- 4<f, . . . . fl + (w — l)<f i 
where « stands for the number of the terms : the last term being evidently derived from 
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the first by adding to it as many times d as there are terms after the first; that is,#} — 1 

times d ; so that calling the last term ly we have /ssse -f> (« — - l)d. You thus see that 

the problem— Given the first term, the common difference and the number of terms, to 
j find the last term, is one of very easy solution. I shall therefore proceed to the next, 
which is this •— 

I Given the first term {a) the com. diff. (^, and the number of terms (n) to find tho 
I sum of the scries (S). 

I S = fl + (« + ^) +(« + 2d)4.(a + 3^ + ....?, 

or writing tho terms in reverse order, 

Ssss^-f* (I — d) + (I — 2d) *4“ 4* • • • • etf 

adding, 2S = (a + 0 + (« + 0 + (« + 0 + "i" 0 + . . . . « + 

And as there are n terms in each series for S, there must bo n equal terms in this 
j last series ; that is to say, 

{ 2S = «(«-hO S = i» (a + 0 J ^ = ® — ly 

I S = in {2« + (n— 1)«?} 

The foregoing expressions for I and S will enable you to determine any two of tho 
five quantities concerned when the other three are given ; as shown in the following 
examples. 

1. Tho first term of an arithmetical progression is 5, and tho ninth term 37 ; what 
is tho common difference of the terms } 

For tho particular numbers here given, the formula 

/ = 4* (#} — l)(f 

37—5 

is 37 = 5 4- 8rf <? = -^=4. 

Therefore, the series is 5, 9, 13, 17, 21, 25, 29, 33, 37. 

2. Ilequired 14"34-54“7 + 94- &c., to twenty terms. 

S = {2a 4- (w — l)d} 

! = 10, {2 4- 19 X 2 } = 400. 

j 3. How many terms of tho series 4- i + i 4- &c. (-where <f = — I) must be taken 
* f 0 that the sum may bo nothing ? 

j S= « |2<. + («— l)rf| 

0 = i« {1- i(»-l)} 

= '2** (^ - I) 0 = 7m-«“ 0 = 7-« 

:.n-l 

therofore, the senes is g +“3 “«6"^ ^ — 6’~3““2' 

j 4. Insert four arithmetical means between 2 and 17. Here 2 is the first, and 17 tho 
t sixth term of an arithmetical progression, and we have to find the common difference. 

I ? = «+(»— i)rf 

I 15 » 

17 = 2 + 5rf = 5- = 8 
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tikd xneftni am, 11, 14 ; vhioh ofidontly fiU tip the giip bitwem ^ fint 
tom A&dtIioAisdih; tiie seriBS be^ 2, d, 6, 11, 14, 17 * 

6. How saA&y tema of tho aeries 9 *f 7 -f 6, &o., will give 24? 

S = I 2(1 H- (w - 1) rf I 
24 w i« j 18 - 2(« -1) } « 

- 10;( = - 24 2w - 10 = t/lOO - 96 = + 2 
« = 4or6. 

Consequently, whether wo take four terms of the proposed scries or sixj the smn in 
either case will be 24 ; thus— 

four terms 94*7-f‘64“3 = 24. 

six terms 9+7-f-5-f-3-j-l — 1 = 24. 


EXAMPLES FOK EXBECISE. 

1 . Find the sum of sixteen terms of the series — 

1 + 2 + 3 + 4 + &C. 

2. Find the sum of fourteen terms of the series — 

4-+-3 + 2 + l+ 0-^l~2-.&c. 

3. Sum the series J + I5 + 2| -f d:c., to twenty terms. 

4. Insert throe arithmetical means between 2 and 0. 

5. Insert five arithmetical means between j and — J. 

6. The first term is 5, and the fifte(aith 47 : what is the common difference ? 

7. How many tenns of the scries 12 + llj + H H- 10|, &c., must bo taken to make 
55? 

8. The first term of an arithmetical progression is 7, the common difference — f : 
required the ninth term, 

9. The sum of eight terms of an arithmetical series is 2, and the common difference 
— required the first term. 

10. The first term of an arithmetical scries is — 3^, the common difference ^ : re- 
quired the sum of twenty-one terms. 


Geometrical Trogression. 

In an arithmetical progression the several terms give equal differences ; in a geo- 
metrical progression they give equal quotients ; and this constant quotient, arising from 
dividing any term by that which immediately precedes it, is called the common ratio. 
The general form for a geometrical series, continued as far as n terms, is 

Uj ary ar^y ar*, ar*, 

where a is the first term, and r the common ratio ; the last, or nth term, being I = 
dr’*-* ; whifdi formula enables us readily to find any remote term (the «th term) when 
the first term and the common ratio are given. 

By glancing at the above general form for a geometrical scries, you will at onco 
see that the product of any two terms is always equal to the product of any other two 
equidistant from them; and that if the number of terms be oddy the product of the 
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ixfy'$u»e tenos ia alwaya «q»«l to llio iqiiato of tke aaddlo or mmi teneu 

l^roduot of tke fotiui^k fifth tonal is equal to that of the teootui ami faurth^ at also to 

the square of the third : that is 

ar* Xa = a?*® X ar = (ar^)* ?= 

When the first term of a geometrical progression is given, it is plain that wo only 
require to kn<nr the connnon ratio in order to write down the succeeding tenns to any 
extent ; and from this it follows that when the leading term and any remote term are 
given, we may alw'ays find the intervening terms, and thus fill up the gap : for instance, 
if a and at* be given, to find tho three intervening terms we should divide ar^ by a ; 
and knowing — from the fact that there arc Jive terms altogether — that the quotient 
would be the fourth power of tho ratio, we should obtain the ratio itself by taking tho 
fourth root of that quotient : by help of the ratio, the wanting terms may bo easily 
supplied, as noticed above. These intervening terms are called geonietrical means 
between the given extremes ; if only one mean is to be inserted between two extremes, 
it is found by taking tho square root of tho product of tho extromos. .Supposoi, for 
example, it wore required to find a geometrical mean between 2 and 8 : then, since tho 
square root of 8 X 2, or 16, is 4, we know the moan to be this number ; the progression 
being 2, 4, 8 : if the proposed extremes had been -- 2, ~ 8, we should have taken tho 
minus root of 16, and have written the progression thus, 2, — 4, — 8 : never- 
theless, whether the given extremes be both plus or both minuSy the square root of their 
product with either sign may be truly regarded as a meariy for the following are geome- 
trical progressions, as well as those above, 2, — 4, 8 ; — 2, 4, — 8 : the coaaaon ratio here 
being — 2 ; in the sets above it was 2. 

Again, suppose we had to insert two geometrical means between 3 and 81 : then, as 
there me four terms altogether, the exponent 1 above, is hero 3, .*. 81 3 = 27 

= y® r = 3. Hence the progression is 3, 9, 27, 81 ; the required means being 9 and 27. 

To find the sum (S) of n terms of a geometrical progression. 


Since S = « -}- -j- ar"^ -j- ar^ -f- -j- . . . <ir^ “ + < 


Sr = or -1- ar^ -i- ar^ *4- *+* • • • ar”""" 

Subtracting the first expression from the second — 


Sr S 4“ • 


S = ! 


, or = - 


r»- 1 


r - 1 . 

We have seen above that the last term I is «r”“" *, so that rl = «r’*, 
pression for S may be written 


S = 


rl — a 


• ( 1 ). 


tho first ex- 


and tliis formula, expressed in words, furnishes tho following rule 

Ruxe. — Multiply tho last term by the ratio ; from the product subtract the first 
term, and divide the remainder by the ratio minus 1. 

This rule applies, of course, whether the ratio be whole or fractional^ positive or 
negative. When it is a proper fraction, tho series is a decreasing one ; and if carried on 
to an unlimited extent, must supply terms approaching nearer and nearer to zero or 
nothing, tho terms at length differing from 0 by quantities too small to be assigned. 
Althou^ we cannot wHte doufn such an in&iite number of terms, yet wc nwiy afSrm, 
with confid^Qsce, that they are all comi^hended between these extreme limits, namely, 
tho first term a, and 0 ; with these limits included ; for including tho 0 in tho series 
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cannot affect tKe value of the sum. In finding this sum vre may tb erefcare regard 0 as 
the last term of the infinite decreasing series ; so that, for all such series, the formula 
above, I being 0, will be — 

S = . . . .(2); 

and from this you see — strange as the thing may at first appear — that it is easier to find 
the entire sum of an infinite geometrical decreasing series, than to fixLd the sum of three 
or four of its leading terms ; because the formula (1) involves more calculation than the 
formula (2). For distinction sake, it is usual to replace the symbol S, for the sum of a 
finite by 2 when the senes is infinite ; that is, to write the formula} (1) and (2) 
thus 

S = rtl, S 

r— -1 l—r 

1. Bequirod the sixth term and the sum of six terms of the scries l+2-J;-44- &C., in 
whicn a= 1, r=2, and «=:6, /=tf»^i=2*=32 ; S=!^Z?= 2X32-1 =63. 


2. Eequired the sum of five terms of the series 1—4=16—64+ &c., in which 
r=— 4. 

Herete2fi6; S=ti=- =i:^.®^i=205. 

f— 1 —6 

3. Required the sum to seven terms, as also to infinity of each of the scries, 1+J 

+^+ &c., and 1— &c. In the first series r=|, m= 7 /=ar’*~^ = (|)®=^. 

• s -±:f-('J._l^^_i = i?Ix2=l-• 

■ ■ r—l '■128 ' • 2 128 64 

This is the sum of seven terms. When the number of terms is infinite, that is when 
«= 00 ,* the sum is — 

SO that the sum of the itfinitc scries is just double of the first term ; and you see how 
much more easily the sum of an infinite number of terms is found than the sum of seven 
terms. 

In the second series r= — .*. for the seventh term we have = — 

2 2>' 64 

* S = (-1 ® V 

r—l “ V128 2 “ 128 ^ 3 192 

a 3,22 

And when w = 2 = 

4. Insert five geometrical means between 2 and Here, when the means are 


supplied, there will be seven terms n = 7; also « = 2, and ^ ^ 

.... 1 .1 .1 


; but / = ar«“ 


2,45 . 2r® = — • r6 — — 

32 . . ^ - 64 


*. r = + 


Consequently the five means are + 1, complete seven 

terms are either + J + ^ + ^ + + or2 — 1+^ — ^ + J — + 

* This symbol stands for the word infinite,' 
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EXAMPLES FOB EXERCISE. 

1. Boquired the sum of five terms of tlie series 1 2- + 2“* + 2® •+■ &c. 

2. Eight terms of 1 — i + i — i 4 - &c. 

3 . Ten terms ofl-f -2 + 44 - 8-}- &c. 

4 . What is the geometrical mean between 6 and 54 ? 

5 . Insert two geometrical means between 2 and 54 . 

6. Sum the series 4 4 ” to infinity ; that is, find the true 

fractional value of the recurring decimal *1111. . . . 

7 . The first term of a geometrical series is 3 , the common ratio 5 , and the last term 
375 : find the sum. 

8. The first term of a geometrical series is ^,‘and the common ratio — -J : find the 
sum to infinity. 

I 9 . Insert three geometrical means between ^ and 
10. Required the sum of the infinite series, 

! ^ 

j and thence deduce the values of 2 in the particular cases of x 2, £ind a* = -~ 2. 


Besides the two classes of progressions just treated of, there is a third kind which 
may here be briefly adverted to, namely, harmonical progrmion. Hiis name is given 
to every series of which the terms are the reciprocals of those of an arithmetical 
progression. Thus the reciprocals of the terms of the arithmetical series 14 * 2 4 * 3 + 

. . . . « give the harmonical series 14 ’i + i‘ 4 ” • • • • It has been 

found that musical strings, of equal thickness and tension, when their lengths arc as 
the numbers 1, &c., are in harmony when sounded together ; and hence tho term 

j harmonical progression. 

There is no general formula fur tho sum of an harmonical scries, but any number of 
I harmonical means may be inserted between two given extremes by help of the cor- 
responding problem in arithmetical progression. Thus : — 
j Insert four harmonical means between 2 and 4. 

First insert four arithmetical means between ^ and from the formula / = a 4 
(« — l)<f, where a z= = 6, and / — \ : we thus get ^ = | 4 5d-, d 

ri- 5 = — ^ .*. since ^ by applying the constant difibrence - 5^, wo have, for 

the four arithmetUsal means, tho (inantitics *, A. A i that is ; and, 

taking the reciprocals of those, the required harmonical means are 
, 2 f, 2 i, 2 f, 3 i. 

I And in this way you will find that two harmonical means, between 1 and 2 , are H 
j and 1^ ; and that four, between 2 and 12, are 2^, 3, 4 and 6. 

I 

Questiofis in which proportion and progression are concerned, 

1. Divide 18 into two parts so that the squares of those parts may be the one to 
the other, as 25 to 16 . 

MATHEMATICAL 8CIENCE8.— No. VIII a 
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Let a: be one part, then 18 — a? ia the other, and by the question, 

: (18— : : 25: 16 

(Theo. 6 p. 219) x : 18 — : : 5 : 4 

or (p. 220) .r : 18 : : 6 : 9 

(Theo. 6 p. 219) x : 2 : : « : 1 

(Theo. 1 p. 218) ;p s= 10 the parte are 10 and 8. 

2. A merchant sold some brandy Ifor £30, and gained as much per oexEt. as the 
brandy cost him. What was the original price ? 

Let = the cost price, then the gain vmB £x per £1^, 

IQO : X :: X : the snuaher «£ pounds gained. 


But the number of pounds gained vas also '39 — x =r 39 — a*. 

a:® + 1004: = 3900 4:5*'+ lOOr 50" = 3900 + 2500 = 6400. 

4 : + 50 = + 80 a: = 30 or — 130. 

the cost price vas £30 ; the negative value of x, though satisfying the algebrai- 
cal conditions, being excluded from the nature of the question. 

3. The sum of throe numbers in amthmetieal progression is 9, and the aum nf then 
Cttbea 153. What are the nuiabers ? 

Jjti j: — y, tr, + y reprosent the numhexB ; then 

X — y-l-X'i~x-^ys=3x = 9 X ^ 3 

(* - y)» + + (* + y)“ = S*’ + 6®y* = 153 4 y 

6je 

= + 2, the nnmbers arc eilher 1, 3, 5 ; or 5, 3, 1 ; being the same sot, whether Ihie 
common difference y be taken positively or negatively. 

4. A person travels a distance of 198 miles as follows : namely 30 miles the first 
day, 28 the second, 26 the third, and so on : in how many days will he have &ushed 
the journey 

Here we have an arithmetical prognreasioa, in whksh a = 39, d =r — S, and S = 
198, to find the number of terms or days. 


By the formula, p. 221, fl = |2«4' («•— 1)<^| ♦ 


198 = “ n {bo — (« — 1)2 }■ = 31» — — 31« = — 198. 

/. — 31 = (»1» — 792) = V 169 = + 13. 

.„ = 314i? = 22or9. 


It would seem fix>m this result, that he might active at his jaunaey's end either in 
9 days, or in 22 days. But you must always remember, in solving particular questions 
by algebra, that the equation which embodies the conditions of the question is not 
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can satisfy the equation ; whereas, from ^ IkaiBted mtoe «f tlhe «fafiBtida::^ ^ 
these may be inadmissible. You perceive, in a moment, that the question solved above 
is of wider meaning than that proposed : it includes the proposed and someihiiig more ; 
for it is this — ^namely, The sum of an arithmetical series is 198, the first term is 50, and 
the common iEtoenc® 2 . find the number of ler^iar The answer is perfectly general ; 
for the series consists of either the nine terms 30 -j- 28 + 26 + 24 + 22 + 20 -f 18 
i{- 16 + 14 = 198, or of the twenty-two terms furnished by extending the series to 
the thirteen ad^lionid terms •i^l2 4-10 4"-fi + 6 + 4‘+-34-6 — 2 — 4— 6 — 8— 
10 — 12, for you see fhat these additional terms amount to 0 ; and therefore that the 
sum of nine terms, or of twenty-two^ equally amount to 198. It is plain, therefore, that 
the algebra would have been imperfect if « = 22 had not been contained in the result, 
though the limitation of the question excludes it . this limitation evidently is, that 
each day's travel <aide to the distanoe fr^m the starring point ; Iftko tere&er ispassumod 
not to go back, so that a subtractive day’s journey is forbidden. 

fi. the wma d£ throe namibers an goomotrical progvessian as 13 ; nd ^ produet of 
fke mean msd kqb. <of tlkc estrames is SO \ raqnbod the munlbtas. 

Let the numbers be represented by r, and coy] the condition that they are to form 
a goometricBl progresskm hoxng thu oocarod. 

Then the ather two ooasditioas are as fallow, asiamfify — 


~ -I- ^ 4- »jr =a 11 

y 


and 4" *y) ^ 

Frofn riie firet of these oquarions — x (A.). 

From the second - 4 ry = — , 13 — a; = 

y X X 

13r — r® = 30, or x- — 13i’ = — 30, 

Consequently, by Eulo II. of quadratic equation's, page 213, 

2x - 13 = v/C - 120 4- 1'3*) = =± 7, 

/. X = — - — a= 1^ or 3. 

Theroifore, ssibaritsEtiaig 3 fer s? in eqaatioii (A), wc have ^ :=r 13 — 1 — 

10 3 4- 3y« = lOy, or — lOy r= — 3 ; 

6y — 10 = -»/(— 3«4.W») = V'^='t: 8 

1^ + 8 — » ^ I 

Hence, putring 3 for x, and 3 fer y, in - , r, xy, the numbers arc 1, 3, 0 ; (sr putting 

3 fQrj;, 4 uad^ y> iSie numbers are 9, 3, 1 ; femmg the same goometrical prog^ca- 
sitm written in TCTWse order. If, imftesfd of r = 3, the erther valne r = 19 had been 
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taken, the correaponding yalues of y would have been imaginary, or impossible : thus, 
putting 10 for X in (A), the equation becomes 


H + lOy = IS - 10 = 3 10 + lOy* = 3y, or 10y» — 3y = — 10, 

20y - 3 = V(- 400 + 9) = ,/ - 391, y = - - 

These two values otp bi^ imaginary ; so that the three numbers, 1, 3, 9, determined 
above, are the only real numbers that fulfil the conditions of the question. 


1. Divide 49 into two parts such, that the greater increased by 6 may be to the less 
diminished by 11 as 9 to 2. 

2. Two hundred stones are placed in a straight line at intervals of 2 feet, the first 
stone being 20 yards in advance of a basket : suppose a person starting from the basket 
collects the stones, and returns them one by one to the basket. How much ground 
does he go over ? 

3. The sum of four numbers in geometrical progression is equal to 1 added to the 
common ratio ; and ^ is the first term : required the numbers. 

4. From two towns 165 miles apart, A and B set out to meet each other. A 
travels 1 mile the first day, 2 the second, 8 the third, and so on : B travels 20 
miles the first day, 18 the second, 16 the third, and so on : in how many days will 
they meet ? 

6. The sum of the first and second of four numbers in geometrical progression is 
15, and the sum of the third and fourth 60 : ,what are the numbers ? 

6. The sum of three numbers in geometrical progression is 35 ; and the mean term 
is to the difference of the extremes as 2 to 3 : what arc the numbers ? 


MI8CBLLANEOUS INVESTIGATIONS. 

A few particulars comiected with that portion of algebra to which the present 
treatise is devoted, remains to be noticed. These might have been introduced earlier, 
and are so introduced in most books on the subject. I have thought it expedient, 
however, with a view to your own facility of progress, to postpone them to this place. 

To extract ilve square root of a polynomial,'^ 

When we set about extracting the square root of a quantity, whether a number or 
an algebraical expression, wo proceed on the supposition that the proposed quantity is 
B. square ; that is, that it is capable of being produced from two factors. 

You know that, in nwmJbersy this is not always the case ; 2, 7, 8, 10, are not 

squares^ and therefore, in strictness, have no square-roots ; by the aid of decimals, how- 
ever, we can approximate^ as it is called, to the square root of any of these numbers ; 
that is, we can find a number such that the square of it shall differ from the number 
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proposed by as small a decimal as we please ; so that, for all practical purposes, tbe root, 
thus determined, may be used for that of the proposed number ; since it is the exact root 
of a number differing from the proposed one, only by a decimal too minute to be 
appreciated. The difference here spoken of would be actually exhibited by the 
remainder left at the close of the operation ; for, by subtracting this remainder from the 
number proposed, we should convert that number into a complete square ; wo always 
take care, in such arithmetical operations, to push the approximative process sufficientiy 
far to render the correctional remainder of no moment, in reference to the practical 
inquiry in hand. 

It is much the same with algebraical expressions ox polynomiah ; wo proceed (by the 
rule presently to be given) on the supposition that the square root actually exists, 
carrying on tiie process, as in arithmetic, till the terms of the polynomial have all been 
used up ; if a remainder be left, we conclude that the polynomi^ is not a square, and 
can assign the correction necessary to make it a square ; for this correction, as in 
arithmetic, is the remainder. In algebra, it is usual to stop as soon as the proposed 
polynomial is exhausted ; the object being, in general, more to ascertain whether the 
expression submitted to the process is a square or not, than to seek algebraical approxi- 
mations to imperfect squares. Indeed, the term algebraical approximation would be 
meaningless, as I am sure you must see ; for, in the absence of all numerical interpre- 
tation of our symbols, how could we speak of a set of symbolical expressions 
approximating^ as to value, to any other such expression ? When numerical values are 
given to the letters, we may with propriety speak of such approximations ; but, even 
then, what are approximations for some numerical values, will be departures for 
others. 

Let us now take a complete algebraic square, and try to discover by what process 
its root may be evolved. And first, let the square be that of a binomial, namely, the 
square of a -4- A, which is a® -j- 2 ai -|- 5®. 

Now write down this expression as in the margin, -l- 2ab -f- i®(a ft 

and mark off a place for the root, to the right. The a® 

square root of the first term is a, which we know to 2a -^- 
be the first term of the sought root ; and subtracting 
a* from the given expression, we get 2ab -pi® for 
remainder. Consider this remainder as a dividend^ and let us see whether, by help of 
the term a, abeady in the root, we cannot discover the leading term of a divisor for this 
dividend, suited to give the other term of the root. A glwice at the dividend shows 
that the proper leading term is just double the partial root a, already obtained ; wo 
therefore write 2a for the first term of the divisor wo are seeking to form ; and as, 
in algebra, the Jirst tei'm of a divisor is all we want, to get a term of the quotient, we 
at once pronounce b to be the second term of the quotient or root ; and, to complete the 
divisor, we put this b, not only in the quotient, but also in the divisor ; and wo find 
that b times the complete divisor, 2a d, equals the dividend ; and thus the operation 
terminates, and the required root is discovered. 

Guided by this easy process, let us now endeavour to evolve the root from the 
square of a trinomial ; namely, from the square of a -j- ft -f- c, which is (a -f- i)® -i- 
2(a -|- b)e -f- <?® ; this being evidently the square of (a 4" ^) + Writing the poly- 
nomial in the usual way, it would be a* ■+• 2ab -f- -f- 2(a + ^) c -h the 

following operation, for discovering the terms a, 3, r, of the root, one after another, is 
in exact imitation of the operation above. 
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2a + q 2 -f i« 

2a* + ^ 

2(« “h ^) + ^} 2 (<? -f* ^ 4" ^ 

2 (a *4^ i^) tf -f- 

Here first term tt of fibe root is fcimd as be&sre : we then get iftse reHraisder or 
2ai + ^ ; the Aonhle of the known portion « of the root tenishes the irittl 
or imompkte divisor 2a, by help of which the second term 5, of the root is foniad ; 
after which the divisor is completed by joining this J to the incompltete form ; we then 
get a seeond remainder or dividend 2(a 4- c + and take the double of what is now 
m the root Imt the coarreapondfng inoompietc divisor : this gives fbrijuotiient Cy th© third 
term of the root ; and the addition of this e eompletes the divieor, the mnltaplieation of 
which by the quotient-term r, finishes the process, as no remauxdsr is left. 

Jn Eke manner by applying the same proceeding to the sqwaro of a qnadrinomial 
a4-3-f<?-fd^we shouM obtain the several terms of the root, one after aao&fir the 
p<^Ti«miai whose root is sought being written m the fora 

+ ( 2 a 4- 5) i 4- ( 2(a H- «l) -f 0 ^ , 

as a mere contemplation of this form, in connection with the above process, makes suf- 
ficiently evident. And as the square of a»y polynomial (a 4” 5 + r+ d-l-..4-^, 
may be written 

a»4~(2a4-«)^+(2 (a 4- i) 4- c) c4- (2(a + 5 + <?) 4* d) d-f- . . . . 4- 
the process is general : it is expressed in words as follows ; — 

Rule 1 . — Arrange the terms of the proposed polynomial as if for division, marking 
off a place as for qmriaent. 

2. — Find the square root of the leading term, put it in the quotient's place, and the 
square of it under the leading term, which will of course be equal to it. Draw a line, 
as if for subtraction, and bring down, under it, the next two terms of the polynomial . 
these will form a dividendy and a pluce^ to the left of it, is now to be marked off, for a 
divisor. 

3. — Fut toHee the root-term, just found, in the divisor's place ; see how often this 
incomplete divisor is contained in the leading term of tho dividend, and connect the 
qujotieiit, with its proper sign, both to the root-term, and to the incomplete divisor : the 
cQvisor wiQ thus be computed, 

4. — Multiply the compfete divisor by the root-term just found, subtract the prodhot 
from the dividend, and to the remainder unite the two next terms of the polynomial ; 
and a second dividend win bo obtained. 

proceed with this as with the former, marking off a place for a now divisor, and 
puftmg in that place tscios the root-quantity already found, for an iacofnplete (hvisor. By 
ail of which the third root-term may be found, which, added to the incomplete ^visor, 
renders it commie. And this uniform, process is to he continued fill all the terms of 
the polynomial have been brought down, as in the following examples 
1. — 12^3 + Ifor*— 8arH-4(3«*~2ar-f 2 

— 4a:® 

««»—4«4-23 12ar*— ar-b4 

12a?* — 8ar-lr4 
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2 . 4ar« — 24«» + 60a!i* — 80^-f 60a>»— + — ea!»+ 6 a ;— 2 

4«»-— fijc*] — 24a:*-i-60«^ 

- -24jr«-f 36^* 

4j?3 — 12x^ + Bar] 24«^ — 80ar» -f 60^2 

24a:^ — 72.v» + 36jB« 

4:^*' — 12;r2 + 12 j; — 2] — 8a:» + 24a:2 — 24^: + 4 

— 8x^ 4- 24a r^ — 24ar + 4 . 

3. + ” ^- Ba*”* + **» — 4a"» +“*» + a*" (a**” — • 2tf»* + « + 

a‘^’« 

2a2^'‘ - 2a»'* + »] - 4a3 »» + « + + *" 

— 4rt'’ '« + « + 4^ 

2a®”* — 4a”* + '* + ] 2o*'** 4* — 4a”* + ‘®'* + a *'* 

2 tg«m -I- 2 n _ 4<tn t4- 3>i 4 . 

4. 4a’« — — Zx'^ -\- 2x 4i Cbc^ -- X - I 

Ax* 

_4jp8_3jp» 

-~4<r^ + 

4x2-2ar-l] -4a:‘^ + 2 jtr + 4 

— Ax^ 4* 2a; + 1 

a 

In tliis example tlicre is a remainder, after all the terms of tlio proposed polynomial 
have been used : wc infer therefore that the polynomial is not a complete square ; but 
that it would he made one, hy subtracting 3 (the remainder) from it ; the expression 
2x'^ — X — I is the complete square root of ix* — — Zx^ -j- 2x I : the polynomial 

proposed cannot be produced from two eqml factoa:* : it it the product of the unequal 
fiswtors {2x^ — ii* — I -1- V — 3) (2a:® - a;--!— ^ — 3). 


£XA:UFL£S fob SXE&CI8 E. 


Extract the square soot of each of the blowing expreteions ; — 


1 . fl?®4.45j; + 45^ 

2 . 9a:<-(-12r3 + 10a:2-f4a:+l. 

3. 9 -|“ 12 a-*® “t" 34 a?" 4" 20 x-\- 25. 

5. a;« — 4 a:* 4- 10 a:* — 4 a;® - 7 r® + 24 a- + 16. 

cq 

6. 4 -4- 0 as® 4^ a?» -h 15 a: 4“ 25. 

4 


Itoot, X 4- 25. 

Boot, 3 a;® 4- 20:4“ 1- 
Boot, 3 a;® -j" ^ ^ 4“ 5. 
Boot, a:* -4- 2aJ® — a: + 2. 
Root, a;* — 2 a:® -4" ^ 

Root, 2aJ® -f- ?a: 4" 5. 


In this last example you may, if you please, multiply the polynomial by 4, ui order 
to get rid of the j&’action : tha square root of the result will, course, be the squans 
root of tho given expression, multiplied by the square root of 4< : that is^ by H j ywu 
must, therefbve, rememlMr tb tiKnride the root by 2 . 

The above general rule, for the square root of an algebraical expression, applies of 
course, to numbers ; and suggests the arithmetical operation given at page 40 of the 
Arithmetio. The first atey m this ppendaon, is to separate the fifores of ths MubIm! 
into periods, by marking off two figures, commencing at the units’ place^ than hBrft Ifer 
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tho left of these, and so on. This enables ns to determine the local mlttc of the leading 
figure of tho root, and thence the number of integer-places in the complete root. Thus, 
taking for example the number 76807696 we see, by help of the periods, that the first 
fig^e of the root must he in the place of thou&anda^ the square of it being so many 
millions, like the 76 in tho first period. The detailed operation, as suggested by the 
Algebra, is therefore as follows 

76^80,76,96(8000 700 60 + 4 = 

64 00 00 00 8700-f60-f4 = 

16000 + 700 = 16700)12 80 76 96 8760 4 = 8764 

1 169 00 00 

17400 + 60 = 17460) ll 11 76 96 
1 00^0 

17o20 + 4 = 17524) 7 00 96 

7 00 96 

Tho ahoYO operation is the same, in principle, as that at page 40 of the Arithmetic ; 
by a reference to which you will see that the more compact form, which tho work 
assumes in the place referred to, arises merely from the suppression of the useless 
ciphers or noughts^ and the postponement of the successive periods till they are actually 
wanted in the several dividends. 


To extract the square root of a binomial^ one of whose terms is rational^ and the othei' 

a quadratic surd. 

It sometimes happens that expressions of the form occur in the results 

of algebraical problems : if they be loft in this form, and then when a and b are inter- 
preted, the operations of arithmetic he applied to them, you see that if b is irrational, 
wo shall have to find the square root of d to a certain number of decimals, and then to 
extract the square root of a -f- 5, a quantity necessarily involving decimals. Tho 

square root of may be taken out of a table of square roots to several decimal places, 
when b consists of not more than four or five figures ; but the square root of a number 
consisting of three or four figures, followed by five or six decimals, cannot be found to 
any degree of nicety by existing tables ; so that, in such a case, the arithmetical opera- 
tion must be executed. As I have told you before, algebraists seek such a form for 
their results as will give arithmeticians the least trouble in tho numerical computation 
of them ; and this is one reason why they have sought to convert !/(« + t/ ^), into the 
simpler form ’\‘V 

In order to show you how this is done, a theorem or two respecting binomial surds 
must first bo established. 

1. The square root of a quantity cannot he partly raiiomX txA partly a quadratic 
surd : that is to say, the condition y" j!> = 3'-f*t/ris impossible, provided p and r are 
not themselves squares. 

For, assuming this equation to be possible, we should have, by squaring each side 

~ "f* 2 ^ r -f- r, so that \/ r =■ — — ^ T, a rational quantity, which is con- 

trary to the supposition, as it shows that r must be the square of tho second member of 
this equation. 
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2. In every equation of tlie form a+v^J = fl?-l-V'y, where a, and x are nUiono^ 
quantities, and V b irrational or mrd, a must be equal to x, and therefore J to y. For 
if a and x had any difference, then by transposing the a, we should have the square 
root of a quantity, not itself a square, expressed either by a rational quantity, which 
is absurd, or by a quantity partly rational and partly irrational, which has been 
shown above to be impossible. It follows that \/ y must be irrational as well 
as 

3. If ^/(rt -j- V ^) = + y ; then must \/(« — y i) = a; — y ; where \/ b\&^ qua- 
dratic surd, and a*, y one or both also quadratic surds. 

For by squaring the first equation a + x/ b = -f- 2a:y-4-y®, where x- 4* y“ is 

necessarily rational, and 2ry irrational (by 2 above) being equEil ixi V b : that is 

(by 2), 

<7 = + y*, l/ i = 2a-y , :.a—Vb = x- — 2xy-\-y", /. \/ (a— V ^)'=-^ — y- 

By help of this latter principle, combined with theo. 2 above, the extraction of the 
square root of a binomial surd consisting of a rational term, and of a quadratic irra- 
tional term, may be effected, as in the following examples : — 

1. Extract the square root of 7 + 2 |/ 10. 

Put 2 v/ 10)=r-f*y, \/(7-2 v 10)=:rr-y; 

talcing the product, 1/(49 — 40) =0:" — y", 3 = r- — y®. 

But7-f2t 10 = a;®-i-2.ry-f y®, 7 = r®-}-y2, 10 = 2 4 = 2 y» 

r=:Vo, y=t/ 2, .*.1/(7 + 21/10) = l/5-^l/ 2. 


You will at once see that the change of 1/ (7 + 2 1/ 10) into 1/ 5 + 1/ 2 facilitates 
the arithmetical computation : a table of square roots gives us 1/ 5 = 2 ’2360680, and 
1/ 2 = 1’4142136 ;* so that the root sought is 3'6502816. If the unchanged form be 
used, we should have, from the table, 1/ 10 = 3’1622777; twice this increased by 7 
is 13’ 3245-564, and the square root of this we should have to find by actual extraction, 
on account of the neces'iarily limited extent of the tables. 

2. Find the square root of 10 — |/ 96. 

Put \'(10 + 1/ 96) = f -f y, .*. 1/(10 - 1/ 96) = - y. 
.•.V/(100-96)=^*-y« = 2. ) 

Also 3-“ + 2ry + y* = 10 + 1/96, .*. a;* + y® = 10^ • • ^ — 

.*.1/(10 -1/96) =1/6 -2. 

3. Find general expressions for the square roots oi a b, and a — x/ h. 

Putting ar + y, and x — y, for the required roots, wo have — 

. « + , « = i:« + 2a:y+y*, . ^ ^ 

«-V> = x«- 2 a-y + yM-' 

Also ar® — y® = V — b) 

By adding and subtracting 

, _ a + V{«^-b) 

2 - 2 

* See Barlow’s Tables, revised by Professor De Morgran, and published under the superln- 
tendenoe of the Society for the Diffusion of Useful Knowledge. 
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^wfofore 4* ii l/(«4- iady(tf — arc respectively 

,/(« + v/o- V 

These general expressions show that, whenever —Jt is not a square^ nothing is 
gainod by changing \/(rt+ i/i) into the new form, but in fact something lost in the 
way of simplification . the changed form is less complex than the original only when 
^ is a square : it is prudent, therefore, to ascertain whether or not this be the case, 
before entering upon the proposed transformation ; and to leave the form unchanged if 
^ be not a squai’o. 
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1. 1/(19 4- 8v/3) = 4 + t/3 

3. V(7- 21/10) = -v/5- v'2 
o. \/{76 - 32v/3) = 8 - 2t/3 


2. l/(12~ 1 140) = ^7 - l/5 
4. |/(8 4- 1/39) = i(t/26 -f x/6) 

G. ^/(Sl 4- 12t/ -5) =6 + ^- 5 


On MtiUipUers which render binomial surds rational 


It has already boon noticed (page 195) that it is in general inconvenient to have the 
result of an algebraic operation in the form of a fraction with a surd denominator; and 
when the surd so occurring is monomicUj the means of removing it have been explained. 
I am now to show you how, in like manner, a fraction having a binomial surd \/ a 
OT \/ a — \^b for denominator, may be converted into an equivalent fraction with a 
rational denominator ; in other words, I am to explain the method of rationalizing bino- 
mial surds of the above form. This is very easy, the rationalizing multiplier being at 
once suggested from the binomial surd itself : if it be a 4 y/hy the multiplier is obvi- 
ously y/ a — y/h ; and if it be y/a — • 4 /^, the multi|dier is i/^ + y/i> \ and you thus have 
a useful application of the principle that the sum muitipliod by the difference of two 
quantities gives the difference of their squares* Sx^poso, for example, our fraction is 


y' 5 ' 4 r^ 7 ’ ^ which is mconvement for computation, because after getting 4/6 -|- 

y'7 wo should have the troublesome operatfon of ^vidirrg 3 by a number comsisting of 
many figures. But by multiplying numerator and denominator by 4/6 — 4 / 7 , we 


change the fraction into 


3 ( 4 / 5 - 4 / 7 ) 

5-7 


= ““ V^)y by which change the long divi 


sion spoken of is avoided. 

As a second example, let 


V 34-1 

5 — 4/3 


he proposed. 


The ratkCTifcTiring muitipUicr here 


, , , , « . (1/5-I-1H5 + 4/3) 44 - 34 / 3 . 

is 6 -1- 4/3, and the changed fractaon is ^ — 25 — 3 ~ Tl — *-• 

Somatknes the binomial surd to ho coiionaliaod io of the £oam> : ki this 

case the suitable multiplier will ho tH>$omkU : it will eeadst cfS tile egwett^ of botibt the 
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iaaratioiiail terms, and of t&eir prodiact with changed sign, as actual multiplication will 
show; far 

(i/® i 4* 

The rationalizing multiplier is therefore easily remembered: the following is an 
example of its application : — 

5 

Goaweet the factum into m equivalent one w^rth a rational denomino^. 

l/5~ v^2 




= I (^2o + VIO + V/4) 


V5 — V 2 o — z o 

And this form, though involving three cube-roots, is of easier calculation than the 
original, if tables of cube-roots ai’C used ; because there is no long-division operation, 
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Prove that— 




V8-3t/2 


V8 + V3 


_ JL _ =^1^49 + (/35 + V2.5). 

V7-V!'> ^ 


■1 ^■¥V3 _ 3 + i/i 

■ 3-i-t/3 6 ■ 

4. =2(^9 + v'6+i^4). 

t/3-v'2 


Te Mxtretei the Cube Root of a (hn^^und Qmntity, 

In order to dssoover th« mcaiu of arriving at the cube root of a polynomiad, we may 
pn^ceed in imitation of tho oouxse adopted for the determination of the square root. 
Thus, to Imgm w'kh. the sim|d£st case, let us take the eube oi a b; tixat is, the 
eapressimz o’* -f* 3ab‘ 4* k availing ourselvos of our previous knowledge 

of the enbe root of this expression, let us inquice by what steps it may he evolved. 

We see that the first teun a of the root is at once obtoinod ti:om the leading term of 
the polynomial ; we thus have the step 

«3 ^ ^ gao^i + l,»(a 

3a^b -f- Sab'"^ -f- 

and regarding the remainder, here exhibited, as a dividend, it remains to find a divisor 
of it, such that the quotient may be b. It is plain that three times the square of the 
root term a, just found, taken as a trial or mcomplote divisor, suffices to suggest the 
second term b of tire root ; and we see, moreover, that if three times the product of the 
two root terms, a and b, as also the square of be added to the trial divisor 3a*, that 
the complete divisor, coiTespondiag to the q,uotient will be obtained ; hence the 
finished process is as follows : 

" -f 3**^ -f 3ab^ ^ 


3a^ + aab-hb‘^)~ 


3,a*b +3ab^ ^b^ 
ag.*d 4- 3ah» 4- 


If the root consist of throe terms a -j- ^ c, that is, if the polynomial be (a + -f' 
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or (a + 6)® 4" 3(<» 4- 4“ 8(a 4" 4“ the portion (a 4" ^)® of this poly- 

nomial may be exhausted, as above, and the first two terms <r 4" ^ 
found. And, just as in the former case, h was derived from a, so here it is plain that o may 
bo derived from a b. From these considerations the following rule is suggested ; 

Eule. — Arrange the terms according to the powers of one of the letters, as in the 
operation for the square root. Put the cube root of the leading term in the quotient’s 
place, subtract the cube of it from the polynomial, bringing down the next three terms 
for a dividend, to the left of which mark off a place for the divisor. In this place put 
three titnea the square of the root term just found ; this will be the trial divisor ^ and the 
quotient it suggests will be the second term of the root. 

To three times the product qf this new term and the preceding, add the square of 
the new term, and connect the result to the trial divisor ; the whole wall be the complete 
divisor. 

Multiply the complete divisor by the new term, subtract the product from the 
dividend, and annex three more terms of the polynomial to the remainder ; the whole 
will bo the second dividend. 

For the corresponding trial divisor put three times the square of the root-quantity 
now found, in the divisor’s place; and with this trial divisor find the third term of the 
root ; and then complete the divisor, by adding to what is already in the divisor’s 
place three times the product of the new term and the preceding part of the root, and 
also the square of the new term ; proceed then as in division, adding three new terms 
of the polynomial to the remainder ; and so on, till all the terms of the polynomial 
have been brought down. 

You will perceive that the principal part of the work consists in forming the 
successive divisors, each of which is made up of three portions — namely, thrice the 
square of the part of the root previously obtained, thrice .the product of this part and 
the now term, and the square of that now term. The first of these portions is what 
I have called the trial divisor ; but you will not fad to notice, that, as in the operation 
for the square root, the leading term of the Jtrst divisor is always sufficient to make 
known any subsequent term of the root ; so that after the first divisor is obtained, every 
now term of the root may be discovered at once, without the aid of any special trial 
divisor ; and therefore every subsequent divisor may be inserted at once, in its proper 
place, and in its complete form. 

’The following is an example of the operation : — 

*9 _ 6a;® 4- I5x* - 20a;» 4- lor'* - Gr -f 1 (r* - 2r 4- 1 
r® 

3a;+ — Gr® -f 4a;®) - Gr® 15a;+ - 20a;® 

- Gr® 4- 12a?^ — 8r® 

3a:^ - 12a;» 4- 16a;^ - 6a; 4. 1) dx* - i2a;® 4- Ida;® - 6a; 4- 1 

This is made up of 3a;^ — 12a;® 4- Ida;® —■ 6a; -f- 1 

3(a;= - 2a;)* 4- 3(a;® - 2a;) 4- 1 

As a second example, the following may be taken : — 

27a;« - d4a;« 4. 63a;-^ - 44a;« -f 21a;® - 6a; 4- 1 (Sr® - 2a? 1 

2 7r® 

27x* ~ 18a;® 4. 4a;®) - d4a;fi 4. 63a;^ - 44a;® ‘ 

- d4a;* 4- 36a;-* — 8a;® 

27a;^ ^ 36a;» 4- 21a;® - 6a; 4* 1) 27a;^ - 36a;® 4“ 21a:® - 6a; 4- 1 

This is made up of 273;^ — 36a;® -j- 21a;* — 6a; -f- 1 

3(3a;®^ 2a;)® -f 3 (8a;» - 2a;) 4“ 1 ~ 




£3CAJd:PLES FOR EXERCISE. 


237 


The operation conducted as above is tolerably short ; but there is some work, in 
finding the several divisors, which does not appear to the eye in looking at the finished 
form. I am going to show you another mode of proceeding, much more complicated in 
appearance, but very simple indeed in the performance. It presents to the eye three 
columns of work, as below ; they are formed thus : — 

Write down 0, 0, and the given polynomial, as the leading quantities of three ver- 
tical columns of work ; and then proceed to fill up the column thus : — Put the first term 
of the root not only in the quotient’s place, but also under the first 0 ; to which, for 
uniformity sake, you may consider it to be added; multiply the sum by the same root 
term, and add the product to the next 0 ; multiply the sum still by the same root term, 
and subtract the product from the polynomial, bringing down, however, only three terms 
for remainder. 

Ectum to the first column, and add the same term anew, multiplying the sum and 
carrying the product to the second column as before, but not extending the work to the 
third column. Eetum again to the first column, repeating the former operation, and 
there stop. With the last result in the second column, taken as a trial divisor, find the 
second term of the root ; and go over with this exactly the same process, extending the 
several columns, by successive additions, till the polynomial is exhausted. As an 
inspection of the operation will convey a clearer idea of the several steps than words 
will do, I hero give the work of the last example in the form proposed. 






9a;" 



9a;" — 64 a* • 

3ir* 


18 a?" -- 54 X® • 



27 a:" 

3r“ 


-18a;»-f 4a:« 



27 x" - 18 a;3 4 4 


— 2a? 

- 18 x3 4 8 a;* 


— 2a? 

27 x" -36 a;’ 4 12 X* 


-2a? 

9'x\ 

9x= 

— 2a; 

27x" - 36a;3_^21a;a 


-6x 



1 


9a;'* 

’^' 6 a ;41 



27 a:* - 36 4- 21 6 a; -f 1 

27 - 36 a:’ 4 21 a:® - 6 a: -f. 1 


Not®.— It would be be very easy to contrive means of abridginp the work here exhibited in 
the fullest detail : but a learner will more clearly see the entire texture of the process by 
having every item of it thus put before him. 


By tho very same process the fifth root, the seventh root, and indeed any root what- 
ever of a polynomial, may be extracted : we have only to form, as above, as many 
columns of work as are sufficient to mark the number of the root ; that is, five columns 
for the fifth root, seven for the seventh root, and so on ; to construct the first column 
by that number of additions of the first root-term, of the second root-term, and so on ; 
and to carry on the formation of the other columns as above. Whether you adopt this 
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«of Mtengiaig ilhe *«rork dt os^knMtkag ib* «ab»-B»od:<«f A p t fym m ml m miLf it is 
tbe jagaaifflioait I voiiid wcmmeod jtm to Gbiem^ !& estaetiRgilbe ogoBm- 
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iotmeato iniio : iM^uag cbki be suee eas^ to mnemher IIubbl tbe rery ohnpie «HDua«f 
recurring operations of which the lef^enl ile^ of tiheML(iwiBgprooeee are9iaidfriq»: 
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figure ikud that of the immediatciy sueoe&ding tfigune. 


1 . Required the cube root of 3 to fire or six places of decimals 


>0 


3(1*442249 . . 

1 

1 

I 

1 

1 

— 3 

S 

1 

2 

1*744 

— 

-1 

a 

2 

2 

•266 

1 

1*36 

•241984 

- I 

— 

3 

3 

4*36 

14016 

•4 

1*52 

12468888 

* 

o 

- 4 


fi 


3-4 

5*88 

1567,112 

•4 

•1696 

1248 

3-3 

6-04«6 

309 

4 

'1712 

249 

— 2 

4-2 

3 

6*2208 

60 

4 

8641 

50 

4-24 

C-229444 

t 

4 

8048 


— 

4c 


4*28 

6/2,3,8092 


4 



3 



4*32 



2 



4 322 



2 



4*324 



2 



■ 4e 

4’32C 




' [NoTm.-~This ea aapit s is pkoed first, inolead of third, for tli» c oawMk awi of pdotiaf: ibe two 
exam^cs next following mj.y be oxaaused before it, os they ase soiccwluut more firasple.] 
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2. l4Bi|dM41lka 



# 

169,11^,224(574 

5 


m 



1 

5 

25 

64119 

5 

m 

60193 



— 1 

1 


75 

9626224 


im 

8926224 

— 1 

— 


15 

8599 


7 

1148 

n 


157 

2747 


7 

6856 


164 

981556 


7 



— 2 



171 



4 



1714 



Bequircd tho cube-root of 460,640^998,917. 


0 

0 

469 G40 998,917(7773 

7 

49 

343 

7 

49 

126640 

7 

96 

113533 


—1 

a 

14 

147 

13107998 

7 

1519 

12564433 

—1 



3 

21 

16219 

548565917 

7 

1568 

543565917 



a 


217 

17T87 


7 

16219 


224 

1794919 


7 

16268 


2 

3 


231 

1811187 


7 

69939 


2317 

181188639 



7 


2324 

7 

3 

2331 

3 

23313 
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It is easy to foresoo that after the step marked 4 (Ex. 1) is reached, the work of the 
subsequent steps can have little or no influence upon the three leading figures 6*23 of the 
farthcoming dwisorsy so that regarding these three %ures as constant, and recognising 
the others, 8092, only for the sake of what is carried from them, we may, as above, 
make sure of at least three true decimals of the root, beyond the three already found, 
by eotnnum divisiotty provided we reject a figure of the constant divisor, 6 23, at each 
step, taking care to secure accuracy in the canyings from the rejected figures. 

When you arrive at the Theory of EquationSy you will find a systematic method of 
applying such contractions fully explained, as also a complete investigation of the prin- 
ciples on which the foregoing practical operations depend : what is here exhibited is 
only a small isolated portion of a department of modem Algebra of very comprehensive 
scope, and of as much theoretical interest as of practical utility. 

Ex. 1. The cube-root of + 9a® -f- 6a:< — 99a® — 42a:* -f 441a — 343 is 
a:*4.8A~7. 

2. The cube-root of a* -f 6a® 40a® — 96a — 64, that is of a® -f- 6a® -f- Or* — 

40A*4-0A®-f 96A-64, isA*-|- 2.r-4. 

3. The cube-root of 12994449561 is 2351. 

4 . The cube-root of 2 is 1-25992104989 

6. The cube-root of 959 is 9*8614218. 

6. The cube-root of a® — I5xhj -{- 69A*y- — 138.t;-y* — OOxf — ^ is a- —5xy — 2//* 


I here conclude the treatise on Elementary Algebra. The subject in its widest 
acceptation is one of very considerable extent — I might almost say of unlimited extent; 
as there arc no definite boxmds to its operations. In the preoeding treatise, my object 
has been to unfold to you, fully and perspicuously, the leading principles of the 
science ; and thus to lay a sufficiently secure basis for futuie researches. There is one 
department of the subject— the general theory of Logaiithms and Series— which I have 
not touched upon here. It is a part of Algebra which is marked by peculiar features, 
and is occupied with investigations different in kind and in object from those necessary 
for the solution of an algebraical equation, or for the reduction of an algebraical expres- 
sion ; and is, moreover, of sufficient importance to merit distinct consideration. 


J, R. YOUNG. 
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PLANES : 

BEING T^E PIBST TWENTY-ONE PEOPOSITIONS OP THE ELEVENTH BOOK OP 
EUCLID’S QBOMETBY. 

[The Eloments of Euclid, given with considerable detail in a former treatise, were 
limited to the subject of plane Geometry, as this furnishes basis sufficient for plane 
Trigonometry. The Geometry of Planes and Solids was intended to have been post- 
poned f;ill our treatise on Spherical Geometry rendered its introduction necessary. But 
as the consideration of Mechanical Forces in Space, and the science of Crystalography 
will very shortly appear in another department of tho “ Cibcle,” wo have thought it 
advisable to introduce Solid Geometry in this place. Moreover, several of the subjects 
included in this volume will be more simply treated, and more easily understood, if a 
knowledge of some of the elementary properties of planes and straight linos be 
previously acquired. For instance, the calculation of tho solid contents of an earth- 
work will bo best given in tho Treatise on Mensuration ; but this calculation, of 
course, depends on tho relations of solid space. Again, we propose to present tho 
reader with a short treatise on linear perspective — a subject which, if treated as a 
science, and not merely as an art, also involves a knowledge of the elementaiy 
relations of solid space ; the subject of Spherical Trigonometry, likewise, is best given 
in the present volume ; and this science, as its name denotes, treating of triangles 
which are described on tho surface of a sphere, cannot be taught without reference 
both to tho properties of planes and to the elementary propositions of Spherical 
Geometry. 

The treatise on planes contains tho first twenty-one propositions of tho Eleventh 
Book of Euclid’s Geometry, with so many definitions as are requisite to enable the 
student fully to understand them ; and the Author has himself explained the object he 
had in view in drawing up the Treatise on Spherical Geometry. — The Editob.] 


Introduction.— The figures, linos, angles, &c., the properties of which form the 
subject of tho First Six Books of Eulcid’s Geometry, are supposed to lie in one plane, 
* i.e. of length or to be in space of two dimensions.* The following treatise contains 
and breadth, elementary propositions on tho relations between lines, angles, &c., 
which do not lie in one plane, but are in solid space, — or space of three dimen- 
+ ».<*. of length, The student will find tho following propositions very easy, 

breadth, and when once he has distinctly conceived the meaning of their enunciations. Tho 
figures which arc given to each proposition cannot represent the propo- 
sition to the eye so perfectly as in the former books, in consequence of their having to 
be drawn in perspective. It is hoped, however, that the shading introduced into the 
diagrams will aid the student in conceiving the proi>osition they belong to. 

It is to bo added, that, as in Plane Geometry, we arc allowed to draw lines in any 
diiection, and to produce them to any extent, so in solid Geometry wo are allowed to 
draw pianos in any direction, and to produce them to any extent. Moreover, two lines 
intersect in a point ; in like manner it will be shown that two planes intersect in a line. 
Also, as wo may suppose, a line to revolve round a point till it comes to a point on its 
plane, so wo may suppose a plane to revolve round a given line until it comes to a 
given point situated anywhere in space. 


MATHEMATtCAL 8CiENCE8.-<No. VIII. 
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DEFINITIONS. 


I. 


A straight line is perpendicular, or at right angles to a 
plane, ^en it makes right angles with every straight line 
in that plane which meets it. 

Thus, if BD be a plane, PA a line perpendicular to it. 
Through A draw any lines AB, AC, AD .... in that plane, 
then will PAB, PAC, PAD, &c., be right angles. 



n. 

_ A plane u perpendiculiur to a plane, when a straight line drawn in one plane per* 
pendicTilar to the intersection of the planes is at right 
ang^ to the other plane. 

Thus, Jet ABD, ABC, be two planes, let the former 
be perpendicular to the latter, and let AB be the lino of 
inteiaectian of the {danes in the plane ABD, draw PN 
at right angles to AB. Then is PN at right angles to 
the plane ABC. 

HI. 

The incKnation of a straight line to a piano, is the acute angle contained by that 
straight line, and another drawn irom tho point in which the hrst lino meets the plane, 
to the point in which a perpendicular to tho plane drawn 
from any point of the first line above the plane meets 
the same plane. 

Thus, let ANB be a plane, AP a line meeting the 
plane in A ; from P draw PN perpendicular to the plane, 
and meeting tho plane in N. Join AN, then the angle 
PAN is the inclination of the line PA to the plane ANB. 

rr. 

Tho inclination of a plane to a plane, is the acute angle contained by two straight 
lines drawn from any one point of their common section 
at right angles to it, one upon one plane, tho other upon 
the other. 

Let PAC, PBC be two planes intersecting in tho line 
PC. Prom P in the former plane, draw PA at right 
angles to PC ; and from the same point P on the latter 
plane, draw PB at right angles to PC. Then, if BPA bo 
an acute angle, this is the inclination of the pianos to 
each 

V. 

Two planes have tho same inclination to one another which two other planes have, 
when the said angles of inclination are equal to one anothm'. 
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Parallel planes are such as do not intersect, though produced ever so far in all 
directions. 

A solid angle is that which is made by the meeting of more than two plane angles, 
which are not in the same plane, in one point. 


PROPOSITION I.— TuBOUEst. 

Ompmrt (AS) ^ « titeifht line (ABC) cannot he in a planCy ard amfthcr part (BC) 

he above it. 

For let UB suj^oso this possiMo, then since the straight Enc AB is in the plane, 
it can be produced in that plane : let it be produced to B. Now, 
suppose a plane to pass througb the straight line AD, and let it bo 
turned round that line, till it comes to the paint C. Then because 
B axid C are in the plane, the straight line BG is in it :* /. there 

• « Def. I. are t^'o straight lines ABC, ABD in the same plane, having a common 
+ Cor. 11 1. seg;taent AB, which is impossible.f Q. E. D. 



PROPOSITION II.— Theokem. 

Two eti'aigJU lines (AB, CD) which cut om another {in thepoifU E) are in one plane. And 
three straight lines (BC, CE, EB) whkJi, ineei om another y are in om plane. 

Let any plane pass through EB, and lot the piano be turned about EB produced if 
necessary, until it pass through the point C. Then because the 
* G Def. I. points C and E arc in this plane, the lino CE is in it.* 

For the same reason the stwaght line BC is in the same plane, and 
by the hypothesis EB is in it ; the three straight lines BC, CE, EB 
are in one plane. But AB is in the same piano as EB, and DC 
t 1 XL as EC.f Also AB and DC are in the same piano, 
a E. D. 



PROPOSITION IIL~-THW«mi. 

If twaplmm (AB, BC) cut om amtker, Hair oommon motim (DB) ii a straight Une. 

For, if not, bxboo D, B are points in the plane AJB, draw 
the stm^jjhd line DFB in that plane, and similarly draw 
the line D3SB in tlie pltno BC. Then because these two 
straig^ iinei have the same cxliwmitiee, they enclose a 

♦ 10 Ax, I. fljMoe, wiihdi is absurd ; the common section 

BDoB&a0tb!itbeaetnd|htline. Q.E. D. 
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PROPOSITION lY— T heobem. 

If a straight line (EF) is at right angles to each of two straight lines (AB, CD) at their 
point of intersection (E), it shall also be at right angles to the plane (ADBC), which 
passes through them, i. e., to tlw plane in which they are. 



Take the straight lines EA, EB, EC, ED equal to each other. Join AD and 
BC. In the plane ADBC dravr through E^ any line 
GEH, meeting AD and BC in G and H ; we are to 
show that FE is perpendicular to GH. For join FA, FB, 

FC, FD, FG, FH. Now, because in the triangles AED, 

BEC, the sides AE, ED = the sides CE, EB, and the 

• 15 I. angle AED = angle CEB,* AD = BC, 

4 I. and angle D AE= angle EBC.f Again, in 

* 15 I. triangles AGE, EBH wo have the angle AEG = angle BEII ;* and by 

what wo have proved, angle GAE = EBH, and the side AE = side EB ; GE = EH, 

f 26 I. and AG = BH.f Again, since the sides AE, EF arc equal to tho sides 

* Ax. 11 1. DE, EF each to each, and the right angle AEF = tho right angle DEF ;* 

t 4 1. AF = DF.f Similarly AF = FB, andE = FC. Hence in the triangles 

DAF, BCF we have the sides DA, AF =;to the sides CB, BF,"cach to each, and the base 

* 8 I. DF = the base FC; tho angle DAF = the angle FBC.* Again, 
in the triangles GAF, HBF we have (l>y what wo have already proved) the sides G A, AF 
= the sides HB, BF, each to each, and the angle GAF = angle HBF ; /. base GF 

+ 4 1. — base FH.f 

Hence (by what we have now proved), in the triangles GEF, HEF we have tho 
sides GE, EF == tho sides HE, EF, each to each, and the base FG = tho base FH, 

• 8 I the angle GEF = the angle HEF,* which are therefore each right 

+ 8 Def. I. angles, t The same proof applies to any other lino drawn through E, in the 

• 1 Def. XI. plane ABC. Hence EF is perpendicular to the plane.* Q. E. D. 


PROPOSITION V.— Theobem. 

If three straight lines (BC, BD, BF) tned all in one point (B), and a straight line (BA) 
stands at right angles to each of them at ih'it point, these three straight lines aic m 
one and the same plane. 

For if not, suppose tho plane which passes through BP and BD not to pass through 
BC, and suppose the plane passing through AB and BC 
to cut the former plane in BE, then the straight lines 
BF, BD, FF are in the same plane, viz., the one passing 
through BD, BF, and AB is at right angles to BD, BE, 

• 4 XI. and is also at right angles'to BE.* Now, 
the angle ABC is a right angle, /. angle ABC = angle 

+ 11 lx. I. ABPjf and they are both in tho same piano, 

* 9 lx. L which is impossible.* BC, BD, BF must 
be In the same plane. Q. E. D. 
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PROPOSITION VI.— Theoeem. 

If two straight lines (AB, CD) are at right angles to the same plane (BDE), theg shall 
he parallel to one another. 

B, D are the points in which the lines meet the plane. Join BD, and at D draw 
DE in the plane peiT)endicnlar to BD. Make DE ss: AB. 

Join AD, BE, AE. Now, since AB is perpendicular to 
plane, ABD and ABE are right angles, then in triangles 

ABD, BDE the sides AB, BD s= sides DE, DB, each to 
each, and angle ABD = angle BDE, each being a right 

* 4 I. angle, /. BE = AD.* Then in triangles ADE, 

ABE, the sides AD, DE = the sides EB, BA, each to 
each, and the base AE common, angle ABE = angle 

+ 8 1. ADE.f But angle ABE is a right angle, 

ADE is a right angle. Now, because CD is perpendicular 
*3Def.Xl.to the plane, CDE is a right angle;* so 
that ED is at right angles to the three lines BD, AD, CD, which are therefore 
t 5 XI. in the same plane'; f but the plane which contains AD, DB contains 

* 2 XI. . AB,* AB, BD, DC are in the same plane ; now, angles ABD and BDC 
arc right angles, and are /. together equal to two right angles, AB is parallel to 

1 28 I. CD.t Q. E. D. 

PROPOSITION VII.— Theorem. 

If two straight lines (AB, CD) are parallel.^ the straight line drawn from any point (E) 
in the one^ to any point (F) in the other^ is in the same plane with the parallels. 

For if not, suppose EOF to be the straight lino joining them, and suppose it does 
not fall in the plane. Since E and F are points in the 
plane, we can join them by a straight line, which lies ^ — 
wholly in the plane. Lot this lino be EHF. Then EHF 
and EOF are two straight lines, inclosing a space, which 
is impossible. Q. E. D. C 

PROPOSITION VIII.— Theorem. 

If two straight lines (AB, CD) are parallel, and one of them (AB) is at right angles to a 
given plane (BDE), the other shall also he at right angles to the same plane. 

Let the lines meet the plane in B and D. Join BD. Then AB, BD, DC arc 
‘ 7 XI. in one plane,* Draw DE at right angles to BD, 

+ 111. and in the plane BDE.f Take AB = DE. Join 

AD, AE, BE. Now, AB being perpendicular to the plane, is 

* Def. XI. perpendicular to BD and BE.* Now, BD meets 
the parallel lines AB, CD, the angles ABD, BDC are togc- 

+ 29 I. ther equal to two right angles, f But ABD is a 
right angle, /. BDC is a right angle. 

Again, in triangles ABD, BDE the sides AB, BD =: the 
sides ED, DB, and the right angle ABD =; the right angle 

* 4 I. BDE ; AD = BE.* Hence in triangles ABE, 

ADE we hare the sides AB, BE = the sides ED, DA, and the base AE is common^:-: 

+ 8 1. angle ABE s=r angle ADE.f But ABE is a right angle, ADE is a right 
angle; /. ED is at right ang les to the lines BD and DA, and is 
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* 4 xr. the plane passiig thir<mgh theau,* and «mce CD is in the same plane 
f Def. XI. -with AD, BD^ aaagie CDE » tt right aiigl6.t Bisfc w© hav© already seen that 

BDC is a right angle, CD i» at ri^ tmg^ to the plane passing through BD, 

• i XL. DE;* t. e.f, is at right aioglaa to the pkne BUE. Q. H D. 

pRoposrrroN ix.— theo»em. 

If two straight lines (AC, CD) are each parallel to the same straigM line (EP)^ iui not 

both in the same plam with they ate paroXLai to one another, i 

For, take any point G m EF, sad from G ia tide plane AB, BP draw GH perpeu- ! 


* 1 1 k, dieidar toBF ;* aitd likewiae from 6 in piaae 

EF, CD^ dbaor 0K ptEytaadicular to EP. W B 

Thaa htmmn 6F ia at right anises to 6H and GK, it ^ « 

t 4 XX fri fli ti|^ angles to the pi^ HGH ;f and ~| 

sinee 6F is at angles to the plane HGli^ and y- .i. ■ - ^ 

HB is parallel to GF, HB is at i%ht an^tea to 

* 8 XI. HGK.* Similarly XD k at right angles tallGK, /. JIB and KD are 

XL paEaUdyf or AB and CD ore paxaHel ta each other. Q. E. D. 

raOPGSmOK X.-~Thbokmi. 

If two straight lines (AB, BC) meeting one another be parallel to two others (DE, EF) aho 
meeting one anofho, the latter two not being in the same plane tvith the former two, 
then the former two contmn ait angle (ABC) to the angle (DEF) contained by the 
laUor tmo,. 

We anppose tltat AB is parallel to DE, anad BC to EF. Take BA = BD, and 
BC = EF, and join BE, AD, CF, AC, DF. 

Then because AB is equal and peralkl to DE, and their ex- 
tremities arc joined torrards the 6ancEe> poimts BE and AD ; 

* 33 I. be is equal and parallel to AD.* Samilaiiy BE k , 

+ Ax. 1 I. equal and paraBel to CF, and AD is equalf and 1 1 

* 9 XI. parallol* to CF. But the extremities of AD, CF 
arc joined towards the same points by AC, and DF, and therefore 

t 33 I. AO = DF.f Ilcnce in triangles ABC, DEF we have I 

the sides AB, BC = the side DE, EF, each to each, and the 
base AC = the base DF, the angle ABC =rr the angle 

*4 1. DEF.* Q.E. D. ” 

PEOPOSITIOJf Xi.— P bimi,bm. 

Trom a given point (A) above a (BOH) U draw a Ihee jmrpmdimlar to that plame. 

* ^ ^ plane draw any Ene BC. From A draw AD perpendieuiar to BC. * 

In the gsven phme from D draw ED perpendicular to 

t IX L FjPcn* A draw AF perpendicular to E ^ 

^1*L BII,*ll«aAFis the line required. \ /\ 

+ W I* liw»fcoT^FdrawGH,paiAlleltoBC.t 
Near, mmm BC is pszptndieiilaT to ED and AD, it is 

* 4 XI. perpendicular t© the piano passing through 

them,* GH k alsc perpendieiilair to the plane passing 

f 8 XL through ED and AD,t and is perpen- 

»Brf.xi.aCT]»toFA;» flw mgleAFGisarightgngla. Bat, b, ooiuinictian, 
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AFD is a right angle, then sinoe AF w perfendwidar to the lines FG, FD it is also 
t 4 XT. perpendicular to the plane passing through them,t *. e.^ is perpendicular to 
the plane BCII. “Which was to be done. 


PROPOSITION 

From a gwtn point (A) in a given plans (EF) ie draw a Um pwpendieuiisr ta that plane. 

Take any point B above the plane, and from B 

* II XL draw BC perpendicular to the plane. ♦ 
i 93 L From A draw AD parallel to BC ;f 

then because AD and BC arc parallel, and BC is 
pci'pcndicular to the plane, AD is also perpen- 

* 8 XI. dicular to the plane.* Which was to be 
done. 



PROPOSITION XIII.— THEonEM. 

From the same point (A) of a given plane^ there eanitot he two straight lines (AB, AC) at 
right angles to the planc^ upon the same side of it ^ and there eon he hut one perpen- 
dicular draun to a plane from a given point above it. 

For if possible, suppose AB, AC to be at right angles to a given plane. Suppose 
the plane which contains AB and AG to intersect the 
given plane in BE. Then CA, BA, DA are in toe 
same plane. Now CA is pearpondicnlar to crerj line 

* Def, XI. in the plane,* and to AD, CAD is 
a right angle. For the same reason BAD i® a right 

t Ax. 11 1, angle, CAD = BAD,t which is 

absurd Also from the same point above a given plane, ^ C 

two perpendiculars cannot be d^a^vn to it, for if they could they would be parallel to one 

* « XI. another,* which is absurd. 0. E. D. 


PROPOSITION XrV.— T keoebm. 

Fimfs (DC, EF) to which the same straight line (AB) ii> 
perpendicular are parallel to each other. 

For if not, toe planes must intersect; let them intersect in 
the straight line IIG, in which take any point K. Join 
KA, KB. Then KA is in the plane DC, .*. EAB is a right 
* D(rf. XI, sEk^^e.* Similarly ABK is: a ri^t angle, 
the two angles KAB, ABK of the trianglo ABK, aro equal 
1 IT I. to two right angles, which is absurd, f /. 
tho two pbuido eaanot intersect, and tlMsrefore are 
Def. XI parallel.* Q. E. D. 
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PBOPOSmON XV.— Theorem. 

If two straight lines (AB, BC) meeting one another be parallel to two other straight 
lines (DE, EF) which meet one another hut are not in the same plane with the 
former two, then the plane passing through the former two (AB, BC) is parallel 
to the plane pasbing through the latter two (DE, EF). 

For, from B draw BG perpendicular to the piano 

♦ 11 xr. ABC,* meeting the plane DEF in G. In 
this plane and through G, draw GH, GK, parallel to DE, 

+ 81 1. EF.f Then, since ED is parallel both to g 1 ii 1 

* 9X1. AB and GH, AB is parallel to GH.* I *< 

Similarly GK is parallel to BC. Again, because BG is |||||lc I 

perpendicular to the plane ABC, it is perpendicular to | | || | I 

+ Def. XI. AB,t /. ABG is a right angle ; but because I I 

AB is parallel to GH, ABG and BGH arc together equal ^ | 

*291. to two right angles,* /. BGII is a right 
angle. Similarly BGK is a right angle, BG is at right angles to GH and GK, and 
t 4 XI. therefore is perpendicular to the plane passing through them ;t i. tf., is 
perpendicular to the plane DEF. Then, since BG is perpendicular to both the planes 

♦ 14 XI. ABC, DEF, these planes are parallel.* Q, E. D. 

PROPOSITION XYI.— Theorem. /X 

If two parallel planes (AB, CD) are cut by a third pi me \ 

(EH), their intersections with it (EF, GII) a)c rrw / 
parallels. ilnilllS 

For if not, they will meet when produced cither on || | | j 

the side EH or EG ; let them ho produced on the side I | 1 1| | j}| 1 1 

FH, and meet in K. Then, since GH is in the piano I i 1 j j 

• 1 XI. CD, GH when produced is in that plane, * i 1 1 

GHK is in the plane CD. Similarly EFK is in SI|1;|'| I 

the plane AB, /, the plane AB meets the piano CD, ** ^ 

for they have a common point K, and therefore is not 

parallel to it, which is contrary to the hypothesis, EF and GH do not meet when 
produced on the side FII. Similarly they do not meet when produced on the side EG. 
But lines which arc in the same planes, and being produced either way do not meet, arc 
parallel, EF and GH are parallel. Q. E. D. 

PROPOSITION XVII.— Theorem. 

If two straight lines (AB, CD) are cut by parallel planes (GH, KL, MN, in points 
AC, EF, BD), they are cut in the same ratio., it. c. AE • EB 
::CF:FD). 

For, join AD meeting KL in X and join AC, EX, XF, C 
and BD. Then, because the plane ABD cuts the parallel 
planes KL, MN in the lines EX and BD, those are paral- 

* 16X1. lelfl.* Similarly AC is parallel to XP; now g 

because EX is parallel to BD, and AC to XF wc have, 

t 2 VI. AE : EB : : AX : XDf 

and AX : XD : : CP ; FD ^ 

iE ; EB ; ; CF : FD. a E. D. ^ 
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PROPOSITION XVIII.— Thboebm. 

If a straight line (AB) is at i*ighi angles to a plane (CK), everg plane that passes through 
the li/ne is at right angles to the plane. 

Let CH be any plane passing through AB, and let it intersect CK in the lino CE. 
From any point F in CE, and in the 
plane CH, draw FG at right angles to 

* 11 1. CB.* Then, because AB 
is perpendicular to the plane, it is per- 

t Def. XI pendicular to CE,t 
I ABF is a right angle. But GFB is 
also a right angle, GFB and FBA 
j arc together equal to two right angles ; 

I * 28 1. GF is parallel to BA,* 

and AB is perpendicular to the plane 

8 XI. CK, GF is perpendicular to the plane CK,t similai-ly any other line in 
CH drawn perpendicular to CE is perpendicular to the plane CK, /. plane CH is per- 
pendicular to plane CK. In like manner it can be proved that any other plane passing 
through AB is perpendicular to CK. Q,. E. D. 

PROPOSITION XIX.—Theobem. 

If two planes (AB, BC) which cut one another {in the line BD) be each perpendicular to a 
third plane (ADC), the cotmnon section (BD) is also perpendicular to the same plane. 

Let plane AB intersect plane ADC in AD, and let plane BC intersect plane ADC in 
DC. Then, if BD is not perpendicular to ADC, from 
point D in plane AB, draw DE perpendicular to 

* 11 1. AD,* and similarly in BC draw DF per- 
pendicular to DC. Then, because plane AB is perpen* 
dicular to ADC, wc have ED perpendicular to 

t Dcf. XI. ADCjt similarly FD is perpendicular to 
ADC ; from the point AD in the plane ADC, two 
lines DE, DF are drawn perpendicular to that plane 

* 13X1. which is absurd : * BD is perpendicu- 
lar to the third plane ADC. Q. E, D. 

PROPOSITION XX.— Theorem. 

If a solid angle {at A) is contained by three plane angles (BAG, CAD, DAB), any two of 
them are greater than the third. 

If the three plane angles arc equal, any one of them is clearly less than the other two. 

If the three angles arc not equal, let BAC be that which is not less than either of 
the other two. 

At A in BA, and in plane BAC, make the 

* 28 1. angle BAE = angle BAD,* make 

AE = AP, through E draw BEC, meeting AB 
and AC in B and C. Join DB, DC. Then in 
triangles BAD, BAE, the sides BA, AD = the 
sides BA, AE each to each, and the angle BAD $ 1 

14 1. =- the angle BAE the base BD = base BE.f Now, the sides BD, I 
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•20 1. DC aro togctlwr greater than BC;* •*. e., greater than BE, CE ; 
+ 5 Ax. I. taking away the equals BD, BE, we have loft DC greater than EC.f 
Then in the triangles EAC, DAC, we have the aides DA, AC = the sides EA, AC, each 
to each. But the base DC is greater than the base EC, the angle DAC is greater 
*251. than the angle EAC.* To each of fh«e add tfie equals DAB, BAE. 
t4 Ax. I. Then the two BAD, DAC are together greater than BAC.* Q. E.D. 


MOFOflITION XXI.— Theorem. 

toM (A) n MMbMMkfJy plane angles, which, together, are tees than four right 

angim. 

First, lei 1dm angj» (A) WeonUiaaed by three plane angka BAC, CAD, DAB. Jam 
BC, CD, DB. Bow, iBBce llie of any triangle aro together equal to two right 
* 32 1. angles, ^ we have the angles of any 
threso triangles together equal to six right angles, ^ 

BAC -f CAD + DAB + ABC -f BCA -f ACD /\ 

-f- CDA -f ADB -f“ DBA = six right ang^s. \ 

Now, because D is a solid angle, CDA -4- ADB \ 

+ 20X1. are greater than CDB.* Similarly 
DBA + ABC aic greater than DBC, and BCA -f x 

ACD are greater than BCD. 

BAC 4- CAD + DAB -f CDB :+ DBC 4- 
BCD are less than six right angles. Now, BCD is 

a triangle, and /. CDB 4- DBC 4- BCD =: 2 right angles, BAC 4* CAD 4- DAB arc 
together less than four right angles. But these contain the solid angle at A, /. when 
three angles contain a solid angle, they arc together less than four right angles. 
Q.E.D. 


Nfctt, siippoae the angle A to be contained by any number of plane angles. Then 
all these jhoiie angler are together less than 
four ri|^ aoBgles, for aopposing the lines con- 
taining the angle to he eat by a plane, so that 
we obtain a poiygosi BCDEF instead of the c 
triangle in the first case. As before, we can 
easily prove that the angles (oiitaining the 
solid angle, together with the angles of the 
polygon, are less than twice as many right 
angles as there arc .sides of the polygon ; but 
twice as many right anghs as there are side*, of the polygon are equal to the 
• Cot. 33 1, anglesf of the polygon, together with four right angles ; .'.the plane 
angles forming solid angles at A, together with angles of polygon, are less than angles 
of polygon, together with four right angles, angles forming solid angles arc together 
less th^ four right angles. Q. E. 1). 
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SPHERICAL eEOMKTRY. 

Introduction. — Tho following treatise, on Spherical Geometry, is intended to be 
strictly introductory to the cognate sckaee of Spherical Trigonometry. To explain 
their relation, the following, for our present purposes, will suffice. Tho Science of 
Geometry, as given in the first six books of Euclid’s Geometry, contains, along with 
others, a variety of propositions concerning the relations between tho sides and angles 
of plane triangles. And these propositions may be directly applied to solve a variety of 
problems by construction — e. y., if we are asked to construct an equilateral and equi- 
angular pentagon on a given straight line, we can do this, with rule and compasses, by 
skillfully availing ourselves of certain properties of lines and angles which Euclid has 
proved. But if tho question were asked,— given that one side of a triangle is so many 
feet longi and that the angles adjacent to that side are respectively certain parts of a 
right angle, how many feet long are the remaining sides ? The question is one, not of 
constructioiiy but of calculation^ and we cannot solve it directly, but only by the inter- 
vention of a science which shall give algebraical expressions for the relations between 
the sides and angles of triangles. Such a science has been invented, and is called 
trigonometry. It clearly presupposes a knowledge of the relations which Euclid has 
established, and assumes them as its basis. Now, suppose the triangles to be described, 
not on a plane, but on tho surface of a sphere, spherical trigonometry is tho science 
which gives us the means of calculating from given data the sides and angles of such 
triangles. This science, therefore, stands to the splurical tnanglc in the same relation 
that plane trigonometry stands to the 2 ‘>lanc triangle. And as the latter science rests on 
that part of the science of Geometry w’^hich treats of plane tiiangles as its basis, so the 
former science must rest on another portion of the science of Geomctiy, which shall 
treat of triangles described on tho surface of a sphere as its basis. 

Tho need of such a science as Spherical Trigonometry will be api)arent to any one 
who reflects on the circumstance that tho surface of the g^beis (very nearly) spherical; 
consequently, all the triangles calculated in the couri^ of a survey cai a large scale are, 
when reduced to tho surface of the earth, spherical triaaigies. Hence, surveying on a 
large scale (Geodesy) cannot be carried on without the investigatioBS of spliencal 
trigonmnetry. Again, in practical astronomy the positions of all the heavenly bodies 
arc referred to tho surface of the great sphere— 4hat, naanely, which has the e^tre of 
the earth, supposed to ho fixed, for its eentre and thus the trian^s recc^nised in 
practical astronomy arc spherical triangles, and the roquiaitc calculations eannot be 
carried on except by means of the science of i^earicaJl trigonometry. 

Having thus explained that this so needfal scicaice demands as its basis ilie inves- 
tigation of certain properties of the spherical triangle, we will proceed to investigate 
those properties. As already stated, wo shall confine oursclvea strictly to such pro- 
positions as we shall hereafter need in treating of spherical trigonometry. 

Wo have already in general terms said that a spherical triangle is one described on 
the surface of a sphere ; wc must, however, define thi» and other points mcaro accurately, 
which we shall de as wc proceed. 

It is to be ohserved that we suppose that we can draw any plane through any tinree 
given points ; or, which is the same thing, through any straight Hue, and thiou^ a 
point not on thart sstb® straight line ; also that we can cut any given solid, by n plane, 
in any direction whatever. 
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N.B. Prom Euclid VI., 33, it appears that in a given circle any angle at the centre is 
proportional to the arc on which it stands. The arc is therefore said to measure 
the angle. 


DEnNITIONS. 

I. 

A solid is a apace which has three dimensions—namely, length, breadth, and 
thickness. 

II. 

A sphere is a solid bounded by a surface, of which every point is equally distant 
from a point within it called the centre, 

III. 

, The radius of a •sphere is a straight lino drawn from the centre to any point in the 
sphere. 

IV. 

A straight Une di*awn through the centre, and terminated both ways by the surface 
of the sphere, is called the diameter, 

raoposiTioN i. 

' Every section of a sphere made hy a plane is a circle. 

Let ABCD be the sphere ; draw OA any radius whatever; let BPEN be a plane cutting 
the sphere’s surface in the line BPE. It is supposed 
that the plane of the paper passes through the centre 
of the sphere perpendicularly to this cutting'planc, 
which also cuts the radius OA in the point N ; and 
suppose 0 A to be perpendicular to the plane ; take P, 
any point in the line BPE, join PN, PO, OE. 

Then because PN is in the plane BPE, and ON is 
perpendicular to the plane, /. PNO is a right angle. 

For the same reason ONE is a right angle, in 
the triangles PNO, ONE., we have PN® + 

= PO« and EN» -f NO» = OE®. Now, OP = 

OE, because each are radii of the sphere, PN® 

+ NO* = EN* + NO* /. PN = EN. Similarly 
of any other point in the line BPE, BPE is a circle, the centre of which is N. 

If the plane passes through the centre of the sphere, as plane CQD, take Q any 
point in the line in which the plane cuts the surface of the sphere. Join OQ, OD. 
Then OQ, OD are radii of the sphere, OQ = OD. Similarly of any other point in 
the Une CQD the section CQD is a circle. Hence every section of a sphere is a 
circle. Q. E. D. 



Fig. 1. 
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Is.B. The figure, as thus drawn, will, it is hoped, be quite comprehensible ; it may be 
observed, however, that the circle ACD is the section of the sphere made by the 
plane of the paper, The other sections of the sphere are made by planes which 
intersect the plane of the paper in straight lines — e. y., in BE, and in CD, and 
these sections arc seen in perspective, as CQD, BPE. 

Dep. V. — The section of a sphere made by a plane which does not pass through the 
centre is called a small circle. Thus, in Fig. 1, BPE is a small circle. 

Def. VI. — The section of a sphere made by a plane which passes through the centre 
is called a great circle. Thus, in Fig. 1, CQD is a groat circle. 


PROPOSITION II. 

A great circle mag be drawyi through ang tiro points on the surface of a sphere^ but in 
general not through more than two points. 

For, taking any two points on the surface of the sphere, wo can draw a plane 
tlirough them, and this plane can bo made to pass through any third point, t iz.^ through 
the centre of a sphere. The section of the sphere mado by this plane is a great circle, 
and the two points clearly lie on it. 

Those throe points determine the plane, and w’c cannot bo sure of its passing 
through any other point, whether on the surface of the sphere or not. Q. E. D. 

Con — It is plain that a small circle may be mado to pass through any three points. 
For a plane being drawn through two points can be made to pass through a third ; and 
if these three points are on the surface of a sphere, the plane cuts the •sphere in a circle 
on which these three points lie. 

N.B. We shall henceforth assume that W’C can draw arcs of great circles in any possible 
direction ; for instance, through any two points. For this is merely equivalent to 
drawing a plane through the centre of the sphere, and those two points, which of 
course cuts the sphere in the required great circle. 


PROPOSITION III. 


Two great circles bisect one another. 


For suppose ABCD, the section made by the plane 
of tho paper, to be one circle, and BPC a section 
made by any other plane BPCQ to bo the other, then 
those planes intersect in tho straight lino BC which 
passing through 0, tho centre of the sphere OC is 
a diameter of each of tho circles, and bisects each 
of the circles, BPC CQB, and BAG = CDB, 
or the two great circles bisect each other. Q. E. D. 

PROPOSITION IV. 

The inclination of two great circles is the angle between 
the tangents drawn to those circles at their point of 
intersection. 


A 



Let one great circle be that made by tho piano of tho paper AQB. Let APB, the 
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other cuclC) be that aiAde by any other then 

which the planes intersect ; in plane of p^wr draw 
AS peipendicular to AB ; in the plane APB draw AR 
perpendicular to AB. Then {Traet on PUnea^ Bef. 4^) 

RAS is the angle between the jdancs. But AR touohea 
the cizxde APB at point A, and AS touches the circle 
AQ,B at point A (Euclid IIL^ 16), the inclination 
of two great circles is the ang^ between their tangents 
at the point of intersection, Q. E. D. 

N.B. The angle RAS, between the tangents RA, SA, 
is generally supposed to be measured on the 
sphere, and is called the angle PAQ. 

Def. VII. — If from the centre of a sphere a line 
be drawn perpendicular to the plane of any circle, wbetber great or small, and be 
produced both ways to meet the surface of the sphere, the points in which that line 
meets the surface of the sphere, are called the poles of the circle. 

Thus, in Fig. 1 , let CQD be the plane of a great circle, 0 being the centre of the 
sphere. Through 0 draw OA perpendicular to the plane CQB, and produce it to meet 
the surface of the sphere in F and A. Then F and A are the poles of the great circle 
CQD. 

Again, if BPE be the plane of a small cii’cle BPE, from 0 draw ON perpendicular 
to that plane, produce ON both ways to meet the surface of the sphere in A and F. 
These arc the poles of the small circle BPE. It is usual to call A (the pole nearest to 
the small circle), the pole of the circle. 

From the demonstration of Propositiem I., it is plain that N is the centre of the 
circle BPE. 


the diaauetea: AOB is the line in 



Fig. 3. 


PROPOSITION V. 


Tffrom the pole of a circle great circles be drawn to any tico points of that circle^ the inter- 
cepted arcs are equal. 

(1). In the case of a small circle, let APB be the plane of tho small circle XOY per- 
pendicular to that plane, and meeting it in N, then 
XY arc the poles of tho circle, and N is its centre. 

Let XAY, the section made by the plane of the paper 
be one great circle, XPY, the section made by the 
piano passing through any other point P be the <^cr 
great circle. We have to prove th a t the arc XP = 
arc XA. For, since N is the centre of the circle APB, 
wo have AN = PN ; also, since 0 is the centre of 
the sphere OA = OP, in the triangle AON, PON, 
we have the sides AO, ON, = the sides PO, ON, each 
to each, and the base AN = the base PN, the angle 
AON = angle PON. But in equal circles, equal 
angles stand on equal circmnfercnce, the arc AX 
= arc PX. 
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(2.) In tile case of a great ondU}, hst APB be the great circle, 0 its centre and the 
spheres XO Y perpendicular to the plana APB. Than, 

XY are the poles of the circle. Let the section 
made by the piano of the paper XAY be one of the 
great circles and let XPY be the other ; we have to 
show that arc AX = arc PX— join OA, OP. Then, 
because XO is perpendicular to the plana XOA and 
XOP are right angles, and are equal to each 
other. Hence as before, arc AX = ere PX. 

Q. E.D. 

Con. 1. — Hence the pole of a circle is equally 
distant from evciy point of that circle. 27ie distance 
being measured along a great circle* 

Con. 2.— In the case of the pole of the great 
circle, it is plain, since AOX is a right angle, that AX is the fourth part (or 
of tho great circle AXB Y. 

Con. 3. — ^Alflo any plane passing through the iiolcs of a great circle is clearly per- 
pendicular to tho plane of that circle : siace the line joining the poles XOY (Fig. 6) 
is perpendicular to tho plane APB. (Tract on Planes, Dep. 2.) 

Coa, 3 (Fig. 5). — The inclination of the two great circles XAY, XPY is clearly 
measured by the arc AP. For PO, and AO arc each perpendicular to XY, the line of 
intersection of the great circle, /. POA is the inclination of the great circles, and PDA 
is measured by the arc AP. 

4. — We have already seen that the angle AXP, t. r., the ailgle between tlic 
tangents to the circles at the point X, is the inclination between the planes, AP 
measures the angle AXP. 

Hef. VIIT. — A spherical triangle is the portion of a surface of a sphere contained 
by tho arcs of three great circles. 

Thus, lot AXB, CZD, EYF he three great circles which intersect in the points ZYX, 
then the space ZXY inclosed by the aresZY, YX, XZ 
is called a i^erkal triangle. 

It will be observed, that the great eircl© in a 
spherical triangle is analogous to the straight line in 
tho case of a plane triangle ; but there is this differ- 
enoo to be observed, that two straight lines, when 
produced, never meet, whereas two great circles, 
when produced, always meet, in a point dis- 
tanced from the other by a whole semicircle. To 
consider the result of this circumstanco, we will 
suppose the section made by the piano of tho paper 
{KBah) to be one great circle, and the two others to bo Mkc and BC6(;, 0 tho 
centre of the sphere, AOa, BOd, CO^r, are diameters. It will be seen that ABC 
is a spherical triangle, as in tho case of figure 6. But the three circles, m addition 



Fig. 6. 
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to ABC, make seren other spherical triangles, viz.y abOy BCr?, ^CA, on the one hemis- 
phere, ABCa, and ABc. abcy bcA, Bcff, on the hemis- 
phere Acba. 

Also, it is plain that the triangles on the one hemis- 
phere are equal to those on the other, each to each ; 
thus, the triangle ABC is equal to the trianglo abe. For 
ACo, and Cac arc each halves of the same circle, and 
are equal to each other ; take away the common part 
Ca, and we have left AC = ae. Similarly AB = abt 
and BC = be. Again, the angle of the triangle acb^ 
which is the angle between the planes, is equal to the 
angle ACB, which is also the angle between the planes ; 
similarly the other angles are equal, and they are de- 
scribed on the surface of the same sphere ; if, therefore, 
the triangles were superimposed, they would coincide, and are equal. 

N.B. The student will do well to consider very carefully the above obsei^^ations : he 
must also take notice of the assumption, that triangles taken off the surface of tlio 
same sphere will coincide, provided their sides and angles are equal. This is 
merely assuming that the mrvature of the same sphere is the same at all parts ; 
which is obviously true, as the following consideration will assure us : — Suppose 
we have two spheres of equal radii — ^suppose these centres to coincide — ^then, 
since every point in each sphere is equally distant from their common centre, their 
surfaces coincide, and will continue to coincide however we may move cither of 
them, provided their centres continue to coincide. 

It is plain that the side AB measures the angle AOB. Hence the side of a spherical 
triangle is spoken of as an angle, viz.y the plane angle it subtends at the centre of the 
sphere. 

PKOPOSITION VI. 

Amy two sides of a spherical inangle are together greater than the thirdy and the three 
sides of the triangle are together less than four right angles. 

For {flract on Planesy p, 20), if a solid angle is contained by three plane angles, any 
two are greater than a third ; but (Fig. 7) the solid angle at 0 is contained by AOB, 
BOC, COA, any two of these are greater than a third; and hence any two of the 
three sides of ABC (which sides measure these angles respectively) must bo greater 
than the third. 

Again {Tract on Planesy Prop. 21), the three angles, AOB, BOC, COA, are together 
less than four right angles ; and the three sides, AB, BC, CA, which moasui'e those 
angles must be less than four right angles. Q. E. D. 

Dbf. IX . — A lime is the portion of the surface of a sphere inclosed by the arcs of 
two great circles. 

Thus (Fig. 7), ABfl is a lune. 

I)ef. X. — The angle of a lime is the angle between the two great circles which 
bound it. 

Thus (Fig. 7), BA« is the angle of the lune. 


A 
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PEOPOSITION VII. 

On equal spheresy if the angles of two lunea are equaly the lunes themselves erne equal. 

Let ACBD, A£BF, be two lunes described on equal and coincident spheres, having 
the angle CAD 3 = angle EAF, these lines shall be equal ; for suppose the one sphere 
to revolve till the circle AEB coincides with ACB, then 
because angle CAD = angle EAF, we must have AFB 
coinciding with ADB. The hines, therefore, coincide 
and are equal. 

N.B. In the above demonstration we have assumed that 
the lunes have the same extremities, AB : we are 
obviously entitled to do this, since by shifting the 
spheres these extremities can be brought to coin<< 
cide. Also, the proposition is plainly true when 
the lunes are on the same sphere. Also, it is mani- 
fest that the greater lune has the greater angle, and 
vice versa. 


PROPOSITION VIII. 

In the same or equal spheres, lunes are to each other in the ratio of their angles. 

For let I and m be two lunes, the angles of which are a and h\ let A be any 
multiple of a, and L the lune corresponding to A ; then it is plain that L is the same 
multiple of I that A is of a. Similarly let B be any multiple of h, and let M be the 
corresponding lune ; then it is plain that M is the same multiple of m that B is of h. 
We have then four magnitudes, /, w, a, h ; and of the first and third we have taJeen 
any equimultiples, L and A ; and of the second and fourth we have taken any equi- 
multiples, M and B. Now, by last proposition, ifLT'M, AisT'B; if equal, equal ; 
if less, less /. (Def. V., p. 136), I \ m w a \ h. Q. E. D. 

Con. — It is plain that the area of half a hemisphere is a lune whose angle is a right 
angle, /. if X be the area of a sphere, and if A be any lune whose angle is B, 

X 

A : — : : B : one right angle, 

A : X : : B : four right angles. 

Or area of lune : area of sphere : : angle of lune : four right angles. 

Dbt. XI. — The spherical excess of a spherical triangle is the excess of the sum of 
its three angles over two right angles. 

It wiR be seen by the next proposition that the sum of the three angles of a 8]^e«> 
rical triangle are really greater than two right angles — the excess of the angles above 


A 



Fig. 8 
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two right angles 13 clearly due to the tpherieiiy of the triangle ; hence the term “ sphe- 
rical excess.” 


PROPOSITION IX. 

To prove that the angles of a spherical triangle are together greater than two right 
mgleSy and that the area of a spherietd trimfle hets tb ike dred of haUf the spkdre on 
fdhiek it is deserihed the same ratio that the spherkfdl excess has to fiO& tight dngleif. 

For (Fig. 7) let ABC he the triangle, then the lunes corresponding to each of the 
angles Are BaA corresponding to A, BiA corresponding to B, Cabc corresponding to C. 
For the sake of brevity, call these lunes respectively L„ L^, L3. 

Then by Corol. to Prop. VIIL, 

Lj : area <Jf sphere i : A : 4 right angles, 
or, : area hennsx^re : : A ; 2 right anglns. 

Similarly — 

L, : areA hemisphere : : B : 2 right airiglas. 

Lj : area hemisphere : : C : 2 right angles. 


/, Li -h L, + L, : area hemisphere : : A + B + C : two right angles. Now, the 
three lunes dearly make up the hemisphere BACrtd, together with the triangle abc. 
Hence the three limes are in all coses greater than a hemisphere, and /. the three 
angles of the trumgle are together greater than two right angles. 

Again, triangle abc is equal to triangle ABC (Remarks on Dcf. Vlll.), /. Li 4- Lj 
*4“ L, = area of hemi^hero area of triangle ABC. Also, A ■+• B + C = two right 
angles 4- spherical excess ; area hemisphere 4” triangle ABC : area hemisphere ; ; 
two right angles 4- spherical excess ; two right angles, area t riangle ABC : area 
hemisphere : : spherical excess : two r%ht angles. 
aE. D. 

Def. XII. — The triangle formed by the 
great circles which join the poles of the sides 
of a given triangle, is called the polar or supple- 
mental triangle. 

Thus, let ABC be a given triangle ; then if 
tf, by Cy be respectively the poles of the sides BC 
CA and AB, dbe is the polar triangle. And 
clearly, if aA is joined by the arc of a great 
cirde, and this is produced to meet BG in 
then aD is a quadrant of a cirde, and AD is per- 
pendicular to BC, and similarly of the other 
poles. Fig. •. 

The relation between the given triangle and its polof iriexigle is very important^ 
08 wlH be seen iriieE %e eeme to employ its properties in Si^erical Trigonotnotry ; the 
propezties oh itrhick its hi^oHosxce dep^ids ore protod in fbUoirisg profosit&oalsi 
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PROPOSITION X. 

If twQ grmt ckcUs mterseotf tlicir pamts of intermtim will h thfi poUa qf tH great 
circU which paaaee through their pelea. 

For (ia Fig, 5), take the plane of the paper for the plane ef one circle, and 
YPX for any other, so that X and Y are ^e pdnts of mterseciioii of the two eireles ; 
through 0 draw a plane APB perpendicular to XY, and /. perpendicular to both the 
planes XAB, and XPY, and /. the ]^ane APB wiB eontain the Enei drawn perpendicular 
to those planes, and therefore will contain the poles of the two given circles. Hence 
APB is the great circle joining tho poles of the circles XAY and XPY ; but YOX is 
perpendicular to the plane APB, /. X and Y are the poles of the circle APB ; f. tf., are 
tho poles of the gi*cat circle which joins the poles of the two given circles. 


PROPOSITION XL 


If ABC ia a given triangle^ and A'B'C', « ita polar triangle^ then is ABC the polar 
triangle of A'B'C'. 

For since C' is the pole of AB, and B' is the polo of 
AC, (by last Prop.) the point of intersection A of 
-VB and AC is the pole of the great circle joining B'C', 

A is tho pole of B'C', siuiRarly B is tho polo of 
O'A', and C tho pole of A'B'. D. 

PROPOSITION XII. 

If ABC ia a triangle^ and A'B'C' ita polar triangle, 
then the arc on the sphere, which measures the angle 
A, together with the aide B'C, equab the aemi-cir- 
cimference of a great circle. 



For, produce AB, AC to me^ S'C' in P and Q. Then because AP and AQ are quad- 
’ ants, PQ is the arc that measurwi die angle A (Cor. 4, Prop. V.) ; now B C' + PQ=B'P 
-r C'Q + QP = B'Q + C'P. B' is tho pole of AC, B'Q is a quadrant. 

Similarly C'P is a quadrant, and the two together are a semicircle, B'C*, together 
with the arc on the great circle which measures A, equals tho scmi-circumfcrcnce of a 
^veat circle. 

Con. 1. — If for these arcs wo suhstitule the angles they measure, we may state the 
oropoaition as foUows 

A -j- B'C' = 2 right angles. 

Similarly — 

B -f- C'A' = 2 right angles, 

C 4* -A-'B' = 2 right angles. 

Con. 2.— And since ABC is the polar triangle of A'B'C', we have — 

A -4* BC = 2 right angles. 

B' + OA =: 2 right angles. 

O' 4* -AB = 2 right angles. 

Con. 3. — Hence, the sum of the angles of any triangle, together with the sides of 
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the polar triangle, = six right angles. But the sides of the polar triangle must have 
some magnitude, and must be less than four right angles (Prop. VII.) Hence the three 
angles of a triangle must be less than six, and greater than two right angles. 

It is plain^ since the three angles of a spherical triangle are greater than two right 
angles, anH less than six right angles, that a spherical triangle may have one, two, or 
even three of its angles right angles. 

Dbf. XIII.— a right-angled spherical triangle is one which has on$ or ffme right 
angles. 

Def. XrV.—A quadrantal triangle is one which has at the least one side a right 
angle, i, e., the quadrant of a great circle. 

PKOPOSmON XIII. 

1/ ABC is a right-angled triangle^ having a right angle C, and A'B'C' is its polar 
triangle^ then A'B'C' is a quadrantal triangle^ having the side A'B' a quadrant. 

For by the last proposition (Cor. 1) — 

C 4“ A'K s= two right angles. 

Now, C is a right angle, AB' is a right angle, i.e.y is a quadrant. Q. E. D. 

CoE. —Hence, if aU three angles, A'B'C, are right angles, the sides of the polar triangle 
are all right angles. For if two sides of a triangle are right angles, the third side 
measures the opposite angle ; .‘.if the third side is also a right angle, all the angles 
are right angles. Hence in the polar triangle the sides and angles are all right angles. 
And since the angles of the polar triangle are each right angles, the sides of ABO will 
be right angles (last Prop., Cor. 2). Hence, if all the angles of any triangb are right 
angles, the sides are right angles («.^., quadrants) also. 
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SEEIES AND LOGAEITHMS. 

ON SERIES. 

1. The Trinoiple of the JPermmence of Bquivalent Forme, 

It was stated in page 161, that ^^the processes of Algebra are, for the most part, 
only processes of Arithmetic, extended and rendered more comprehensive by the aid of 
a new set of symbols, taken in combination with the well-known symbols of Arith- 
metic and in the explanations following, it is made to appear that Algebra is a gene- 
ralization of Arithmetic— that whereas 2, 6 . . . represent certain special numbers, 
a^b . , . represent any numbers. This is professedly an elementary view of the case ; 
and, as an elementary view, is quite sufficient. But when the natiire of the generali- 
zation is more closely considered, it appears that, in what is commonly called Algebra, 
there are really two distinct, though closely connected sciences, which may be called 
respectively Arithmetical Algebra, and Symbolical Algebra. In Arithmetical Algebra, 
^‘the symbols represent numbers, whether abstract or concrete, whole or fractional^ 
and the operations to which they are subject are assumed to be identical, in meaning 
and extent, wdth the operations of the same name m common arithmetic. The only 
distinction between the two sciences consists in the substitution of general symbols for 
digital numbers.” 

Thus, in arithmetic, it is impossible to subtract 7 from 6 : so that 5 —7 is impos- 
sible ; and hence in arithmetical Algebra, when we write a we do so with the tacit 
assumption that ay b. If we generalize a step farther than this, and aEow ourselves 
to write o — 3 for all values of a and then it is clear that the negative sign has a 
more extended meaoing than that of more subtraction ; and it remains for us to ascer- 
tain what this more extended meaning is. The science which concerns itself with this 
second generalization is called Symbolical Algebra, Thus, then, we have, in all three 
sciences, — 

(1) . Arithmetic, in -which the symbols employed wee particular in /orw, wadi particular 
in value, 

(2) . Arithmetical Algebra, in which the symbols employed are general in /om, but 
particular in value. 

(3) . Symbolical Algebra, in which the symbols employed are general in /om, and 
also general in valw. 

Thus, as the second of those sciences is a generalization of the first, so the third is 
a generalization of the second. The principle in accordance with which this second 
generalization is conducted is called that of ** The permanence of equivalent forms.” 
The principle may be stated as follows : — 

** Whatever algebraical forms are equivalent, when the symbols are general in form, 
but specific in value, will be equivalent likewise when the symbols are general in value, 
as well as in form.” 

For the full exposition of relations between these two sciences, the advanced reader 
is referred to a “ Treatise on Algebra,” by George Peacock, D.D., to whom is due the 
detection of the coexistence of these two sciences in that which is generally treated as 
one science— Algebra. We whall have several occasions to make use of the principles 
above enunciated in the course of the folio-wing pages. As an example of their appU« 
cation, we wiE reconsider the Theory of Indices already treated in pp. 191, 192, 198, 
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2. On the Theory of Indices, 

We have already seen that signifies aXaxaXOj &c., to m factors, when, of 
course, m must be a whole number. 

In like manner signifies a X a X ftc., to n faetors. Hence — 

X «“== a X a X « . . . . to (a» -f <0 Actors, 

and therefore X a” = a”* ^ 

TMs is A result in AHthmeiicid Alyebra. It is perfectly yeneral in farm^ but it is 
pdrHculttr in vtdue ; for m and n are, by the definition of a*", limited to being positive 
whole numbers. If we suppose m and n to have negative or fractional values, this 
involves a generalization of our original definition, and the question arises what 

meaning we must assign to such expressions as ” a*. To answer it, we proceed in the 
following maimer: — ^By assuming m and« general in value as well as in form, we enter 
the domains of Symbolical Algebra ; hmoc, by the fcmeiple of the permanence of equi- 
valent ibnne^ under all circumstances — 

^ X * % 


«»• X a" X <*»■ t= «»»» + « X «» = « 
and so on for any number of terns. Hence — 


«« X 


, p 
r X X 


. . to 0 terms = 


T ^ ‘ firKti0n 


f 4 _ 

must (in accordance with our general principle) signify the root of the 
power of a. 

Again, «»»» x X r- " = 

X = 1. 



tr*. 

Hence, we see that in assigning the meaning y' a to we are doing so not arbi- 
trarily, but in accordance wdfh a principle which lies at the founflation of Algebra. 

<8, On ImfioesHfle Mxjppeesiomm 

Again, we know that |/ a" = a. In like manner if wo wore to hove — «*, this is 
ss± w® X (— 1), and /. y rr «y ~l. The expression y — 1 is frequently spoken 
of as an impossible quantity,” an imaginary expression,” and so on, aince — I 
cannot he produced by rntfitiplying cither -f- 1 by + 1, or — 1 by — 1. In reality, 
however, y — 1 is as possible or as in^oasible as — 1 ; for in arithmetical Algebra a 
and y « are otfiy admissible on the supposition that a is positive. In symbolical 
Algebra this restriction is removed, and therefore in "that both — a and y — a arc 
admlssiUe. Hence in friture isvestigatioQs we shall make use of y — 1 just «s freely 
as y ^ whenever it may suit our purpose, quite eadeterred by the cireiuastMiee of its 
soHiailed iza^poerihiilBty. Of ocDsise there are many difiSsrenoes betwemi the aymheds -- 1 
asjidy — 1 ; for ia^aBMM, the int^ipretaition «f former is a amok wanplBr matter 
than Ihe hAcvpreMian the lattm:, and in somecares bebagB to m ritfa a gtiead 
Alg^in; but a y —1 never does. W© cazmot enter te t he r into the maSfcter now; 
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on IMPOSSIBLE EXPRESSIONS. 


what we have said will be enough to explain ihat we aue juati&ed in hatroduomg mto 
our calculations expressions which are called “ imaginary,” or “ impossible.” 

4. To prove that ifJ^ + AiP + 4 *. + <>2 «?* + »••• 

4- «n for all imiuee of x, Then k^ = A, = a,, Ag = <^ 2 # •*' 

For since Ap 4" Ayt + . . ^ knStf^T^a^ 4- -f- . . • 4^ *ire equiyaient for 

ALL values of ar ; they are equivalent when x =4). ko = tfo» •*. 4 - A^a:” 

4 - . . . 4“ -An 4" 4- • • • 4- ; /. Ai 4- Ae ® 4" • • 4^ -AniP 

4- «2 ^ 4- • • • 4“ o'rt ^ ^ ajl values o£x; and hence when xs=:Oy .*. Aj = and 
and ao on. Hence A^ ?= ^2 ^ • ajt^d A^ = an . 

This is called the principle of Indeterminate Coefficients. 

It will be seen that in the case supposed, where the number of terms in eacdi sent > 
finite, the proof is quite rigid. If each series were infinite the proof would not then 
conclusive ; and, accordingly, we shall refrain frean using this principle except in 
.gases whore no objection can bo raised to its use. Such as the following : — 

{!). Toresolve ^^ \^f^x^~^)^(x — 3) fractions. 

Amnnuf l-2a:4-3^^ _ A, A* . A, 

3x‘^^2x + l = k,{x--2) (a: - 3) 4 - A,(^ - 3) (^r ~ 1) 4 . - 1) (:r - 2) = 

aj-(Ai 4 " Aj 4" A 3 ) — x{5ki 4 " ^Aj 4 “ SA^) 4 - 6A^ 3 A 2 4” 2 A|. 

This being true for all values of x, we have 
Aj 4" Ag 4“ A, = 3. 

AAi4-4A3 4-3A,= 2 
6Aj4-3A3 4-?A, = 1. 

2Ai 4* Ag rr — 7. 

4Aj 4“ ^1 = — ^ 

2 A 1 - 2 . A, = l. 

.-. A.=-9. 

A5=11. 

3jr2~ 2x4-1 1 9 11 

N.B. A fraction written in the above form is said to be resolved into its partial 
fractions. 

JT 

(2). Resolve I V"iVr-t ~' .4l3^ parti^ froetions. 


(^ 4 - 1 ) (^^ 4 - 3 } * 

X — 1 _ A . M«? 4" ^ 

(x 4-1) (^" 4 ^ 3 ) ■“ ”^> 4-3 * 

/. X - 1 = x 2 (A = M) 4 -x(M 4 . N) 4 . 8 A 4 -N 
A4-M=:0 
M4-N==l 

fiA4* ^ ^ 

A-N = -l 
/. 4A=:-^ 

A = — 4^* 

a~l _ 1 . ^4-1 

• • ^TWTT) 
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The student can prove the following : — 

4a;-l __ 1 . 1 . 1 

(a: 4* 1) (» - 1) 


( 1 ). 

( 2 ). 

(3). 


2®+3 


11 


(®+2)(,-3)(*-e)- 


'35(x + 2) 10(i - 3) 70(® - 6) 

X a 1 b 1 

{x — a) (a* — b) a — b * x — a a — b * x — b* 

1 1 1.1 


79 


w- 


{x — a){x — b) {x — c) ie — a) {b — a) ’ x — a' (a — b) (c — b) x — b 
1 1 
(« — c) (b — r) ' X — c 


(5.) A series is a numher of algebraical expressions, each of which is connected with j 
those which precede it in some determinate manner. 

For example ; — In the treatise on Elementary Algebra, wo have had examples of 
series in the arithmetical and geometrical progressions. In the former case, each term 
is derived from the one preceding it by adding a certain known number called the com- 
mon difference. In the latter case, each term is derived from the one preceding it by 
multiplying that term by a certain known number called the common ratio. Hence, 

«+(« + i) + (« + 26) + (a+3i)+ 

ar 4 4 “h • • • • ! 

and 1 4 ^ 4 4’ 4" • • * • j 

are series. | 

Def. : — A series is called a finite scries when it has an assignable last term. It is 
called an infinite series when, if we fix on any term whatever, there are terms beyond it. 

Thus, 1 4* ^ 4 4 4 >*'* is a finite series. But 1 4 ^ 4 4 • • • • ad inf. is 

an infinite series, because if we take any term whatever — for instance, the 60th, or 
600th, or 6000th — there are always terms beyond it. 


6. To explain what is meant by a Ckmvergent and a Divergent Series. 

Def. — If the sum of the terms of a series has an arithmetical limit when the number 
of terms is infinite, that series is convergent ; if otherwise, it is divergent. 

If we divide 1 by 1 — r, we shall produce 1 4 ^ 4 4 • • • • which series we 

can continue to produce to any number of terms whatever. Hence the fraction - ■ - ^ 
and the series 1 4 ^ 4 4 • • • • ^ equivalent to each other ; or 

= 14^4^’^4»^49’<i infinitum. 

Now, it has been already proved that if r Z 1> by taking a sufficiently large number 
I of terms, the numerical value of the series can be made to approach to the numerical 

value of to within any assignable limits. For instance, if r = ^ then j— ^ == 2 ; 

and if we take four term the series equals 1*876. If we take five terms it equals 
1*9375 ; if sir terms it equals 1*96875 ; and hence in the extreme case, when we sup- 
pose the number of terms to be infinitely large, the series is actually equal to 2. And 
hexioe if r is less than 1, 

= l4^4^*4***4ad infinitum, - 
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where by the sign. = we mean that the fraction 


1— r 


18 arithmetically equal to the 


series. But if r is greater than 1, for instance, if equal to 2, the fraction equals — 1 ; 
whereas if we take four terms, the series 15 ; if five terms, 31 ; if six terms, 63 ; and 
so on where there is no trace of approximation towards arithmetical equality between 
the series and the fraction. In the former case the series is said to be convergent^ in the 
latter divergent ; and if we include both cases in the expression, 


= \ r ^ ^ . ad infinitwm ; 


it must be understood that the sign = signifies algebraically equivalent, not arithme- 
tically equal. This explanation will bo sufficient to enable the student to understand 
the meaning of the terms convergent and divergent, when applied to special series. 
The general questions that are suggested by series, and their convergency and diver- 
gency, belong to the higher parts of the science — and many of them are still doubtful. 


7. A test for ascertaining the Convergency of a given Beriee, 


We have already seen that — 

— 1 — = 1 4- -f- 4- • • • • is convergent when r is ^ 1. Hence, if we have 

1 r 

a series 


A + B 4- C 4- D -i- . . . . 

and can show that B A. C ^ r® A, D ^ &c. Then — 

A 4- B 4- C 4- D 4- . . . Z A(1 -f r 4- 4- ra 4- . . . .). 

This latter is convergent if r is ^ 1. And if so, the former must plainly be conver- 
gent too. This gives us a test for ascertaining whether a given series is convergent, 
which wo shall find useful hereafter. The student must remember that, though all 
series which submit to this tost are convergent, many may be convergent which do not 
submit to it. 

For instance, to ascertain whether the scries 


a I — L -4- &c., ad infinitum, is convergent when 5 Z 2. 

~ 1*2*3 ' l*2*3*4*o 

The series may be written — 

5 ® Q e 0 . ,0,9 

2*3 2 ^ 8 2 2 ^ ^ ^ 2^ 

0 ^ 0 ^ • * 
Similarly, 2 - 3 - 4 ' - 5 ^ ^ 2 ^ other terms ; hence the given senes 

is less than 

9 + (|) + (|)* + • • • 

and this is convergent if(-) Zl, orifflZ2; and hence the given series is conver- 
2 

gent if 0 Z 2. 

^ sst 1 r4-r® Is true arithmetically when r Z 1. 

14 “'" 
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Hence, the ahore test of convergence holds good when the terms are alternately positive 
and negative. 

]fi (jbe following pages we ahall confine our attention to three scrie»-«^the Binomial^ 
the Bxponmtial, and the ZoparUJimde. 

8. To state iJa Binotnial Theorem. 

If fl. h. n. arc any niunbcrs whatever, then-^ 

(« + J). = «- + «.«— i + <.“-=*• + &e. 

The reader will observe that the first term is a\ that in each term the index of a 
diminishes by unity, while the power of h continually increases by unity, so that the 
sum of the indices of each term is n. 

Again, the coefficient of each term has for its denominator the continued products 
1.2.3 .... up to the index of h incUmve; and for numerator, Ihe continued product 
n.{n — 1) (w — 2) . . . . down to the index of a esochsive. Thus the coefficient of the 
term which involves a” ~ is 

«.(« — 1) (» — 2 ) (» -_ r 4. 1) 

1- 2- 8- .... r 

9. To prove the Binomial Theorem when n is a positive Integer. 

(a) To show that {a -f- J)” = a“ + -4- • • • . 

By actual multiplication, 

(a 4. 6)2 = a- 4- 2c& 4- 

(«4-6)» = 4184- 3tf'-64- 

(a 4 * 4* 4“ ' • • • 

These results plainly suggest the assumption 

{a 4A)”* =: «”* 4" 4 " • • • - 

Multiply both sides by a 4” have 

(a 4" ^ ^ * 4- (»» 4- 1) + . » . . 

which is .clearly of the same form os the assumption, i, e. this has w 4- 1, wherever 
that has m. Hence, if the theorem is true for m, it must also be true for w 4- h How 
it is true for 4, /. it is true for 5, for 6, and so on ; therefoBe it is always true for 
any positive whole number. 

(a 4” 4“ 4" • » • • { 0 ) 

H.B. — If « = 1, and^d = x, wo of course have 

(14 *®)«= l4-tw;4-.... (6) 

(j3). To show that — 

(1 +.)>■=: 1 + • 

For, suppose — 

(1 4- ip)” =: 1 4' «a; 4" As «ra 4- A-a 4“ + • • • W 


It is plain, since j(l 4* ^)” nieans (1 4“ multiplied into itself n times, that this 
scries is finite, so that we may employ the principle of indeterminate coefficients. 

In the series As, A,, A^ do not at all depend on x, and wiU therefore ^con- 

tinue .the same for all values of Xj so that, for instance — 

(1 + y)* = 1 + + A.y* + A,y> + A.y* + . . . , 
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In equation («), write Then — 

(1 + y +«>" = I 4-"{y + 2 ) + Khf + + Khf -f -f — 

= 1 + «y + + ^3(y® + 2y3 + - ) -f A3(y» + 3y=2 + ) 

= 1 + «y + +A3ya + A^^^* + 

-|- s {« + 2 A 3 y + SAay® -{• + ....} + &c. (i) 

which is true for all values of y aod z. 

Again, if in equation (a) we take 1 + y = ® z = h, we have— 

(1 + y + 2)« =3 (1 + y)” +»(i + + — (E). 

Kow, (d) and (e) arc the same for all values of r, the coefficient of s in each must 
be the same, 

w (1 + y)”~^ = #* -f 2A,y + -f 4A^y» + 

for all values of y ; multiply both sides by 1 -f- y, 

«(1 4- y)»» s= + 2A^y 4- ^A^y^ 4“ 4A^y3 4“ • • • • 

4 * wy 4“ 2A2y® 4“ SAgy® 4* • • • • 

But by equation, (r) «(1 4- f/)” ~ « 4" 4" Aj^y* 4 * A^wjr® 4* A^wy*^ -f. . . . 

w 4- 4- wAjy* 4- nA^^ + 

t*:^4- (2A2 4- -f C^A, 4- 2A,)y« 4- 4- SAJy* 4* - . * • 

These expressions are true for all values of y. 

Hcnee 2 Aj 4" * = 

3 A 3 4 “ 2 A, = wAs 
4 A 4 4“ ^Ag ^ #*A3 

2 A 3 z= — w = w(« — 1 ), .*. A^ 


3 A 3 ^ A^{<tt — 2 ) 
4A^ ~ A3(» — 3) 


A _ «(» — 1)(«— 2) 

1 - 2-3 

2 )(«_ 3 ) 




(1 +a;)„= 1 +:r= . . . . (I.) 

The student will observe the manner in which each successive cocfficicaat is derived 
from the one that goes before it. Ho will easily see that if we look in ther — 1*^ and 
r** termSj viz.. A* "iJC’'— 1 4“ Arx*" 4* • • - • we should then have an equation — 
rAr ~(r- l)Ar~i = nAr^u 
/. rArs= Ar-i (« — r4-l). 
so that the gonerdl term of the >expansk)n vrill he — 

1- 2* 8- . . . r 

He will also observe that if n is a whole number When r is greater thanw, iSiere 
will be in the general t^rm a factor n — 4* i ^ ; f>r the last jlterm of the 

series, also the coof. of a;" =: ; • r ^ X- Hence — 

1*2 . . ^ ^ « 


n{n — l) „ . 


series, also the coof. o£ x^z 


L Hence — 


(1 
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(7) To prove the series — 

(a 4 * ^ ^ + • • + 

For in the last series write « = — . Then — 
a 

/I +-)«= 1 + «• 1 ■ 

I ^ 0 ^ ^ a+ 1-2 a" 

Now, «(l +-) = «+i, 

a=(l 4-^ );”=(» + *)“. 

But a«(l 4 -i)" = ffl»+ X «" + ”-’'1^ -^ ^ "I !■ o» ^ 

(a 4 . «» = a" 4 - «o”-i 0 " - “ 4- . . + S’* . . . (II.). 


Jitl 


(o 4 - ^)« = a« 4 - ^ 5 ’ 4 ‘ 


which is the Binomial Theorem when ft is a positive integer. 

In page 184 , a table of the developments of powers of a binomial is given. These 
may be immediately deduced &om the series we have just proved. Thus, to develop, 

or expand (a 4- Jc)*, we have — 

(a4-a:)" = a« 4-«-a”-ir -f + 


, (a 4 -x)« = 


4- 8 ’ 7 ' 6 -d -4 
l‘ 2 - 3 * 4*5 
, 8 - 7 * 6 - 6 ’ 4 - 3-2 


Tf + 


87 - 6 - 5 - 4 - 3 .^.^ , 
l*23-4*5'6 ^ 

8-7.6-5-4-3-2-l^ 8 
l* 2 - 3 ’ 4 ' 6 - 6 - 7 - 8 *'*^ 
8’7'6-5 . . , 8 •7*6 


, _ _ , 8*7 « 2 I 8 ’ 7'6 r a I 8 ' 7 ' 6*5 a 1 8 * 7*6 . . ■ 

= «• 4- 8 a'* 4- »** + j :^3 »***+ 1^3 + 

— a»**4-8o*'4-*'. 

1*2 ^ ^ 

= a* 4’ 8«^a? *4 28fl*a;® 4" 4* 70a*x^ 4" 28«®ar« 4" 8ax^ 4“ 

The student will observe that the coefficients of a'^x and of ax^ are the same, as also 
of efix^ and of and a^x^. 

And, in general, if we write the series, whether we begin from a or from x. we get 
the same coefficients. Thus — 

rr® 4" 8 j:’o 4 2Safia'^ 4 56 x®a® -|- 70 x*a< 6^r*o* 4* 284; *a® + 8a;a’^ 4 ®* 

o> 4" Sa^x 4* 28a*a:* 4* d6a®a?® 4 4 ^6®***^* 4 28^*4?® 4 8flw?^ 4 

It can easily be seen that this must be the case, for the former of these two is 
(x 4 «)*, and the latter (a 4 ®)*> which are clearly the same thing. This considera- 
tion greatly facilitates our expansion of a binomial. Thus — 

(a 4 a;)” = «»® 4 1 8 4 a<a;« 4 4 

^ 1 * 28 * 4*5 

= aW 4 4 46 a®ir* 4 120«’'it» 4 210a®a;'» 4 262a®rr« 

4 210a^ie!® 4 120a*x^4 45a»iP« 140<w^4 
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In like maimer — 

{a + xY = a* + + 36a^a;» + Ucfisfi + \2\a^x* 

+ + 36a«»^ + 9a»» + afi. 

It will also be observed that, in the case of (a + jr)'® there is a middle term, 262a“a>» ; 
but in the case of (a xy there is no middle term. In fact, it is plain that the 
expansion of (a + d)” contains n-^l. terms, for the expansion contains one term 
which b does not appear, and also terms containing i®, ^ . . . . up to ^ Hence, 
n is even, n +1 is odd, and the expansion has a middle term ; if n is odd, *4* 1 
even, and the expansion is without a middle term, 

10. To prove the Binomial Theorem for any value of n. 

Let us use the notation 

/(«) = ! + + 

for all values of «. 

and /(<n-t*”) — ^ x* fee. 

Now, when m and n are positive integers, we obtain from equation (I.) 

(l + *)«'c=l + ma; + ±^=l). 

(1 +^)» = 1 + . 

(1 + ^ 1 + ^ ±^J ) ^ + . . . . 

(1 + X (1 + + . . .) 

= (1 +a:)“ (1 + *)»= (1 +*)-»*•• z= 1 + (m+») &c. 

Hence, when m and n are any positive integers whatever, 

/(m)/[w)=/(w-f-w) 

In accordance with the principle of the permanence of equivalent forms, we assume 
this to hold good, whatever m and n are, and then interpret the meaning we must assign 
to/(m) consistently with this assumption. 

It is plain that 

A”‘)A«)f{p) =M + ”)Ap) = yi[»» + » +i’)i 

and so on for any number of terms. 

Hence, 

X A~) x/(|) to g feotora =/(| +| +| + to ? fraction*) 

Now is a positive integer, 
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-•. = (!+*)''• 


.-./(f) =(! + »•)' 

T 


Let — 5= M 
Q 


(1 + 4 }» = /(«) = 1 + ^ + . • 


vhen n is a fraction. 

Again, if n is negative we have 

/(»)/(»»)/(—«•) =/«+>— =/(«) 
.-./(>«)/(- 

ISTow, m is positive /. f{m) = (1 


Let « = — I 


^^ = (! + «)- 
(1 + »)“"■ =/( — "»)■ 


(1 +.)“=/{«) = l+«:»+-^-\jy*’ + . . .. 

\^hcn » is negathc. 

And thcrcfbic, for all values of « positive or negative, integEal or firaetional, 

(!+.)■• = . . . (III.) 

b 


Let « = ~ 




j Xow,a»(l+5)’' = (» + Jj» 

j (a + 4“ =«“ (IV.) 

which is the Binomial Theorem, and we have proved it to hold good for all values 
of »• positive or negative, fractioiuid or mtegnd. 

' N,B. — Tho Binomial Theorem was discovered by Newton; itisTeryinQIioitiat, and 

is constantly used in almost every part of mathematics ; it is therefore very aeoeisary 
r that the student be quite familiar with it. It will be well if he will carsliiUy examine 
the following wwidtBy 
(1.) To show that 

1 (1 - g)" z= 1 - n.i + 

I Wo obtain this from equation (IV.) by writing a = 1, and 5 rr ar. 
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(2) . sbOTT tiii* 

, , , n-(n— 1) , n-(n— 1) (n — 2) 

+ 

write in the scries (IV.) « = 1 and ^ = 1, and we obtain this result. 

(3) . To show that 

„ + &c. = 1 +“4i^4 &c 
Write in ttc scries (IV.) a =1 and 5 = — 1. Then 

0 — 1 n I «•(«- 1) (« -?) _ fa.. 

0-1-**+ “1-2 1-2-3 

Whence the result. 

(4) . To ^w tiaat 

+ + + + 

For !-r=- = (1 — 

■y/ 1 — X 

Ilcncc, by the general formula (IV.), this equals 

1 + (- J) (- (- 4* + 

= 1 + i * + 1-| •»“ + 

^Vhencc the result. 

(5) . To ascertain whether the series 1 + •*’.“1' • • • ® conveiigent 

For the sake of brevity, lot ns Write the scries 

- •• . + + + + Arf2a'’’ ■'^-h •••• 

where = 

.A — fc 

.. Ar.l=rA,^_^^. 

A _A «“-r— 1 

Ar + 2 = A,. + 1 , 

r-v 2 

n—r w+1 
Now — T-r = ~T— , — 1. 
r + l r-fl 

_ 1 

r4-2 ~ r + 2 

n -4“ 1 w -f- 1 

Now, r can be taken sokrgo that ^ I ; md therefore Z 1* So that if 

n — r y. , n — r — 1 . « . - 

Also, these fractions are all negative, /. if Ar is positive, Ar + 1 is negative, Ar4 a is 
positive, and so on. But if we neglect the considerafion of the signs from what has 
been proved, it sppettrs that Ar 7 Af+t,A*’ + i7Ar4 2 , &0, 

Henee, the p4tt of the series hegamlng with Ar ; ». e. 

Af-af^-^Ar + i 
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has its terms (if x be positive) alternately positive and negative, and is term by term 
less than 

K stf — Ar a:' + ^ -4“ 

provided Ar Z 1 - 

But this latter series equals — 

A,, a:^ (1 — a; 4- a?* — ) &c. 
which is convergent of a; Z 1 . 

Hence, provided a: Z 1> the series, at all events, after a certain number of terms, 
converges. 

( 6 .) Hence, if Z 1. 

(1 + *)" = l + + a*-! 

is true arithmetically. We may therefore apply this formula to extracting roots, of 
numbers. Thus to extract the 5^ root of 1 * 1 . The fifth root of I'l, is (1 + 

How, 

, .1 .1 1*4 , 1*4*9 , 

(1+a:) = 1 + 5 ITJO- **•+ HH6* 


1 

1*4*9 1 

6*1015 + 103 


1*4 *9*14* ^ , 1*4 *9*14*19 
6*10*15*20- ^ + 6*10*16*20*26* 


a;3 _ &c. 




_4 _1 
6 * 10 * 10 » 


*0008 


= *02 

= *000048 

1*020048 

*000803,36 

1*019245 


*0008 

1*4*9*14 1 __ *00000336 

6*10*15*20* 10* *00080336 


which is the 5**^ root of 1 * 1 , true to 6 places of decimals, 

A2_3 

11 . To show that a* = 1 4" Aa; -| — 4 . — ^ 4 - . . , . ad infinitum^ 


This is called the Exponential Theorem or series. 
By the Binomial Theorem. 


Now, it is plain that if we multiply the factors of the coefficients of (a — 1)“, 
(a — 1 ) 3, {a — 1 )* .... together, we may re-airange the series so that it shall become 


= 1 4 - Aa; 4- Bx* 4 - Ca;» 4 - Da:* 4- , , , . (6) 

where A, B, C, B, *. .. , contain {a — 1 ) and its powers in some determinate , manner. 
For example, if we examine (a), we shall find that each term, after the first, contains 
the first power of tc ; v*a., the uecond term contains x{a — 1 ), the third contains 
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.(iLnl)! 


, . (tf-iy 

the fourth contains ' — g— ^ 


the fifth 


® ^ — 4 — > * 


hence the term involving the first power of x when {a) is re-arranged, must be 


&c. 




M 


In like manner, we might find B. C. D in series (5). Instead of doing so, we 

proceed as follows : since {b) is true for all values of a, we must have — 

«y = 1-f A3^ + By3 + Cy3 + Dy*-.... (d) 

Now, a* X 

But, a»X«*' = l + ^+ + Cas® + Dx* + . . . . 

y [ A- 4 -A^x 4“ ABaJ^-f-ACaj^-^- . . . . | 

+y2 {B + ABx-fB^x^-f .... 

+y3 {C+ ACx-f .... 

+/{» + .... 

= 1-1- Ax -J- Bx2 -f- Cx® -4- Dx* -4“ 

4- Ay A^xy -4- ABxV ACx^y 4- 

4- By2 4- ABxy2 4- B-x V -f 
+ Cy^ 4“ ACxy3 4- 
4* *4- 

Anda**>' = l4~^(«+y) + ® +C(®+y)* + 

= 1 4- Ax 4- Bx^ -4- Cx» 4“ + 

-4- Ay -4“ 2Bxy -4* 3Cx®y -4- 4l)x»y 4“ 

-4-By^ *4" 3Cxy* 4" 6Dx*y* 

-4-Cy*4-^Bxys-4- 

-4"By* + 

Now, from the early part of this article, it appears that there is one definite expan- 
sion of a* , and .'. of ax + y. Hence (e) and (/), which are each the expansion of a* * i', 
are not merely equal, hut are actually identical ; therefore they must be, term by term, 
the same. 

A® = 2B 


w. 


(/) 


AB = 3C 
AC = 4D 

Hence, a*= 1 -4* Ax + 3 :^ • "• 


.B = 
C = 
I) = 


A® 

1-2 

Aa 

l'2-3‘ 

A* 


Afr* 




1-2-3-4 ^ 
(« - 1)^ 


where A 


N.B. Suppose a to be such a number that— 

X = (.-X)_^+M 

Then .• = 1 + «+ ■*■••• • 


l-2'3'4 

•• -CV.). 

+ .. (VI.). 


(Irdi* 


+ . . • . 
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This number e i« ve^ important, and » called the base of the Naperian Logarithms, 1 
for reasons to be explained hereafter. Wc can easily ascertain its value in the fol- 
loraring manner : — In the above series let x = 1. Then — 

<’= ^+i+i^+rF3+rH^+--- 
This series is convergent, since it is clearly — 

1 + (1 + ^ +|>+ ^ jii-L:.) 

The series, therefore, gives the numerical value of e. This value may be calculated 
as follows ; — 

2. 10000000000 

3 -SOOOOOOOO' 

4 166606666 

5 *041666666 

6 008333333 

7 -001388888 

8 -000198412 

9 000024801 

10 -000002755 

11 -000000275 

12 -000000025 I 

13 -000000002 I 

•000000000 ' 

1111 ! 

These decimals are respectively i-ov.- r.ro ^’^cir sum is 

f- l\i‘6 rS6‘^’0 I 

*718281827 ; and hence e = 2-7182818, which is quite accurate, so far as it goes. 

The student will observe, that the reasoning in the above article is founded upon 
the assumptions ( 1 ), that a® can bo expanded in a series of ascending powers of p- ; 
( 2 ), that it can he expanded in only one series of that kind. These assumptions, in the | 
present case, may bo considered as resting on the fact that the expansion of is simply | 
a transformation of the binomial theorem. The same remark applies to the following j 
article ; — If we make the assumption general, viz., that every function of x can ho ' 
expanded in a single scries of ascending powers of a-, we enter upon a question which | 
has given rise to many discussions, which cannot be further noticed here. i 

Definition. — If a!/ = a-, then y is callod the logarithm of x to the base «, and is ! 
generally WTitten y = logn z where loga means “ logarithm to base a” i 

12. 7b show that A logo (l + ar) = a' — 3 4 where A has the same ' 

value asnn the last article. 

This is called the logarithmic series. 

Lot y = log„ (l + a-). 

Then by definition 1 

.*. (1 -f = «”*'• 

By the last article, if h^x — — ^®* 

i 

(1+*)” = ! + *.«+ jrj +&C. 
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and = 1-4" -|p — 4" &c. 

Now, since (1 ir)’‘ is identically the same as a'*!', these two series must be identically 

the same. 

ky = h. 

t-.o. Aioe„(i+^)=®-| + J + ....(VII.) 

A = (a— 1) — ■ J --+ — &c. 

N.B.-NOW i = 

/. log, (l + x) = !t- 2 + +&C. 

A log,a = — — --A — fcc. 

.*. A = logcflf. 

Hence, equation (VII.) may be written — 

logea logrt (1 + .r) = a- — 2“ + 4 
It will be observed that if .r is ^ 1. the series 



j is term by term less tlian a* — 4- a" — &c. 

and is therefore convergent, provided is ^ 1. 

ox THE CALCULATION OF LOGARITHMS. 

13. On tlte Cahulatkn of the Arithmetical Values of Quantities expressed hy Inf nite Series. 

In the Treatise on Elementary Algebra the method has been explained of obtaining 
in numbers the value of an algebraical expression, when definite values are assigned to 
the letters composing tho expression. For instance, if a = 2 and ^ = 6, then (2a -j- h) 
(5 — o) = 27. Tho student may ask, How can an infinite series be reduced ? Although 
we have already given three instances of the manner of doing this, the question is well 
worth a distinct consideration. We have already seen that 

Now, if rr = J, the fraction is equal to 2, and we know that if wo took the whole 
number of terms of tho series we should get exactly 2. The first two terms are 1*6 
the first three 1*76; tho first four 1*876; the first five terms 1*9375; tho first six 
1*96875 ; each result being nearer to the truth than the one before. Thus, by taking 
a sufficiently large number of terms, we can get as near to the exact value as wo like. 
The series, in fket, affords tho means of approximating to the true value. Of course, in 
such a case as the above, we should not care for the approximation, since wc can so 
readily get tho real value. But in tho large majority of cases wo cannot get at the^real 
value, or even the real value cannot be expressed by digits at all, ♦. e.y is not commen- 
surable with unity ; in such cases, the approximate value is the only one we can get, 





276 


SEEIES AND LOOAEITHMS. 


and the series is the means by which we get it. For instance, we liave called the base of 
the Naperian logarithm e. But what is f ? It is such a number that 

This is an equation we have no method— no direct method — of solving. We have 
seen, however, that e is expressed by the series 

0=1+1+ + rlr +r2W 

From this, as we have already seen, we can find that e = 2*7182818, &c. The 
student may think an approximation a very unsatisfactory result; but he must 
remember two things : — (1). That greater part of the quantities we have to deal with 
cannot be expressed in whole numbers, or in vulgar fractions, e. y., so common and 
elementary an expression as V 2 cannot be expressed as a vulgar fraction ; and (2), 
that in practice no measurement is accurate, but is known to lie within certain limits. 
For instance, if a tailor measures a piece of cloth, he calls it a yard, though it may 
happen to be a quarter of an inch more or less. In like manner the most refined 
scientific measurements (the length of the second’s pendulum, of an arc of the meri- 
dian, &c.,) are generally the tneans of several results, and are accurate to within cer- 
tain very small limits. Now, in approximating to a result by means of a series, we can 
always get to within any given limits that may be assigned. And thus approximations 
by means of series are as accurate as any, the most refined, measurements can bo. 

In practice, if wc know a number to be true for the first six or seven places of 
decimals, it is generally known with sufficient or even more than sufficient accuracy. 
Thus, if we are certain that x. lies between 3*16754: and 3*16755, we may call it 3*16754 ; 
although if we calculated to a greater nicety we might obtain x =■ 3*1675438295, for 
the error we commit is Z. error less than J of an inch in one mile. 

It is to be obseiwod that in calculating the value of a scries we must calculate each 
term to one or two more places of decimals than the result we wish to obtain, so as to 
be quite .sure that we carry the right number to the seventh place. Thus, in finding 
the value of e (Art. 11), we calculated each term to nine places of decimals, to ensure 
that our result should be true to seven places. 

It is also to be observed that in cutting off the eight and subsequent decimal places, 
if the eighth place is 5, 6, 7, 8, or 9, wo add 1 to the seventh place ; but if 4, 3, 2, 1, or 0, 
we simply omit it. Thus we reckon 2*59716345827 = 2*5971635 
But 2*50716343254 = 2*6971634. 

For it is plain that 2*69716345827 is nearer to 2*5971636 than to 2*6971634 : 
whereas, as in the second instance, the contrary is the case. 

We now proceed to consider the subject of logarithms in detail. 

14. To explain the principle on which Logarithms may be used to facilitate <ialculations. 

From the definition of a logarithm already given, it follows that if M = a* then x 
is the logarithm of M to the base a ; and if N z= ov then y is the logarithm of N to the 
base a. Now observe M X N = a* + v, whence it is plain that the multiplication of 
one number by another corresponds to the addition of their logarithms. In like manner, 
M N 3= a* — or the division of one number by another corresponds to the subtrac- 
tion of the logarithm of the dividend from that of the divisor. Again, M*” = a”**, or 
the raising of a number to a given power corresponds to the multiplication of the 

1 X 

logarithm by that power. In like maimer = a”* or the extraction of the root of a 
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given number corresponds to the division of the logarithm by that root. So that if we 
knew the logarithm which corresponds to any number whatever, and wished to find the 
product of two numbers, we should merely have to write down the logarithms of the 
numbers, add them, and then the number whose logarithm is that sum will be the pro- 
duct of the two given numbers ; and similarly for the other rules. 

Now, tables have been calculated which give us the logarithm corresponding to any 
number between 1 and 10,000,000. Hence, by using these tables properly, multipli- 
cation is performed by means of addition ; and in like manner division by means of 
subtraction, involution by multiplication, and evolution by division. 

In the following pages we shall first explain the method by which these tables are 
calculated, and then proceed to show how they are practically employed. 

15. The following results foUow manifestly from what has been said, 

(1.) That if P = Q, then logaP = logaQ. 

(2.) Since a} z=l a. /. loga^z = 1. 

(3.) Since =1. .*. log«l =0. 

(4.) If M = a*, N = a*', then x — logaM, y = logoN. 

Now, MN = a* X .*. « + y = logoMN. 

log«M-f-log«N=:log«MN. 

(5.) Similarly, a* -f- ^ = a*~*'* 

a; — y = log,j^. 

log,M-log.N = log,^. 

(6.) Again, if a* = M. logaM = x. 

Now, M”* = a* logaM” = mx, 
m log«M = logaM”. 

1 c. 

(7.) Similarly, M” = a»» 

1 1- 
- logaM = logaM” 

(8.) From (4) it is manifest that 

logaM + log,^ + logaP + ,... = logaMNP .... 

16. To show that loga5, -f logjr = loga^J. 

Now, suppose r = a”, and a; = 5** 
logoT = ♦», and logsr = n. 

But since a” = 5" we must have a = 


logaa s= log«5w 


l=-log.J. 


n. Iogo5 = m 
or log*5 logfca; =: logaa;. 

From this it follows that if weknow the logarithm of a given number to a given base, 
we ccm find its I[|||^arithm to another base, by dividing the first logarithm by the 
logarithm of the new base ; for instance, suppose our tables give the logarithms of num* 
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bprs to the b^e JLO; and suppose we wished to £nd the logarithm ef a given number 
(N) to the ve haye 

|ogiol9 logisN = logiftN. 

Thep logiol9 and Jog^oN a^e given by the tables, end therefore we know logioN 
by division. 

17. The practical advcmta^e of Calculating Logarithms to theJ^ase 10. 

The Tables of logarithms commonly printed, axe logarithms to the base of 10. In 
all future articles, whenever wo write log x, we mean logarithm to the base 10. 

‘We might calculate tables to the base e ; and the calculation is obviously rendered 
much easier when this base is employed by the ciroumstance that 

log^ = «--- — -1- — — &c. 

whereas, if we use the base 10. wc have $ 

log.l 0 . log * = a; — - -j. - _ &c. 

And, in point of fact, the inventor of logarithms, Napier, actually calculated logarithms 
to this base «, which is hence called the base of the Napiei^ logfuithms. 

For the purposes of numerical calculation, however, the base 10 possesses the fol- 
lowing decisive advantage over any other. 

Suppose 10* = N 

Then 10*^»* = N X10»* 

Now, suppose f» to he a whole numlj^r, then N. X 10»* has the sjime digits as N in 
the same order, and only differs from it in having its decimal point shifted n places to 
the right ; and again — 


N 

And when n is a whole number, only differs irom N ip having itp de^chjaal 

'shifted n places to the left. It follows, therefore, that the decif^lp^rt of the logarithm 
of a number is the same wherever the decimal point may be in the number, and that 
for every place that the decimal point in the number is ahilted to the right, 1. is added 
to the logarithm ; and for every plaiBe, it is shifted to the left, 1. is subtracted from the 
logarithm. Thus the table gives us 

log 7-5684 = -879004^. 

/. log 76-684 = 1-8790041. 

log 766-84 == 2-8790041. 

So again-- 

log -76684 = - 1 4- *^790041. 

or, as it is more generally written- 

log -76684 = 1-8790041. 

Similarly — _ 

log -00076684 = 4-8790p#l. 


It is plain, then, that one calculation gives us the logarithm of the above five num- 
bors, and in Isct ol as many nitmbers as can be made by ahifting the decimal point to 
different poaitiona in the combination 76684 ; but if we adopted i|lty other base, we 
should require a flUBpasate celcitlatioxL for eapb of them. This advantage, which the base 
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lO has over any other, was first seen and applied by Briggs, who was Professor at 
Oxford about the year 1<57<) ; the logarithms arc, therefore, sometimes called the 
“ Briggian Logarithms.” 

The student will perceive that the haso 10 has this advantage, in consequence of our 
system of notation being decimal. If our system were duodecimal, our logarithms 
would then have to be calculated to the base 12, to be possessed of a like advantage, 
and so on for any other system. 

X.B. The decimal poll; Of a logarithm is called the manitssay — ^the' whole number is 
called the characteristic, 

18. To ^Itow that every nwvber has a PMcuM>le logarithm. 

It will be observed that — 

log, a = (« - 1) — ^ , &c., 

may not be (for aught we have yet shown) convergent, unless a Z. 2, Now, if a be 
imy number, a root of it can always be found, say the which shall he less than 2, 
Now, 

log, a,; =r (2 —1)— (2 1 ) + ( ffl — 1 )%^ 

2 3 

1 I I y 

which, since «'* "" 1 is loss than 1, is convergent. Now, log,. tr»* = “ log# a, 

i - I \ ^ I } ) 

log,, a = J (a»» — 1) — 2 (“'* — 3 which series being 

onnvergent, if n is properly chosen, for every value of -a, the value of log# a mlg^t bo 
found from it, for all values of a. To calculate a table from such a formula would be 
most laborious ; but as the calculation of the common tables presupposes we know 
log, 10, if we treat the subject in its logical order, it would be necessary to cfdculate 
log# 10 from this scries, before going further. “Wo shall find, if we do so, that — 
log# 10 = 2-30268dl. 

Hence — 

L— = -434294481. 

log#. 10 

In future pages wo shall denote this number by fx. It is called the modulus of the 
tabular logarithm. Its actual calculation can he seen on p. 273, VoL II., of JE^eaK)ock’s 
Algebra. 

The logarithmic series to the base 10 we have ali’eady seen to 
log. 10. log. (1 + ar) = * — ?* &c. 

.•.log.(l+a:) + 

19. To derive from the Logarithmic seriesy others from which the numerical valuea of 
Logarithms may he calculated. 

We have seen that 

log. (l-jha:)=M {«— '^ + f— 

.•.log.(l — «)=>. &c.} 
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Now log. (1 + — log* (!—«)= log. j- 

Now mppose 

Suppose ^ 1. 

1 


, log. -P^ = 2^ I _ 


+ a wo^rarns^""’'} 


.-. log. (p + l) = Iog.i.. + 2/m +1 • ( 2 j, + 1)3 + - • • • } 

From tliis we can calculate successively the values of log. 2, log. 3, log. 4 . 
fkr as we please. 

Thus, remembering that log. 1 = 0, we have 

log. 2 = 2m I 3 +"3 -4 +] • + • • • • } 


VIII. 


log. 3 = log. 2 + 2 m { j + |--4 +i 
log.4 = l«g.3 + 2M{|+-3. Jj+-5 


+ • 


} 




In the ordinary tables the logarithms are given calculated to 7 places of decimals. 
Hence, in making the calculation from the above series we must take in every term 
7 • 00000001 ; or, since each term is greater than the one that comes after it, we 
must reduce each term to decimals until we find one L ’00000001, which we can omit 
together with all that come after it; all that go before it being reduced to decimals and 
added together, give the required logarithm. Thus, to find log. 11 : — herep = 10 ,*. 

2p + 1 = 21. 


g. 11 = log. 10 + 2 m { 2^ + ^. + g ^• + • • 


Now, 


21 = -047619047 

^ = -000035993. 

|. = 000000049. f ^ ^ 0000000001 


•047656089 

and 2/ii ~ *868688962 

« *047655089 X *868688962 = 

.*. 2p X j 21 21» 6' 2V ^ ) ~ *041392674 

But log. 10 = 1. 
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wiU flnfl*' “ r deoimals, which ic the logarithm you 

wiU find registered m the table. From the formula ^ ^ 

log ? = 2 m » + I (^-^) 4. I 

Another very convenient formula can be derived. 

Thus let - = --- ^ . Then =—_ 1— 

1 X 1 

• • — 1 ~ {2a;2 — 1 + 3‘ (2x^ — l)3 + •••}* 

Now, log — — — i«„ 

2 log ®— log (®— 1) — log (* + 1). 

.-.log (* + l) =21og*-log(*-l)_2M +&c.|. 

20. To explain the me of this last Seriee. 

The use of this formula, which converges very rapidly, gives us any logarithm in I 

terms of the two that precede it. It will be observed in this formula that ^ ^ , 

3‘ (2x^ ~ ir 

and all the terms following it can be omitted, provided 

and if ^ 

•“d if 2^?^ ^ ■®®*- 

Or if 2aj* ~ 1 7 334. 

/. if JT* 7 169. 

/.if a; 7 13. 

Hence, if we employ this formula to calculate logarithms, we have, for all numbers 
greater than 18 — 

log (* + 1) = 2 log *-log(®- 1) - 2 ^ 7 j 
A gain, suppose x 7 10000. Then 


1— 2a^» “ iP* ‘ 

^ jL . 00000001 . 
2x* 


{l + 2-^ + -}- 


Hence, the formula finally reduces itself to 

log(<i! + l) = 21og*— log(* — 1) — (12-) 

Or log {x + 1) — log a? =s log x — log (a? — 1) — 

vr M M f2H 8#i« „ . 
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if X 7 10000, in 'wiiioh case 7 .00000001. 

Hence, if we only calculate to 7 places of decimals, n must be at least many hundreds 
for to differ sensibly from ; — ^—rr. Now, the formula would give us 

fx 

log. {x -f- 1) ~ log. {x 4- fi) zz log. (jc 4“^) “ log* (« + « — 1) 4- ny 

w'hich, unless » is several huudi'cds, wfi have soon is practically the same as 

log. {x 4 7i) r-log. (:c 4 - « — 1 ) =sr log. (;p 4 - li-T- 1 ) —log. {x + — 2 ) — ~ 

fX 

So that log. (.1. 4“ 1) — log. X ^ log. X — log. {x — 1) — . 

%• (•» + 2) — log. X = log. (a: 4- 1) — log. X — -7.- . 

log. (^; + 3) — log. (.t + 2) = log. (» + 2) — log. (x + 1 ) — y, . 

+ — log. + » — 1) — log. (x + « — 1) — log. — 2)— 

adding together 

log,(.r4->0 — log.a.=:log. (-i'4'^^— l)’“log.{4; — 1) — 

log, ( i. f «) — log. {x -I- n — 1) = log. X — Jog. (a? 1) — w. ~ 

X“ 

Xow, if w is sufficiently small for “■ to be Z *0000001, it is clear that we may omit 


n p- so long as this is the case, and hence the differences beti^een the successivo 
logarithms will continue the same within that 

For instance, we can show by formula (VlII.) that log. (10000) = 4*00000000. 

log. (10001) = 4*00004342945. 

.*. log. flOOOl) — log. 10000 as '00004843. 


and 


Hence 


= *0000000042934. 

(10000)2 


I ^ * 0000001 . 


”(100000)2 

until n = 20, "So that the logaritluns of 10001, 10002, 10003 .... 10020. can be 
found the one from the one before it by merely adding .0000434294. 

We shall then have to calculate log. (10020) and log. (10021) from the original 
formula (VIH.) and find how fax we oaa use the difference between these for deducing 
log. (10022) by log. (10023), &c. After some 20 or 30 Jogaiithms are thus found bj simple 
addition, a fresh cajeulation will become necessary : by proceeding in this manner, 
without any exorbitant labour, a table which gives the logarithm for every number 
from 10000 up to 99909 can be constructed ; which is practically the same as from 1 
up to 100000. 

It is to be observed that yrith sudb a table, by means of a very simple subsidiary 
calculation, we can obtain the logaritinn of any number from 1 to 10600000, 
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Thus, the tables give us log. 73894, log. 73895. t.^., log. 7389400, log. 7389500, 
for these only differ from those in the cheriacteristjc. 

The Bubsidary calculation ;refeiTed to enables jis to ^ up any une of the logaritluas 
of 7389401, &c., up to 7389499. 

21. — To cx^ilam ihe oonatiuction omd use of the Table of Proportional Parts. 

Suppose N to be a nuipber such as that above referred to, 7 1000000 ; and suppose 
its log. to bo given in the table; then log. (N 100) is also given in the tables. Fiom 
these data we want to find log. (N -f 5) whepc 5 lies between 0 and 100. 

Now log. (N + e) = log. N (l + ?) 

= log. N + log. (1 + ^0 = log. N + g i (|)' } 

Now 5 Z 180 - 7 1000000 




z -00000001 


(lOOOO)J 

which can be omitted, since wo only take in the fii’st seven plapes of lojgarithpis. 
.-. log.(N + *)=:log.X+^.8 


.-. log. (N + 100) = log. N + loe 

Now, log. (N + 100) — log. a= A (suppose) is given by the tables, aind w^ see that — 

A = ^ 100 


log. (N = log. N 4- A X 

which is true for eyery value of 8 fitjm 1 to 99. 

If a and b are the digits of |5, so that 8 = lO.a 5, This formula can be written — 

log.(N + J) = log.N + ^ + i. 

We have already seen that the difference between two consecutive logarithms is 
the same for several logarithms together ; accordingly, a small subsidiary table, giving 

W " • • • • • K m cglcuiate4 for wh vabuj of A, and 

is printed, as A occurs, in the margin of the table. For instance, A corresponding to 

to log. 28566, is '0000152 ; or, as it is written, 152, it being understood that the last 

figure, 2, falls under the seventh decimal of the logaritfem. la this case the 1^2 
subsidiary table is the accompanying. It is called a Table of Froportionfil 1 15 

a5 ^ 

10 10 I 

therefore . Hence, by means of tbif table, W9 W dfltOTOWQ logt ^ 

+ If hy 

Thus, log. 2850300 f=? |5’4558798, 01137 
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Now, = *0000046, and i = *00000106 = *0000011, as we only 

take in serein places of decimals. Hence, log. 2866837 = 6*4668798 + *0000046 
-h *0000011 = 6*4558866. 

We have now given a full explanation of the principles on which Logarithmic 
Tables are calculated, so far as that explanation is possible in a purely elementary 
treatise, and have exemplified those principles in the case of the ordinary tables which 
(practically) give the logarithms of numbers from 1 up to 10,000,000, to seven places 
of decimals. The student may ask, what would be done if a case occur in which we 
have numbers exceeding 10,000,000 ? The answer to the question is the following : — 
If the number were, for instance, 97536982, and if the calculation demanded so much 
accuracy that we could not consider this as equal to 97536980, then a more refined set 
of tables would be necessary ; in point of fact, however, for all ordinary calculations, 
the degree of accuracy which the common tables allow of is sufficient. 

We now proceed to explain the practical method of using the tables : 

THE TJSE OF A TABLE OP LOGARITHMS. 

For the purpose of explanation, the following is printed from p. 78 of Hiilsse's 
edition of Vega's Logarithms. 



(1). To find the Logarithm, when the Number is given in the Tables^ 

(o) To find the mantissa. 

Suppose we want to 'find the logarithm of 46017. The number N. 46000 at the 
top of the page will direct us to the page on which we shall find 46017 ; the number 
4601, in the column marked N, will give us the line in which we shall find what we 
want. Pass your eye along the line 4601, until it comes to column 7, there we find 
9183. You observe that there is 662 *written in column 0 ; this is to be written 
before every one of the numbers under the other columns, and is only written once to 
render the tables more compact. Write this in front of 9188, which we befbre found, 
and we obtain 6629183. This is the mantissa of the logarithm of 46017 ; it is, there- 
fore, a decimal, and must be written *6629183. 

So again, to fjid mantissa of logarithm of 46036. look down col. N for 4603, look 
along the line 4603 till you come to col. 6, when you find 0881 * before this prefix 663, 
and *6630881 is the mantissa of logarithm of 46035. 
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Again, to find the mantissa of logarithm of 46028, look for 4602 in col. N ; along 
this line, in col. 8, you find *0221 ; the asterisk in front of this 0221 shows iat we 
must add 1 to the 662, and thus we obtain for the mantissa of this logarithm *6630221. 


(3) To find the characteristic. 


We have already explained the principle of doing this — if we apply that principle, 
we shall obtain (Art. 17, p. 278)— 

log. 4.6017 = *6629182 

log. 4601*7 = 3*6629182 

log. 4601700. = 6*6629182 
log. *00046017 = 4^6629182 
log. *46017 = 1*6629182 


If you examine these cases, you will find that they suggest the following rule : — 
Place your pen between the fir et and second PiauRB (not cipher)^ and cou/nt one for each 
figure or cipher^ until you come to the decimal pointy the number this gives will be the 
characteristic ; if you count to the rights the characteristic is positive^ if to the lefty the 
characteristic is negative. Thus, in finding log. 4*6017, if you place your pen between 
the first figure (4), and second ( 6 ), it falls on the decimal point, in this case, therefore, 
there is no characteristic. Next, in the case of log. 4601*7. place your pen between (4) 

and ( 6 ), and count ^^23 ^ characteristic is 3 ; and as you count to the right, it is 
plus 3. Next, in the case log. 4601700, here the decimal point falls behind the last 
cipher. Hence, counting as before, we have ^ 23 ^^ characteristic is plus 

6 . Again, in the case, log. *00046017; the figure is, as before, 4. Hence counting, 
we have count 4o the left, so that the characteristic is nega- 
tive or 4, Again, in the case, log. *4601, we have j characteristic is 1 * 

Instead of writing log. *03046017 = 4*6629182, this is frequently written 6*6629182. 
To explain this, observe that 4*6629182 means — 4 -f- *6629182, which clearly equals 
6 -f- *6629182 — 10 , or 6*6629182 — 10 . It is usual to omit the — 10 . and write 
6*6629182, no experienced calculator would forget the — 10 although it is not written 
down, but as this tract is intended for beginners, we shall never omit the — 10 , but 
as it may suit our purpose write log. *00046017 = 4*6629182 or 6*6629182 — 10 . 

To find log. 46. Since 46 = 46*000 and the table gives mantissa log. 46000 =: 
•6627676. 

log. 46 = 1-6627676. 

Hence, to find the logarithm of any number gixen in the table, first find the man- 
tissa, and then prefix to it the characteristlo, in the manner above explained. 

N.B, — The student must thoroughly master the above before proceeding further. 
He must get a table of logarithms — (of which there are many by Hutton, Callet, 
Babbage, &c., all as perfect as those of Vega's, to which reference has been made — 
there is one also published in Chambers's Educational Course, which is cheaper than 
most others) — and 'will work out many examples, such as the following : — Find the 
logarithms of— 
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72'd43 

7264*3 

8*5972 

6315-d 

84658 

6897200 

64682 

6-5973. 

•057234 

•000058 

762 

•035872 

-35872 

63500 

635 

6-35 

20000 

200 

•02 

•029 


(2). To find the Logarithm of a Kumher ndt given in tJhe Tables, ^ 

The rule for the characteristic is the same as given above. For finfling the man- 
tissa we proceed as follows : — The student will observe that each lo^urithoi on p. 284 
differs from tlic one before it by 94 or 95. Call this 95 and construct a table of propor- 
tional parts as before explained; this is printed in the column marked P P. We then 
proceed as follows To find log. *0460267. 

N. L 

46026 6680032 

P.P 7 67 


460267 -6630099 

]S\ L 

log-0460267 = 2-6630099. 

In practice this is arranged as follows : — 

46026 -6580032 

7 67 

log. -0460267 2-6630099 

Again, to find log. 460-3629. 

46036 -6630970 

2 19 


9 8,6 

log. 460-3629 = 2-0631004* 

To find log. 4604-508. 

46045 -6631825 

08 7.6 


log. 460-4508 2-6631833 

In like manner the student may find the logarithms of 

75-84653 -0927543. 13-02528. 

(3). To find the Number corresponding to a given Logarithm, 

It very rarely happens that the logarithm is exactly to be found in the tables. If 
it is, the only difficulty we have to contend with in such a case is that of fixing the 
dechmd point. For instance, find the number corresponding to the logarithm 3-6629089. 
At the top of the page we have L 66 2 ; this -wiU direct us to tho page on which the logarithm 
will be found ; then, looking in tho other part of the table wo find 9089, in tho column 
6 of the line marked 4601 of column N. tho number corresponding to tho mantissa 
-6629089 is 46016. To fix upon the position of the decimal point, we must modify the 
mle previously given : place the pen between the first and second figure and count off as 
many figures as there are tmits in the characteristic,— to the right if the characteristic is 
positive, to the left if negative, and if there are not figures enough add or prefix as 

many ciphers as necessary ; thus in tho present case ^ number correspond- 
ing to logarithm 8*6629089 is 4601.6, similarly, that corresponding to 3*6629089 is 
00 46016. 
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(4). To find tho Number eorret;p<mding to a given Hogurittm, which does Hot exactly oeeur 
in the Tahhe* We proceed cm fblhwe 

Find tke rnimber conospoading to the logarithm 2*6629319. 

The Logarithms 6629277 and 6629372 arc in the table ; th® number, therefore, will 
bo between 46018 and 46019, It will therefore be the former, with something added 
on. To find this “ something*’ we proceed as follows : — 

6629319 

Logarithm next less 46018 662 9277 

42 

Prop, part corresponding to 4 . . . . 3£_ 

4 

03 3 8 

logarithm of 4601843 is 6629319. 
logarithm of 460*1843 is 2*6629319. 

(o). To find the Arithmetical complement of the Logarithm of a Number. 

N.B. If r is any number whatever, then the ar. comp, oix-zi. 10 — a.. 

Now 10 — 3*7568274 = 6*2431726. 

10 — 2*3907526 = 11*6092474. 

10— *9328243 = 9*0671260. 

If you examine these, you will find that the subtraction is performed by subtracting 
the last figure (to the right hand) from 10, and each of the rest from 9 ; in fact, to take 
the first case, wo should proceed as follows: 4 from 10 leaves 6, and carry 1. Then 
1 + 7= 8 ; take 8 fi’om 10, loaves 2, and carry 1 ; but taking 8 from 10 is of course 
the same thing as taking 7 from 9, and so on. The student may, perhaps, think thi5> 
very obvious, but ho w'ill do wcU not to despise it. 

Iloneo, to find the ar. comp, of the logarithm of a number, find the logarithm and 
subtract it from 10, in the manner above cfxplaincd. 

e. g. Find ar. comp, of log. 46*028. 

log. 46*028 = 1*6630221. 

ar. . comp. log. 46*028 = 8*3369778. 

(6.) To find the product of several numbers by rheans of a Table of Logarithms. 

We have seen that if N = xyz .... Then 

log. N = log. X + log. y + log. 2 +, &c 

Ilencc, find the logarithm of each number, add them together — this gives th^ 
logarithm of the quotient — find the number corresponding to this logarithm, and 
we have the product itself. 

Ex. Find the product of 52*731 X 6*0032 X *0759 
log, 52*731 = 1*7220660 
log. 8*0032 = *7783828 

log. *0759 =: 8* 8802418 ~ 10. 

1 *3806906 
24026 *3806815 

91 

5 ST 

24*0265.^«2«. 
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>r.B. — ^In any example of this kind, neyer use a negative oharacteristio, suck aa 
2'8S02418. but 8*8802418 — 10 as above ; by doing so, there is nothing but straight 
forward addition to be performed until the end, when — 10 can be easily struck off the 
oharacteristio of the sum, 

(7.) To divide one number by another by means of a Table of Logarithms, 


We have seen that if N = - . log N = log a? — log y. 

log N = log a; -f 10 — log. y — 10 

log N = log a; 4* -Ar. Comp, log y — 10. 

Hence, To log numerator, add ar. comp, logarithm of denominator, and subtract 
10 from the sum — this gives logarithm of quotient. — Find number corresponding to 
this logarithm, and the number is the quotient required.*' 

Ex. Divide 37*052 by 6741*6. 

log 37*062 = 1.6688117 

Ar. : C. : log 6741*6 — 10 = 6*1712370 — 10 

T7400487 
64960 '7400467 


•005496025 Ans. 

(8 ) Similarly f N = — . We have — 

xyz 

log N = log a 4" log b 4 log c 4* Ar. C. log a; — 10 
4 Ar. C, log y — 10 4 Ar. C log « — 10. 

By this means log N is found by a single addition sum. Thus, find the 

. ^ 3*0972 X 56'035 

value of ^ ^ 3.^24. 

log 3-0972 4909693 

log 66035 1*748694. 


Ar. C. log *002 
At. C. log 8746*5 - 
Ar. C. log 3-124 - 


4909693 
1-748694. 
12.6989700 ~ 10 
6-0681657 — 10 
9-6052890 — 10 


•5018634 

•6018631 


3-176802 Ans. 

(9). Ib find my power of a Kumber^ we have seen that t/N = «» foy. H « log, a. 

Hence, if we multiply log. of the number by the index, we obtain the logarithm of the 
power of the given number; and finding the number corresponding, we obtain the 
power itself 
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Thus, find the fi.fth power of 2'00573 


20057 

•3022660 

3 

65 

log. 2-00573 

*3022725 

Multiply by index 

5 


1-5113G25 

32ini 

-5113619 

04 

6 


5,4 

32-46104 Ans 

— 

Air-iin, find the third power of *02751. 


log. -02751 

[8-4394906 - 10 


3 


25-3184718 - 30 


or, 5-3184718. 

i.i.n- in pructice wiitc this folio . 

— 

log. *02731 8-4394900 - 10 



5- 

3184718 

20S1) 

3184599 


119 

5 

104 


15 

*7 

14,6 

•00002081957 Ans. 


10. To Jifid the Root 

o f any Number, 

n N — a i ^ then, 


log N ;= -. log. a. 
n 


lli'iico, “Find the logarithm of the given number, divide it by the number indi- 
cating the root. — this is the logarithm of the required root — the corresponding number 

is the root itself.'’ 


Tims . extract the 5th root of 72-095. 


log. 72-095 5)1-8979051 


*3795810 

23965 

•3795774 


36 

2 

36 

2-39652 Ans. 


Again . extmet the 7th root of *00972. 


Log. -00972 = 3 -9876663 = 7-9876668 - 10. j 
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All this has to be divided by 7. This will be effected most easily by adding and 
subtracting such a multiple of 10 as shall make the negative part 70. 

take log. -00972 = 67*9876663 - 70. 

7)67*9876663 — 70 

9*7125238 — 10. 

51585 7125234 

4 

05 4,2 

•5158505. Ans. 

If we had to extract the 6th root of the above number, we must of course take 
log. .00972 = 57*9876663 — 60. And again, to extract the cube root, we must take 
log. *00972 = 57*9876663 - 30. 

11. The student must exercise liimsclf in working several examples, like each of 
those above given. 'When he has done so, he may then, for practice, work some more 
complicated examples, such as the following : — 

Find the value of 31^ X (*05796)^ 


15^/2 


w 

log. 31^ 

1-4913617 

2 

3 )2-9827234 

-9942411 

w 

log. (-05796)3 

8*7631284 - 10 

3 

6*2893852 - 10^ 

w 

log. 15 

1*1760913. 

w 

log. ^2 

2 ) *3010300 
•1506150 

Hence 

log. 31^ 

•9942411 


log. (-05796)3 

G-2893852 — 10 


Ar. C. log. 15 ~ 10. 

8-8239087 — 10. 


Ar. 0. log. |/2 — 10 

9-8494850 — 10 

6~9570200 


90577 

•9570179 

21 


4 

19 


4 

2 


*00009967744 Ant. 
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N.B. To find the logarithm of a mixed number reduce it to an improper fraction 
To find the logarithm of a vulgar fraction use tho formula. If N = ^ * 
log. N. =: log. u Ar. Com. log. h — 10. 
precisely as in division, excepting that there is no occasion to find N itself. 

Thus, in example : Find log. of 

log. 37052 4-5688117 

Ar. C. log. 67416 — 10 5-1712370 — 10 

9 7400487 — 10 

, 37052 

••• = 1-7400487. 
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PLANE TRIGONOMETRY. 

1. On representing Lines and Angles hy Numho's, 

If we have a lino of any length, we can represent it numerically by the number 
of times it contains a given line, which we take to represent unity. Thus if wo take 
a lino a foot long to be the unit of length, a line seven feet long can be represented by 7. 
Of course, the same holds good of any other line. And so when we speak of a lino 8, 5, 
or whatever the number may be, we mean that the line in question contains 8 or 5 of 
the given unit, as 8 feet, or 6 feet. And of course, if we can represent lines by num- 
bers, we can generalize the numbers by letters, and thus we can represent lines by 
algebraical symbols : so that ah e^x y &c. may be understood to represent lines. In 
the same manner as before, if we speak of a line wo mean a line containing as many 
units of length ie. g. feet) as a contains units of number. 

On the same principle wo may express angles by numbers or by letters. This 
is done by dividing the right angle into 90 equal parts, each of whicli is called 
a degree, and dividing the degree into 60 equal parts, each called a minute, and the 
minute into 60 equal parts, each called a second. An angle is then expressed as being so 
many degrees, with odd*' minutes and seconds, e.g, 36 degrees, 57 minutes, 31 seconds, 
(which is usually wTitten Se*" 67' 3 1"), in the same manner as a line is expressed by so 
many yards, with odd feet and inches. 

Of course, as w'e can thus represent angles by numbers, wo may also represent them 
by letters, and may have angles ABC ; where the angle A (for instance) means that 
the angle contains as many degrees and parts of a degree as A contains units and parts 
of a unit. * 

In the same manner as wo may measure lines cither by feet or yards, or miles, so 
we might take, as the unit of angulai* measure, any other part of the right angle than 
the ^th ; and in fact at the end of last century, when the decimal notation was intro- 
duced into France, it was proposed by certain French mathematicians, to make the 
degree the ^ixyth part of the right angle. The proposition w'as at no time extensively 
accepted, and is now quite abandoned. 

2. Definition of the Science of Trigonometry. 

We are thus enabled to express lines and angles by numbers ; and this is the first 
step towards making calculations in which lines and angles arc the data. However, 
before these calculations can be performed, it is necessary that the relations which 
exist between straight lines and angles should be investigated. It is the object of the 
science of Trigonometry to make these investigations. 

The object of the science will, perhaps, be more clearly stated, if we limit the 
definition so as to make it correspond more closely to its derivational meaning, by 
saying that the science of Trigonometry has for its object the investigation of the relations 

* It is osual to denote angles either by Roman capital letters, ABC ; or else by Greek small 
letters, a, R, 7 * • » d, « while generally the small Eomaa ah o denote lines. This is, of 
coarse, only a oonrentioaal arrangement. 
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which exiit between the aides and angUa of triangles and the algebraical expression of those 
relations. 


The immediate application of the science is to the calculation of certain parts of a . 
X triangle from certain given pai-ts ; e. g.^ having 



given the sides BA, AC, and the angle BAG of the 
triangle ABO, we can calculate the magnitude of 
the side BC. 

The science has, however, very many other 
uses besides the one from which its name is taken. 


viz., the measurement of triangles. 


.‘h The Circular Measure of an Angle. 

The measures above given enable us to compare arithmetically one straight line with 
another, and one angle with another. But it is to be observed, that an angle and a 
line are heterogeneous magnitudes ; and therefore, if we would perform algebraical 
operations in which lines and angles enter, we must devise some plan of measuring 
angles that shall express them by means of lines, or of the ratios of lines. 

In fact, when we speak of an angle (of 57“ suppose) it tells us what the angle is, 
but does not at once give us the means of comparing that angle with given lines. 

The measure of the angle adopted for the purpose of such calcinations, is called 
the circular measure. 

It is founded on the two wcU-known geometrical propositions. 

(a) That in circles of the same radius the angle is proportional to the arc w'bich 
subtends it. 

{b) And that for the same angle, in circles of different radii, the arc varies as 
the radius. b 

If = the arc BC, 

0 = the angle BAG, subtended by the arc 
BC, 

r = the radius AC. 

we may express those propositions by the two 
variations 

a when r is constant. 

<i vo r when B is constant. 
a ^r6 when both vary. 


or the angle is measured by the ratio of the arc to the radius.’ 

If we take the unit of angle to be the angle which is subtended by an arc of the 
same length as the radius, then 


In this case, the angle being measured by the ratio of two lines, it can enter a 
calculation in which wo are dealing with lines. 

N.B.— W e can easily find the number of degrees in the angle which is the unit of 
circular measure. 
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Let X = the number of degrees required. Then x is subtended by an aro of the 
length of the radius = r. 

Now an angjle of 180® is subtended by a semicircle; i.e. by an arc = tr r, where 
* = 3T4159. 

jc® _ r __ 1 

*’• 18^ W > “ IT 


_ 180 ® 

• ® ~ 3' 14169 


67>-29577. 


4. The dejinitions of the trigonometrical lines and ratios. 

It is, however, generally more convenient, and for our present purposes necessary, 
to determine an angle not by an arc, or by the ratio of an arc to its radius, but by 
certain straight lines, or by the ratio of certain straight lines to each other. These 
lines, or, as they arc now more commonly rogArded, these ratios, aro called respectively 
the sine, tangent, secant, cosine, cotangent, or cosecant of the angle. We proceed to 
define these terms. 



A;* 


- u Let AOB he an angle A. Draw OC 
perpendicular to OA, and with the centre 
0 and any radius OA describe an arc of 
a circle, meeting OC in C. 

Draw B«, Bm, perpendicular to OA, 
OC ; at A and C draw At^ Cw, perpendi- 
cular to OA, OC. Then Bn is defined to 
be the sine of the angle AOB, to the 
radius OA. 

the tangent of AOB. 

. secant of AOB. 
versed sine of AOB. 


Ilonce, also Jim (or 0;^) is the sine of BOC. 

Cm . . tangent of BOC. 

Om . , secant of BOC. 

Now BOC is 90® — A. 


And Bm, Cm, Om, arc defined as being the cosine, cotangent, cosecant respectively 
of AOB. 


Hence — 


Bn sine A 
Bm or On ri: cosine A 
At =: tan. A 
Cm = cotan. A 
Oi = SCO. A 
Om = cosec. A 


to the radius OA. 
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To this method there is the obvious objection that the Bines,'?&c., of a given angle 
have different values, according as they are referred to different radii, accordingly 
instead of defining the sines, &c., as lines, it is, as above stated, now more usual to 
define them as ratios ; by which means aU consideration of the radius to which the sines 
arc referred is avoided. According to this method the definitions are given as 
follow : — 



The tangent of B is 

^ BC 

The secant of B is A B 
BC 

But because A = 90 — B 
The sine of B is the cosine A. 

The tangent of B, cotangent of A. 

The secant of A is the cosecant of A. 

ITcnce— Sine A rz Cosine A = 

AB AB 


Sec. A = 


AB 


AB 


N.B. — The angle which with another makes up 90” is called the complement of 
that angle. Hence B is the complement of A ; and the cosine, cotangent, and co- 
secant of an angle are evidently the sine, tangent, and secant of its complement. 

It is plain (Euc. YI. 4) that the values of these ratios depend solely on the angle, 
and are quite independent of the magnitude of the sides of the triangles. If, then, we 
can by any moans calc'ulatc the value of these ratios, which correspond to any angle, 
these values can bo arranged in a table ; and it is xdain that, having such tables, if wo 
have given any one of the ratios defined above, wo know the angle ; and vice versa^ if 
we have the angle given, we know the ratio. 

Such tables have been calculated on principles to be hereafter explained ; — for our 
present purpose it is sufftciont for us istinctly to understand, that if we have given 
the numerical value of any one of the ratios, wo know the angle that corresponds to 
it, and vice versa, 
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o. On ih^ relations between the Trigonometric Ratios of the same Angle. 

Let A B C bo a right-angled triangle, 

A any given angle. 

C the right angle. 

Then A C- -f B C2= A (Eutl. 47.) 

■AB + AB" ■ 

COS. >A -{- sin. -A = 1 . . . . (1.) 

Again tan. A = 24^! 

A C 

. A AC 
co<an.A=j^^. 

tan. A, cotan. B A = 1 (o ) 

Again, B C 

tan.A=:®C-£]^ 

AC"”A0 

AB 

tan. A = 

cos. A ^ ' 

Again, secant A = 4 ^ = A, 

AO AG 

A^ 

sec. A = --2— (4). 

cos. A ^ ' 

In the same manner it may be easily proved that 

Cotan.A = ‘?^f (.>). 

sill. A ^ ' 

Cosec. A = — ?— (G) . 

bin. A ^ ' 

Sec. A ^ 

CoscciA^*^-^ W- 

It is of very great importance that the student be familiar with the relations \vc 
have just established, lie will therefore do well to perform the following exercises — 
Show that 

(1) . sin. A = 1 ~ cos.'^A, 

(2) . tan. A = ^ (.os. -A ^ ’ 

(3) . tan. A cosec. A = sec. A. 

(4) . tan. A + cotan, A = -. — . 

' sm. A. cob. A i 

(5) . C 086 C. A — sin. A = cos. A cotan. A. 

W* 1H“ 008.A _ 1 _ 

sin. ^A 1 — cos. A* 
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(7) . — “r = 14' cotan. -A. 

(8) . Express eacli of tlio trigonometrical ratios of an anjilc A in 

terms of tlio sine of A . 

There are two or three angles, the numerical values of the trigonometrial ratios of 
w hich can ho easily determined. These angles are 45", 60", and 30". 

6. To find the Trigonometrical Ratios of an Angle of 15®. 

A 11 C, a right angled triangle. C the right angle. 

If A = 45", thcnA = B, andAC = BC. 

Now, A C3 4- B C2 = A B-. (Eucl. I. 47). 

2AC2 = AB2, £'• 

or 2. B C2 = A B-. | 


. BC 

1 

sin. 4o = . “ 

AB 

V/2' 

. BC 

1. 

tan. 1-5 = .7-1 = 
AC 

, AB 

V 2, 

see. 45 = -r-Ti ~ 
AC 


and cosin. 45" ~ sin. (90 — 4-3) = sin. 45". 

,-o 1 

cos. 4o = 

1/2 

Similarly, cot. 45" = 1. 

cosec. 45" r= |/ 2. 


ABO, 

pcndicular 


7. To find the Trigonometrical Ratios of an Angle of 00®. 

an equilateral tiiauglc. The angle A B C is one of 60". Draw AD per- 
to BC. NowBD = ^.BC AB and AD^ = AB^ — BD"=: f. A B*. 

AD= 1^. AB. 

2 

_ AD _ 

AB 2 ■ 

AD 

tan. 60" = 

BD tAB 

see, 60" =: = 2. 

AB 



sin, 60" 


v/3. 


«no BD _ , 
cos. 60® = -- -- = h 
AB 

BD _ 1 


cotan. 60" = 


coscc. 60" = 


AD 
A B 
AD 


2 

|/3’ 
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Since 30^ = 90' 
we shall have sin. SO’Jrr: coi 


And similarly tan. 30^ ; 


cos. 60 ’ = 

^ nA. 2 

~J-T see. 30° = - 7 ~- 
3 VS 


cos. 30“’ =: — - 


Cotan. 30” = y" 3. Cosoc. 60° = |. 


8. Generalization and Extension of the Principles and Pefnitions prcvioy^sly laid down. 

The definitions above given hold good for angles that are less than ninety degrees ; 
the definition, both of an angle and of the ratios which determine it, admit of and 
require extension; the natuie of M'hidi extension and the principle on which it is made 
wo will now proceed to explain. 


9. The use of Ut, Xigaiive Sign to denote posit mi. 

Let A B he a lino, the length of which is a. Let ^ c 

BC bo a line, the length of which is b. Then it is ' '** 

plain that A C is a — h. This distance, A C, is arrived at by measuring a distance (a) 
to the right from A, and then measuring another di'stancc [b) to the loft from B, the 
-f a and the — b being measured in opposite diiections. 

It appears then that when a stands for a line measured from a given point in one 
direction, — a will stand for a line of the same length measured in the opposite direc- 
tion. In other words, the magnitude of the lino is determined by the number of 
units in «, while the direction is determined by its sign. 

It is generally understood that a signifies a line measured to the right of a given 

point, as AB, and therefore that — a signifies a line ^ , _ _ , 

measure to the left of tlic fixed point, a.s A Bh ^ ^ ® 


10. Extension of the Eefi.ation of an Angle. 

We now proceed to extend the definition of an angle. An angle, as defined by 
Euclid, — i. €. OH the inclination of one line to another, — must be less than two right angles. 
But if we regard an angle as the space swept out by a right line revolving in one plane, 
about a fixed point in a given straight line, wc clearly remove the limit imposed by 
Euclid’s definition on the magnitude of the angle. p 

Thus if A be the fixed point in the fixed line AB, 

AP the moveable line, let the angle BAP, according 
to Euclid’s definition, be A. 

Now it is plain that in one revolution A P passes 

through an angle equal to four right angles, or 360”. ~ 

Moreover, A P ■wall always come to its present position after one, two, or any number 
of revolutions ; and therefore, according to our extended definition, BAJ* may be cither 
A or 360” A, or 2 X 360® + A, or, generally, 360” w -f A, where n is any integer. 
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11. Negative Angles, 

In the same manner as we have shown that + « foid — a mean equal lines measured 
in a contrary direction, so -f- and — A 
will moan angles measured in contrary 
directions. Thus, AB and AP have 
the same meaning as before. Let AP' 
bo so placed that P' A B = P A B ; then if 
PAB=A, P'AB = -A. 

It is plain that if AP' comes into the 
position A P, it must revolve tlirough an 
angular space of — 360" + A, as denoted 
by the portion of a dotted circle in 
figure, or through a certain number of 
total revolutions besides — 360" + A. Ilcnce BAP may also be represented by 
— 360" + — 360" X 2 + A, or generally by — 360" X w -}- A, where w is any positive 

intogcr. 

Hence we conclude that if A be any geometrical angle, its most general trigonomo- 
tiical form will bo. 

n X 360" 4- A, 

where n is any positive or negative integer whatever. 



Sin. BAP= • 


Cos. BAP: 


12. Extension of Definitions of Trigonometrical Datios. 

W e now proceed to consider the trigonometrical ratios of angles greater than a right 

angle. Wo shall, in the first instance, 
confine our attention to the sines and 
cosines of angles, less than four right 
angles. 

We have already explained that 

AP 
AN 
AP 

Now as AN is measured along AB to 
the right, AN is positive. And if wc 
reckon lines mcasui-ed upward, from A 
towards C positive, it is plain that PN, 
being measured parallel to that direction, 
is positive. 

^ Tho signs of the sine and cosine of an 

angle less than ninety degrees are then, by this way of reckoning the signs of the 
measurements, positive, as they should be. 

Now if wo consider an angle B AP^, it is clear that PjN' stands in the same relation 
to BAPi that PN docs to BAP. 

Ilcnce we define 

P N' 

t Sin. BAP, = 



Cos. B A P, 


AN_;; 

AP, 





300 


PLANE TRIGONOMETRY. 


It is plain that Pj N' is positive, and A N' is negative. Hence 

The sine of an angle 7 90* ^ 180* is positive, and the cosine of an angle 7 90* ^ 180* 
is negative. 

In like manner, if B A Pg bo the angle subtended by the circumference B Pj P 3 , 

P N' 

Sin.BAP, = ^^ 

LCos.BAP, = ^J’ 

Now PoN' is negative, and A N' is negative. Hence the sine of an angle 7189* 
^ 270 * is negative, and the cosine of an angle 7180*7270^ is negative. In like manner 
if P 5 A B signify the angle subtended by the circumference B Pj P 2 Ps, 
i.e. 7270 * but Z 360*. 
fim. BAP, = 

AP, 

Cos, B A P, = 

AIV 

And PjN is negative, and AN is positive. Hence, sine of an angle 7270* ^360* 
is negative: and the cosine of an angle 7270*7360 is positive. These four angles 
which we have considered are said to be in the first, second, third, and fourth qua- 
drants respectively. 

By means of the above, if we have given the signs both of sine and cosine of an 
angle, we can tell in what quadrant it must lie. 

Thu s if sine 0 = m and cos. 0 = — ft, d must lie in the second quach-ant ; i. e. 
must bo greater than 90* and less than 180*. 


(13.) To express the Trigonometrical Itatios of any angle in terms of those of an angle 

less than 90*. 


Again, the trigonometrical ratios of any angle can be expressed by means of th(' | 
ratios of an angle less than 90*. | 

For if, in the same figure, B A P, B 'AP„ B'A P. 2 , B A P.,, are equal to one another, 1 
and therefore the lines P N, Pj N', Pj N', Pj N, are equal in' magnitude ; as also are j 
AN and AN. 


If then we take account both of sign and magnitude, 


Sin. B A : 
sin. 

Sin. B A P 3 == 


PiN'__PN . T..,, 

= sin. BAP. 

A Pj A P 

(180* — A) = sin. A. 

P^N' -PN . 
AP:="AP- =-b>»BAP. 


sin. (180* 4" ~ — si^i- -A-. 

P N - P N 

Sin. BAP3 = ^ = -XT' - ■” sin. BAP. 

Sin. (360* — A) = -- sin. A. 

In the same manner it is easy to show that 

Cos. (180* — A) = — cos. A. 

Cos. (180* 4 . A) = ~ cos. A. 

Cos. (360* - A) = cos. A. 
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For example, we have seen that cos. 60*^ =: 

Cos. 120'^ = cos. (180** — 60’) = — cos. 60” — _ i 
Similarly — 

Sin. 315” = sin. (360” — 45”) = — sin. 45” = — i. 

If consider the case of the tangent of an angle, Z.A being an angle, Z.90’. 

Tan. (180» - A) = A ^ ^ 

'■ ' cos. (180' - a) - cos. A 

Tan. (180’ + A) = sin. (180 ° + A ) _ - «n . A _ ^ 

COS. (180® -f A) — cos. A 

Tan. (360’ - A) = sin. (36 0’ — A) _ - sin. A _ _ ^ 

c‘0s. (360’ — a) cos. a 

In the same manner we may express the other trigonometrical ration of angles 
greater than 90” by means of those angles less than 90. 

It is to be observed that if we suppose A P to make one complete revolution from 
A P, it returns to its present position. So that AN and N P are the same both in mag- 
nitude and direction for the angle 360” A as for A. 

The same is true of any number of complete revolutions. 

Hence, if f denote any trigonometrical ratio whatever, 

/ {n 360” + A) = / (A), 
whore « is any positive integer whatever. Thus, 

Sin. {n 360’ A) = sin. (A) 

Cos. (w 360” 4- A) =: cos. (A) 

And so on. 

There are a great variety of relation similar to those above deduced. The following 
arc worth notice : — 

We have before stated that if B A P = A, then A B = — A. 

/. sin. ( — A) sin, BAP^ ' 


Similarly, 

Cos, ( — A) = cos. A, 
and tan. ( — A) = tan. A, 
and cot. ( — A) = — eot. A. 

This result can he arrived at by reference to formulas previously proved. 
W c have seen that under all circumstances 

/(n.360®+A)=/{A). 

/.sin. (360® — A) =Bin. (—A). 

But we have also seen that 

sin. (360®*— A) = — sin. A ; 
sin, (■— A) = — sin. A. 


14. On the Magnitudes of the Trigonometrical TtmeiioHS of Angles, 0”, 90”, 180®, 270®. 

The definition of sine BAP tells us that 

. . PN 
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Now if A P coincide with A B, A = 0 and P N == 0, sin. O'* = 0. 

If A P rcvolvo round A, P N increases until A P coincides with A C, when A = 90°, 
andPN=AP. 

/. sin. 90° — 1. 

After which, as AP revolves towards AB', PN decreases until at A B coincides 
with A B^, when P N = 0, A = 180°, and therefore 

Sin. 110° =0. 

As A P revolves from A B' towards A C, P N increases negatively until A P coin- 
cides with A C, when A = 270° and P N = — A P. 

sin. 370° =-l. 

As AP revolves from A C' towards its original position AB, PN decreases nega- 
tively, until when A P coincides with A B, we have A = 360°, and P N vanishes. 

sin. 360° = 0. 

In like manner, if we take the cosine we have 

. an 


Now when A = 0 A N = A P cos. 0° = 1 . 

A = 90° AN = 0 /.cos. 90° =0. 

A=180° AN= — APeos. 180° = — 1. 

A = 270° A N =: 0 cos. 270° = 0. 

A = 360 A N =: AP cos. 360° = 1. 

^owtan. A= - 

cos. A 

tan 0° ^ 0 

cos. 0° f 

sin. 90° 1 _ 

sin. 180° 0 _ ^ 

=cosri80» =1 

ton. 270» = = ' = - 

cos. 270 0 

tan. 360° = =: =0 

cos. 360° 1 

If we apply similar reasoning to the various trigonometric functions to that 
employed in discussing the vaiiations of the sine of A, we obtain results which may bo 
arranged in a tabular form, as follows : — 




C0REE6P0ND1KG AN<^L£8, &C. 


ao3 

The student will do well to verify carefully all the results given in this taldo ; he 
wDl also observe that the trigonoraetrieal ratios illustrate the principle that if a function 
of a variable changes its sign, it must pass through the values of either zero (»0) or 
infinity ( »). 

As the values of the ratios are continuous, the ratios increase gradually to their 
greatest value, and then decrease to their least. Thus, to take the case of the sine of 
an angle, which we call 6. 

Sine 0 increases from 0, when d==0° up to 1, when 0 = 90°. It then decreases 
to 0, when ^5=180°; after which it stiU further decreases till it equals — 1, when 
d = 270°, and finally increases up to 0, when d — 360°. 


Id. To determine all the angles uhich have the same sine^ or cosine^ ^c. 

There is another class of questions presented to us by this extension of our definition 
of an angle, viz., having given a trigonometrical latio of an angle, to find all the angles 
corresponding to it. 

For example, tan. B —p. 

Now, if wo did not reckon any angles but those less than 180°, as is the case in 
geometry, wo could only have one value of 6 corresponding to a given value of tan. 0, 
Suppose this value = a. 

Then, if wo take the trigonometrical or generalized conception of an angle, we 
shall have another = 180° 4" 

And since no trigonometrical ratio changes cither its value or its sign when its 
angle is increased by any multiple of 360°, it is plain that in addition to a wo shall 
have a series of values, 360° -|- 2 X 360°-}- 3 X 360° 4“ « 4* • • • ^ 360° 4" > »ii<l 

in addition to the value 180° 4“ «hall have a scries of values, 360° 180° 4" 

2 X 360° 4 180° 4" <*> 3 X 360° 4" 130'* -\-a,....n 360° 4” 130° 4” ®oth these series 
may be included in one formula, 

6=:m 180° 4* 

where m is any integer number whatever. 

In the same manner, if 

Cos. 0 = 5', 

and a is the value of 6 less than 180°, which has for its cosine y, then all the values 
of B which have a cosine g are included in the formula, 

0 = »n, 360’ + a, 

where m is any integer. 

And similarly if 

Sin. 0 = 

the value of 0 is included in the formulas — 

0z=i2m 180°:4-< 
and 0 = {2m 4* 1) 180® — o, 
m beiitg any integer whatever. 

These may be included in one formula, as follows : — 

0 = it. 180° 4- (-!)*«. 
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where k is any integer whatever; for when k is even, (— l)^is positive ; and when k 
is uneven, (— 1)* is negative. 

As practice in the preceding articles, the student may vciify the following results • 

1. Sin. 810^ = 0. 

2. Sin. 135 = 

3. Cos. 135= =~ = C03. 22.)’. 

V2 

4. Cos. 315=' == — ^ = foin. 405^ 

1/2 

5. Sin. 120^ = ~ = - sin. 300\ 

6 Cos. 330’ = - cos. 150\ 

7 Sin. 150=’ = 

S. Cos. 300^ = ~ . 


Given that sine ^ show that the following are the values of 0 which sati-fy 

that equation, 30’, 150’, 390’, 510’, 750’, 870’, &o. 

Given that cos. 5 ~ show that the following arc the values of 6 whi(h sati-^fN 
V ‘i’ 

this equation, do’, 315’, 105’, 675'’, 705’’, &c*. 

Given that tan. 6—1, show that the values of 6 aio 13’, 225’, 105', 585 \ 7C5% &e. 


'VILE IIULATIONS BETU ElIX THE IIIIOONOMETIIICAE JT^'CTION& 01' DIVVEUENT AN’GEl.S. 

The formulas we have already proved hold good of the ratios of the same angle ; 
we now proceed to investigate the formulas which express the relations hetweeii two 
or more different angles. There is a very great variety of formulas of this kind, and 
they admit of an almost infinite number of combinations and modification.^. Thc'}^ are, 
however, all derived mediately or immediately from the following four •— 

Sin. (A + li) =: sin. A, cos. B + sin. B, cos. A (8). 

Sin. (A — B) - sin. A, cos. B — sin. B, tO". A (9). 

Cos. (A 4" B) - cos. A, cos. B — sin. A, sin. B (lOj. 

• Cos. (A — B) = cos. A, cos. B 4- sin. A, sin. B (11). 

These four formulas can be easily rememhered — and it is of great importance tliai 
they should bo remembered — ^hy observing that the sine of the sum of two angles is the 
sum of the product of the sine of the first angle and the cosine of the second, and ol‘ 
the product of the sine of the second angle and the cosine of Ihe fii-st ; while the sine of 
the difference of the angles is the former product minus the hitter. The cosine of the 
sum of two angles is the product of the cosines of those angles minus the product 
of thoir sines ; and the co,sine of the difference of two angles is the sum of the pioduct 
of the cosines and of the product of the sinc's. 
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(16). To prove the Formula 
Sin. (A + B) = sin. A cos. B + sin. B cos. A. 

Let A 0 B be tho angle A, B 0 C tho 
angle B ; A 0 C is tho angle A -f B. 

In 0 C take any point P, and from P let 
fall P N, P M, perpendiculars on 0 A and 
O B, and from M lot fall M Q and M It, 
perpendiculars on P N and 0 R. 

Then — 

.n.(A4-B)= = 

^ ^ Q P OP 

_ Q i\ , P_a _MR , PQ 
or’^o”? op^op' 

MR 0 M 
O M OV 
MR ^ 

0 N 



Now 


+ 


• A ^ 

= Sin. A - 


PQ 
PM 
0 U 
O P 


PJM 

OP 

= cos B 


. s.ii. (A 

Co^. (A 
Kor as before, 
(^ofi (A 


. PU _ 

OR 

. PM 

= cos. A , ; 

= sin. B ; 


• • ]>M 

OM 

0 P 



+ ) = 

sin. 

A COS. B 

sin. B COS 

A. 

(17.) 

To prove the Formula 



+ B) = 

cos. 

A cos. B — 

sin. A sin. 

B. 


B) = 

^ OP 


(>M 

OP 


And 


Now 

QM 

PM 

cos. 


= cos. A 


^R - QM 

'OP 

_ QM 

PM 

OM 

OP 

A PM 
: sm. A 

COS. A cos. B 


OR 

OP 


QM 

OP 


PM 

OP 


= cos. B, 


sin. B ; 

sin. A sin. B. 



OR 
OM 
OR 
OM 
MR . 

"■ OM 
(A + B) = 

18, To prove the Formula 
(A — B) =: sin. A cos. B — sin. B cos. A. 

LetA0B = A. BOC = B. Take in 
0 C any point P from P ; draw P M and 
P N perpendicular to 0 B and 0 A. Draw 
M R and M Q perpendicular to 0 A and P N 
produced. Then A 0 C = A B. 

. . sm. (A B) — ^ p 0 p 

MR OM _ ;QP PM. 
OM* OP PM* OP 


Sin, 


:_MR. 

OP 


QP 

OP 


MR . . OM 

OP 


: COS. B. 



PtANB THIOOUOMBTKT. 


Again ZMPQ = QMB = B0A = A. 


PQ QB . 

— ICZr “ ®®S. A 
MP OM 


= sine B. 


/. sin, (A— B)=:8m. A cos. B — sin. B cos. A. 


19. To prove the Formula 

Cob. (A — B) = cos. A cos. B + sin. A sin. B. 

ON OR , MQ OR OM , MQ MP 
cos. (A— B) - — -L — _ — -i- — 


^ OP OP ^ OM* OT MP’ "OP 


A^x\, OM MQ . . - MP 

’'"t A -QP MP = ^ OP " 

cos. (A — B) = cos. A cos. B + sin. A sin. B. 


20. To extend the above proofs in special cas^. 

The proofs aboyo given arc clearly limited to tho cases in which A, B, and A + B 
or A — B, arc each less than 90®. They admit of extension to any case whatever. 
Thns- 

If A is 7 180o ^ 270% B 7 90o ^ 180^, and A — B 7 90’ Z 180’. 

To show that 

Sin. (A — B) = sin. A cos. B — sin. B cos. A. 

In this case the figure will be the following : c\ 

AOB is the angh' A, measured as indicated by \ 

the dotted circle. BOC is the angle B. COA 
is the angle A — B. \\ 

From any point P in OC draw PN, PM per- \ \ 

pcndiciilar to OA and OB produced, and from M / \ \ \ 

draw MQ, MR perpendicular PN and 0 A. Then / q \ \ 

PN PQ QN PQ i J , , , i 

Sm.(A-B)= ~ + po = PO 1 


PQ PM MR POM 
PM‘ PO MO' PO ■ 


JrW 

Now cos, MPQ = cos. AOM = cos. (A -- 180o) - cos. (180® — A) = ~ cos. A. 

* PM 

— - s= sin. POM = sin. (180® — B) = sin. B. 

Similarly = sin. MOA = — sin. A 


= cos. POM = — cos. B ; 

Bin. (A — B) = sin, A coe. B — sin. B cos. A. 


PKTNCIPLES OF PEOOF. 
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la tho same case, 

ON eNR-OR 
cos. (A B) — ^ ^ p 

~ Oi ^^OP”" MP * OP’'“OM * 0 p‘ 
Now ^ = sin. MPQ = sin. MOA = - sin. A. 
MP 

^ = sin. POM = sin. POB = sin. B. 

= COS. MOA= — cos. A. 

OM 

Tirvur -n 


^ = COS. POM = - cos. B. 

cos. (A — B) = COS. A cos. B -f- sine A sine B. 

Again, to show that sin. (A + B) = sin. A cos. B sin. B cos. A. 

When A + B 7 270" 7 3G0" A 7 90" 7 180" B 7 180» ^ 270’. 
Let AOB bo the nglo A ; BOG be tho B\ ^ 

angle B. Then AOC is the angle A + B, ^ 

BOG, and therefore AOC, being measured \ \ 

as indicated by the dotted circles. In C take / \ \ 

any point P and] draw PN, PM perpendiculars / \ 

to OA and OB produced, and from M draw / \ 

MR and MQ perpendiculars to OA and NP | Arm 

produced. \ yx 

Then \ \ X. 

fl- PN_Pa-QN \ \ 

Sine (A + B) = - 

RM_ru mp__:rm om ®- 

~ OP “ OP — M'P ■ UP OiVl ■ (5F' ''' 


Now = cos. 1\IPQ = cos. POA rr: — co.s. A. 

= sm. POM =: — Bin. B. 

®^ = sm. A0M = 8in. A. 

OM 

= cos. POM = — cos. B. 

sin. (A B) = sin. A cos. B -4- sin. B cos. A. 

The student may verify for practice the formulas in the following cases 

Sin. (A 4- B) A 7 90" 7 180’ A 4 -B 7 I 8 O’ B 7 90" 

Cos. (A — B) A 7 90" 7 18D" A 4- B 7 90" B 7 90" 

Cos. (A + B) A 7 180" 7 270" A + B 7 360“ 7 450» B 7 90’ 7 180’^ 

21. The prhcple on which the proof may he considered as established generally. 


The above examples will bo sufficient to satisfy the reader t^at the four formulas 
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above given bold good for all angles whatever. It is worth while to observe, however, 
that, independently of these examples, this follows from the circumstance that the 
extension given above to the definitions of angular magnitude, and of the trigonometric 
ratios, are made in strict accordance with the extension given to the meaning of the 
negative sign in algebra. Thus, a — b primaiily signifies that the number b is to bo j 
subtracted from the number a ; if thcrefoic b be greater than a, w — ^ is impossible, 
unless we generalise the definition of the negative sign. If wc do this so as to render 
a — b susceptible of meaning for all values of a and b, then whatever theorem wo prove j 
to be true of « — and its combinations with the restriction, will be equally true of ^ 
a — b, and its combinations without the restriction. j 

In like manner, if wo prove a trigonometrical formula to hold good for all geome- 
trical angles, those will equally hold good of tlie angles when defined according to the 
trigonometrical conception of an angle explained above. The principle which wo have 
to guide us in all these generalizations is called The I'rinciple of the l^'rmaneneo of 
Equivalent Forms,” and is that which lies at the root of all extensions of merely 
Arithmetical Algebra, as explained in the treatise on liOgarithms and Scries. The reader 
who wishes to see a full account of the application of this Principle to Trigonometry, 
will do well to consult Dr. Peacock’s Algebra, vol. ii., p. 144, &c. 2nd edition. 


22. Relation between the Four Fundamental Formulas. 

It is to be observed that the last three of the four formulas given above can bo 
derived from the first of them. 

Thus, sin. (A B) = sin. A cos. B -f- sin. B cos, A. 

For B write — B. Now sin. ( — B) — sin. B. 

And cos. ( -- B) = cos, B. 

sin. (A — B) rr: sin. A cos. B — sin. B cos A. 

Again cos, (A + B) = sin. (90° — A — B) 

= sin. ( 90° — A) cos. B — sin. B cos. (90° — A) 

= cos. A cos. B — sin. A sin. B. 

Again 

(Cos. (A — B) = sin. (90° — A -j- B) 

= sin. (90° — A) cos. B + cos. (90° — A) 

= cos. A cos. B -f- sin. A sin. B. 

23. Formulas derived from the Fundamental ones. 

From these four the following formulas of frequent occurrence' can easily be 
derived ^ 
Sin. A cos. B + sin. B cos. A = sin. (A + B) 

Sin. A cos. B — sin. B cos. A = sin. (A — B). 
adding 2 sin. A cos. B = sin. (A + B) + sin. (A — B) ; 
and subtracting 2 cos. A sin. B = sin. (A -f B) — sin. (A — B). 

Similarly, 

2 sin. A sine B = cos. (A — - B) — - cos. (A -f B) . . . . (12) 

2 cos. A cos. B = cos. (A — B) + cos. (A + B) . . . . (13) 
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The same formulas are of frequent occurronec in a different for.n. Evidently 
' + - 

2 ~ 2 


0 -4" <f) 6 — <p 


1 > = 

' — oi-n ' ~ / 

2 


2 

B^tp 
2 


) — <p ^ -f* 


.*6 “ 4 “ B — d> . „ B — d!> B * 4 ” df 
sin. <p z= sm. cos. — ^ — sin. ^ ~ cos. 

2 2 2 2 


I 

I 


.'. bin. 

B 

4- sin. <f> = 

: 2 sin. 

e + <t> 
2 

cos. _ 

B ~ ip 

2 * * 

■ . (H.) 

sin B 

- 

sin. 

<P 

2 cos. 

0 + p 

2 ' 

- . B 
sin. _ 

- <P ' 

2 . 

■ • (15-) 

Similarly, 







- 


Cos. B 

+ 

cos. 

<p = 

2 cos. ^ 

+ t> 
2 

B 

cos. - 

— ^ 

2 

(16.) 

(’o^ (f> 

- 

eop. 

e z=L 

2 sin. ^ 

4“ <p 

2 

B 

cos. ~ 

— <p 

2 

■ • (!■) 


24, formula for the Tangent of the sum of two Angles. 

Again, we can ea.sily derive from the formulas for the sines and cosines of A + B 

and A — B, expressions for the tangents of A + B and A — B. Thus, 

m / 4 1 -nv sin.’ (A 4- B) sin. A cos. B 4- sin. B oos. A 

Tan. (A + B) = == -* -o— - - ~r • tT* 

' ^ cos. (A B) cos. A cos. B — sin. A sm. B 

Di\ ide both numerator of this traction by cos. A cos. B. 
tan. (A + B) 


sin . A cos. B sin. B cos. A 

cos. A cos. B cos. B cos. A 


cos. A cos. B 
cos. A cos. B 
sine B 


sine A ^ 

cos, A co.s. B 


1 - 


pin. A sin. B 
cos. A cos. B 

tan. A -j- tan B ^ 
1 — tan. A tan. V . 


Similarly, 


Tan. (A - B) 


sine A sine B 
cos. A cos. B 

tan. A — tan. B 


( 18 .) 


1 ■— tan. A tan. B 


. . . . (19.) 


25. Expressions in which the sum of three angles occur. 

We can easily derive from the above expressions for the sines, cosines ... of the 
sum of throe or more angles. Thus, 

Sin. (A 4“ B C) = sin. (A 4. B) oos. C 4“ cos. (A 4- B) sin. C = (sin. A cos. B 
-f- sin. B cos. A) cos. C 4- (cos. A cos. B — sin, A sin. B,) sin. C = sin. A cos. B 
cos. C 4" sin. B cos. C cos. A 4“ sin, C cos. A cos. B — sin. A sin. B sin. C. 

In the same manner, 

Cos. (A 4* B 4” C) =: cos. A cos. B oos. C — oos. A sin. B sin. C — cos. B sin. C 
sin. A — cos. C sin. A sin. B. 
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And hence, 

. tan. A + tan. B + tan. 0 — ton. A tan. B tan. ^ 

' ‘ ' 1 — » tan. B tan. C/ -- tan. C tan. A — tan A tan. B. 


26. Certain oilier Formulae, 


Again, since- 


In like manner, 


Sin. e + sin. (p 


9 — 0 

.. COS.— 2-^. 


Sin. 6 — sin. <p 

:?= 2 cos- 

. 0 — <i> 

sm. 


Sin. 6 -4 sin. 

4” 

_ sm. - 2 ~ 

e — (f> 
cos.— . 


Sm. B 4 sin. <p 

cos. 

d — A 
£in. • 



= tan.?+-^ 

cotan. • ■ 

. . (20), 

Cos. <p — cos. 6 
Cos. <p 4 cos. 6 

« + If 

= tail. 

e — <b 

tan. — 2” • • • • 

• (21). 


There arc many similar comhinations of the Irigonomotiic ratios besides those 
above given. These arc of very frequent occurrence, and the student who has 
thoroughly mastered the above will bo at no loss in investigating other combinations 
that may occur in hia subsequent reading. 


27. The Sines j Cosines of ITuUiples of given Angles. 

Wc have already seen that 

Sin. (A + B) = sin. A, cos. B-|-sin. B, cos.' A. 

This being true of all values of A and B is true when A =- B, and when A B = 2A. 
Sin. 2A - 2 sin. A, cos. A. . . . (22). 

Similarly, since 

Cos. (A 4- B) — cos. A, cos. B — sin. A, sin. B. 

Cos. 2A = cos-A — sin.'A (23). 

Now, 1 = cos^A 4“ sin.^A. 

Add this equation to (23), and we obtain 

Cos. 2A = 2 cos-A — 1. 

And Cos. 2A = 1 — 2 sin.^A. 

Similarly, 

Tan. 2A = (24)- 

1 — tan.®A ' ' 


Similforly, 


Sin. 3A = sin. (2 A + A). 

rr: sin. 2A, cos. A + cos. 2A, sin. A. 

2 sin A, cos. A, cos, A -f- (Cos-A — gin," A) sin. A. 
4“ 3 sin. A, eo8~A — sin.®A. 
rz: 3 sin. A — 4 8in.^A (25). 


Cos. 3 A = 3 Cos. A + 4 cos^’A. 


AMBIGUITIES AllISING ¥&0K USE OF FORMULAS. 


311 


3 tan, A — tan'^A 


28. Determination of Sine^ of an Angle in terms of the SUc^ ^c., of thcSub-mul- 
ples of that Angle. 

From theso exprosaions we may derive ottpra expressing the sines, &c., of an angle 
in terms of the sines, &c. of the submultiplos of that angle. Thus, writiDg ^ for A, 
we have 

From (22) Sin. d = 2 sin. - cos. -. 

From (23) Cos. 0 =: cos-^ — *1^** 

= I — 

2 

= 2 008^ I — 1. 


From (24) Tan. 0 = 


And writing (p for -5 wo hare 

From (25) Sin. </> = 3 sin. ~ — 4 s'n ® ^ • 

From (26) Cos. — 3 cos. 3 + ^ cos^ 

n tan. I — taji3 1 
From (27) Tan. <p = . 


29. On the “ Ambiguities'* resulting ft'om the use of the above Formulas. 

These formulas enable us to solve the following question ; — Having given the sine . . . 
of an angle, we can find from it the sine .... of double that angle ; and conversely 
having given the sine .... of an angle, we can find the sine .... of half that angle, 
(a.) Thus, having given sin. A =:p, to find cos. 2 A, we have 
Cos. 2A = 1 — 2 sin.^A = 1 — 2p'- 
and so, having given sin. A = p to find ean. 2A. 

Since sin. A = p cos. A == “t/ 1 — p" sin. 2A = + 2p -t/ 1 — p'^ 

It will bo seen, from the above formulas, that for one given value (p) of sin. A, there 
is one value of cos. 2A, while there are two of sine 2A equal in magnitude, hut of dif- 
ferent signs. This is sometimes spoken of as an ambiguity. It will bo observed, how- 
ever, that the ambiguity in the determination of sin. 2 A arises necessarily from the 
data, since it appears hy considering the values of A which satisfy the equation 

Sin. A = p, 

that there will be one value of cosk 2A and two values of sin. 2A resulting £r6m the 
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data. Thus, if be one angle which satisfies the equation, then all the yalucs of A 
arc included in the two formulas 

A = 2»il80« + A^ 
and A = (2w 4- 1) ISO® -f- A» 
m being any integer whatever ; 

/, cos. 2 A = cos. (2m 360' + 2 A') = cos. 2A', 

or = cos. (2m -f* 1) 360® — 2A') = cos. 2A ' 

Under all circumstances, therefore, 

Cos. 2A = cos. 2A', 

and therefore has but one value. Whereas 

Sin. 2 A = sin. (2m 360' 2A') = sin. 2A'. 

or = sin. (2m -f- 1 360® — 2A') = — sin. 2A'. 
sine 2A has the two values sine 2A' and — 1 sine 2A'. 

If, however, wo know A, or even the limits between which A lies, as well as that 
sin. A = then all indeterminatencss vanishes from the expression for sin. 2A. 
Thus, if A is less than 90’, then 2A is ^180^ and sin® 2A must bo positive. And, 
again, if A 790’ 7133’, then 2A 7130® 7360®, and the sin. 2A is negative in tlie 
former case ; therefore, 

Sin. 2 A = V l—P’- 

In the latter, ' 

Sin. 2 A — V — ljs>'. 

(h.) Again, wc have 

Cos. 6 = 1 — 2 sin. « = 2 cos. r — 1. 

2 2 

sin. ^ 1 008 . 6 

Cos. I = V 
2 2 


Hence it appears that for a given value of cos. 0 there are two values of sin. ~ , and 

0 * 
likewise two values of equal in magnitude, but with different signs. I'liis h, 

as before, necessarily the case, if we only know the value of cos. 0. I’or if we have a 
given value p of cos. 0, so that 

Cos. 0 z=z Pf 

and if 0' is a value of 0 which satisfies this equation, then all the values of 0, which 
satisfy this equation, arc expressed by, 

0 == w 360® + 0'. 

.* sin. - =: sin. (m 180® + ^) 

2 *■ 2 


which 


= ■+• sin. ™ if m be even. 


or, Sf sin.’ if w be odd, 

2t 

B 

under any circumstances \ therefore there must he two values of sin. - equal in magni- 
tude, hut with different signs ; the same result as that wc obtained from the equations 

0 0 

for sin. ^ aJid cos. ^ 


I 

i 

I 



AMBIGUITIES ARISING FROM USE OF FORMULAS. 


313 


B B 

{c) Again, I have given sin. B to find sin. ^ 2 

Wo have— 

sin.- 2 + cos - 2 = ^ 

B B 

2 sin. - cos. 2 = sill- ® 

Adding these equations, wo obtain, 

sin-*^+ 2 sin. ^ cos. -f- cos." ^ = i “i" sin- ^ 

And, subtracting the second from the first, 

sin..2 ^ — 2 sin. cos. ^ cos.^ ^ ^ ® 

Extracting the square root of each of those equations, and ■wo liavo— 

sin. 2 + cos. - = y' 1 4- sin. B 

. B 

Bin. 2 — cos. ^ = y' 1 — sin. 0 

Adding— 

2 sin. - =- y' 1 gin^ q — y' 1 — gin. q 

and subtracting — 

Q s ' . 

2 eos. . = y/ 1 4_ gin. ^ — y 1 — gin. e 

sin. ~ 1 + sin. B -f-t/l — sin. 

0 , _ ^ 

and cos. 2 = ^ v/~i + sin. ^ — Y I — hin. b\ 

And since each square root has t\\ 0 sines, it follows that if wo have given merely the 

0 

. value of sin. 6, i.e. sin. B — p.vro huxc four diflerent values of sin. ^ 

^ i (V A -\-p>— V 1 

4 (— |/ 1 -f .??. + V/ 1 — jE>.) and L (— V 1 -f /J. — \/ 1 —.P*) 

Wo may prove, as before, that this amount of undeterminateness is involved in the 
data : for if 

sin. e = j?, 

and if 6' bo a value of B. which satisfies this equation, then all the values of B which 
satisfy the equation, are given by the formulas. 

B — 2m, 180'^ 4- B 
and 0 = (2 m. .4 1) 180“ — 0' 

where m is any whole number whatever. 

0 

sine 2 may bo either one of the two forms. 

gp 

Sin. (m. 180* 4- ^ ) or sin. (m. 180“ 4. 90 — or according as »i is odd or even, 
i.e. according a8wi8 2wor2w4 1- 
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One of the four — 


Sin. (2 n. 180“ + ) sin. (2 « -f 1 180“ -|- ) 

* 2 
^ ——————— 

Sin. (2 ft. 180“ -f 90 — or sin. (2^4-1 180“ -j- 90“ - 

And these are respectively equal to 

Q. fl' . O' O' , d' 
bin. — sin. cos. and cos. 

i. e. it may have one of the four different values — 


Sm. - am. cos. 


0' 

cos. 


If, however, we know the limits within which the value of 6 lies, this indetermi- 
nateness vaiiLhes. Thus, if 0 7 90-^^ 180'', then | 7 45^ 7 90% and therefore sin. 

2 * he 7 positive. Ilcnco, in this case, 

Sin. 2 ~ 2 { “^ ^ ^ ^ 4" 1 — fiin. 0 ) • 


For when 0 = 90 this gives sin. 


0 = 180 ■ 


_ 1 

~ 72- 


and between these limits the value of the formula continually increases. 
If, however, 0 7 270“ 7 3G0% we have 

Sin. 2^2 < ^ 4* 0 4 “ V' 1 — ehi. 0 ) • 


The student will do well to verify this for himself. 
The same kind of reason 
(d). Again the formula 


The same kind of reasoning applies to the formula for cos. - • 


2 ton. I 


Tan. 0 = 

1— tan^ f 

Zi 

enables us to determine tan. tan 0 is given. For we can easily put the 

equation into the form 

Tan3 J -h tan. 1 = 1. 

2 tan. 0 2 


.*. tan. 


1 


4- * ~ 1 4- tan- 0 = ^ y/ 1 4“ tan^ 0 

tan. 0 ~ tan. 0 ' 2 tan. 0 


It will be observed that for one value of tan. 0 wo have two values of tan. 1. 

The ambiguity is involved in the data in this case as in others. For if 

tan. 0 : 


p. 
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then 0' being one value of 0, all the values of 0 are included in the formula 
0 =: m. 180' f 0'. 

according as w is odd or even, i. e. according as w ia equal to 2n, or + 1, 

? = w 180> -\-J[ 

er 


That is, 


or I = n 180^ -f 90» -f 

Tan. ^ — tan. n ISC'* -f- 
2 ^2 


or, tan. (« 180^ -4“ 90® 4" ^ ) 

according as m is odd or even ; and therefore 

or, tan. - =: tan. — or tan. (OO® 4- ) 

2 2 2 


= tan. or • 


cotan. 


Two different values, as also appeared from the formula. 


30. On the Numerical Value of the Sines, Cosines, ^c., of the Angles 15’, 30'>, 45® 60®, 75®, 


We have already investigated the value of the trigonometrical ratios of 45®, 30® 
and GO.® By the aid of the above formulas we can investigate the values of many 
others. For example, of 15® and of 18’. 

Sin. 15® = sin. (15® — 30’) = sin. 45’ cos. 30’ — sin. 30^ cos. 45®. 

|/ 2 ■ '2 2- • v/ 2 

^ 1^2 ^ equals cos. 75®, since 75’ = 90® — 15”. 

Cos. 16° = cos. (45® — 30’) = cos. 45® cos. 30® + sin. 45® sin. 30® 


_L ^4-_L 

V 2 • 2 ^^2 


1 _ 1 / 34 - 1 

2* 2^2 


rrsin. 75® 


Hence — 

w 3 2 

Tan 15=* = — colcn. 75® 

t/3 4-1 *• 

Cotan. 15’ = . = coton. 75® 

\ 3 — 1 

Sec. 15’ = ^ ^ = coscc. 75® 

V/ 34-1 • 

Cosec. 15’» = 1^-— T~ — sec. 75® 

2^/2 ’ 

The student will observe that this investigation of the ratios of an angle of 15®, 
together with those previously investigated, gives tho ratios of the series of angles 
15®, SO”, 45®, 60’, 76®, 90®. 
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I 31. To invesitgaU ths Tri^onometriealltatios of an AngU of 18», 36', 64<', 72^. 

I Since 6r=90‘*-36'’, 

I if wc write $ for 18', we have 

36 = 90<» - 26, 

and therefore 

Cos. 36 = sin. 26. 

4 Cos^6 — 3 cos. 6 =z 2 sin. 6, cos. 6. 

4 Cos'6 — 3 = 2 sin. 6. 

/. 1 — 4 8in.^6= 2 sin. 6. 

4 Sin.^6 + 2 sin. 6 6= 1. 

'4 Sin.-6 + 2 sin. 6 + - 

4 4 

2Si„.9 = -I+^. 

Sin. 9=rd±yi. 

4 

This is a case of ambiguity similar to those above explained, and if we only had 
the equation 

4 Sin. *6 -4" 2 sin. 6 = 1, 

wc should have the two values of sin. 6 just given, viz., — - and 

But as wo not only have the equation, but also know that 6 = 18', tliis enables 
us to choose the only admissible value. 

Sin. 18. = - 14 :'^- -r 
4 


For the other value of sin. 6 being negative cannot be the sine of 18'. 
1 — 8in.n8^ = 

V 10 2 7*5 


Ilcncc, cosnS’ = 1 — Bm.n 8 ^ = 1 — — i- ® ^ 

o o 


■. CO.S. 18 ' = 

Hence, sin. 36’ = sin. 2X18’=^''^^ 2 7 5 + 10 

8 

and cos. 3G' = — 

4 

and sin. 36’ = cos. 54'’, and sin. 18' = cos. 72 . 

Ilcnco we evidently can obtain the trig, ratios of the angles 18’, 36’, 54’, 72\ 

I Agmn 

Sin. 3’ = (18’ — 16’.) 

= sin. 18’ cos. 15° — cos. 18° sin. 15°. 

-75 — 1 ^ 73 + l__ 7l0 '+“2~t7*5 7 3 — 1 
4 272 ' 4 272 " 

_ (7 15 - 1) (7 3 + 1) - (7 3 - 1 {^/W~Jr~ 2ir 5 
872 . 

Ilenoo we may clearly obtain numerical values for the trigonometrical ratios of the 
series of degrees, 3°, 6°, 9°, 12°, 15°, &c. 
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N.B.—Iti reading the preceding pages the student will have obsorved that in many 
instances, when a method of reasoning has been applied to one case, it has been merely 
indicated that the same method is applicable to a similar case. In all these instances 
ho will do well to write out at full length the reasoning in these similar cases. By this 
means ho will ensure a thorough comprehension of this part of the subject, and become* 
familiar witli the various combinations that trigonometric ratios can form. In regard 
to this very subject Dr. IVacock obsenTS : — “ It should be the first lesson of a student, 
in every branch of science, not to form his own estimate of the importance of ele- 
mentary views and propositions, which are very frequently repulsive or uninteresting, 
and such as cannot be thoroughly mastered and remembered without a gi'cat sacrifice 
of time and labour.” To assist in obtaining this familiarity he ma)' perform the* 
following excrcist's 

(1). I -f cos. 2 A = 2 sin. (00'^ - A) sin. (60’ -f A.) 

(Remember that cos. 120“ = — \.) 

(2.) 4 cos. m 6 cos. n 6 cos. r 6 =z cos. (m -|- « + ^■) d -1- cos. (;« w — r) 6 -{■ 

cos. {m — n r) B cos. {m — -f- 

(Remember that cos. (A B) -j- cos. (A — B) = 2 cos. A co.«i. B.) 

(3.) 4 sin. ‘^6 cos. 6 — cos. 6 cos. 3 B. 

(4.) Tan. A + tan. B = 

^ ^ ^ cos. A cos. B 

(Remember that tan. A = 

sin. (A B) sin. (A — B) 

(6.) 'J an. *A - tan. -B = ^ ^ 

' ' cos. “A cos. 


(Remember that tan. -A — tan. -B (1 

If then 

n sin. a tos. (a — x) 

Tan ~ ” cotan. — m cotan. a 


(tan. A -f tan. B) (tan. A — tan. B.) 


n w. 

(7.) If 0 -j- <^) 4” vf' = 90“ show that 

(а) Tan. <p tan. rj/ tan. xj/ tan. 0 -f tan. 0 tan. 0=1. 

(б) Tan. 0 tan. <f> -f tan. 0 = tan. 0 tan. <p tan. ip sec. 6 see. 0 s^cc. ip 

(Remember that sin. (0 ^ ip) 1 . 

and cos. (0 -f- 0 + '!') - 

. . m tan. (a — x) n tan. x 

' ' cos -a; cos'^ (a — x) 

Then, = 

Sin. 2x m 

and tan. (a — 2u) =z - - : tan. a. 

' ' n -j- m 

(9.) If tan. A 4* 3 cos. A = 4, show that A has two serios of values, one of which 

is 45“, 225^ 405", 586", y . . . (t. c. tan. A = 1). 

(10.) If cos. «A 4“ cos. (n — 2) A = cos. A, show that A must have the values 
30“ 330" 390“ 690“ 

n — 1 ’ft — 1 * n — 1 ’ft — 1 'ft — 

(11.) If sin. (ic 4- a) + cos. 4" «) = (a? — a) + cos. (x — a), then x luu^t 

bo 46“, 226“, 405'’ 

(12.) If sin. A 4“ sill- ^0 — A) 4* sin. (20 4- A) = sin. (0 4“ A) 4- sin. (20 ~ A). 
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(13.) If 2 sin. (e — f) =: 1, and sin. (d*— <f>) = cos. (0 + ^), then we shall have 
« = 45^, =: 15". 

(14.) If Tan. 0 == tan. ~ and cos. 

Then i .c os.^ 0 — sin.^ 

^ cos.l 0 *4" *hi. ^ 

(15.) If sin.^ 2 5 — sin.^ =: 

Show ihat sin. 5 = + and show that the values of 0 arc given by tho series. 


18o 

162" 

378" 

628 

540 

126" 

416" 

486 

198o 

342" 

558" 

702’ 

234" 

306" 

594" 

666' 


(16.) Show that tho series of angles in No. 9 can bo expressed by tho formula, 
w. 180®+ 45". 

In No. 10, by the formula, - ‘ 

»/ — 1 

In No. 11, by the formula, m. 180' + 45.> 

In No. 15, by the formulas, m. ISI’ + 18'. 

«?. 180+54'. 

31. On Inverse Trigonometrical Ratios JExplanatorg. 

The following notation, which is part of a general system of notation originally 
proposed by Sir J. Hcrschel, is very generally adopted, and is very convenient . — 

If tan. 0 = p. 

Ihcn 0 — tan. p. 

i.c. tan. — ^ p. means tho angle whoso tangent is p. In like manner sin. p moans 
the angle whose sine isyj, and cos. p tho angb whose cosine is p, 

Tho system of notation originally proposed "was tho following : — If sin. 0 zzzp and 0' 
an angle, the arc subtending which, divided by radius, is equal to p; then, sin. B is 
th^ sin. of p^ and thoroforo sin. 6, =: sin. (.sin. 0), and Sir J. Ilerschol proposed to 
w'ritc 

Sin. (sin. 0) = sin. *6), 

reserving the notation (sin. A)^ for tho squares of the sin. of 0. Upon this principle, 
Sin. ( sin. ( sin. ( . . . , sin. 6 ) ) ) =: sin” 6, 

and evidently 

Sin" (sin"* 0) = sin"^”' 6 

or the notation follows the law of indices, and tho interpretation that Bin“^p must 
obtain, is that it is the angle whose sine is p. 

In like manner 

log ( log ( log. a) is written log’a 
and log~^ ff, signifies tho number whose logarithm is a. 

Of this system the only part that has obtained any extensive currency is that given 
above in the case of the inverse trigonometric ratios. 

32. Formulas connecting inverse Trigonometric ratios. 

There are some formulas in which these inverse ratios occur that are worthy of 
notice. 
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(a.) Tan^^m + ^ . 

^ ' 1 — mn 


For if tan. Q=.m and tan. <pz=.n 

^ , . tan. 6 -4“ tan. A m n 

tan. {0 + <p) = ^ = i~„. 

Now 0 = tan — ^ ^ = tan^^n. 

e ^ <f) = tan. - 1 wa + tan. “ ^ 

But 6 (b = tan ■“ ^ ^ 

' ^ l — mn 

^ 1 1 . 1 W 4“ 

.*. tan ~^m X tan ~ ^ = tan — ‘ . ■ 

1— wi;i 


Ilonce, 


and 


2 tan. ~ 1 m = tan. • 


i 2 m 

1 -ln\ 


(28). 


Tan. - 1 #» — tan. ~ = tan. ~ — ~ 

Again, 

Sin. ~ 1 1 » 4 “ “ ^ « = ain. “ M 1 — «- + « ;/ 1 — m^} . 

For let sin. m = 0, sin. —^n = </>. 

>n = sin. 0 « = sin. 

|/ 1 — W“ = cos. e |/ 1 — «- = cos. </). 

Now sin. <p) = sin. 6 cos. <p -j- ^ sin. ^ 

= V' 1 — 4- « V 1 — fn^ 

= sin. — 1 { «? 1 — 1 — w* I 

Or, 

^ Sin. -ijn + sin. -i« = 8ia. { m^/ 1 w v" 1 — W- 

Similar Ij", 

Cos. “ ^ w — cos. “ rr cos. _ i [ mn ■— \/ \ — w- y' 1 — «- j . 

Cos. “*1 ?» 4- sin. = sin. —i mn I — nr I —‘m'^ . 


Show that 


33. Examples. 


Tan. - I I -I- tan. -J 4 = 45" 
JL 

For tan. - ^ ^ -4" tan, 


L L 

1 - = tan.-’-^? — 

3 , 1 . I 


1 - 


2 3 


3 4-2 

= tan. _ 1 % = tan. _i 1. zr 45* 

o — 1 

It is to be observed that when wo say tan. _ i = 45° we mean that this is one 
value. All the values of tan. - 1 1. arc, of course, given by the formula wlSO* 55\ 
Show that 

(1) . Sin. “•* tan. - ^ = 45.° 

V 5 3 

m 

(2) . Sin. m = tan. -1 -jz — ^~T~ 

' ^ V 1 — «»* 

■|/ 1 — »n2 4“ 

(3.) Cos. -1 m + tan. - ' « = tan. -> 
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{*■) 

4 tan. 

-I 1 

5 

— tan. 

_i 120 

119 * 


(5.) 

4 tan. 

-1 1 

— tan. 

-1 1 _ 

4.5" 


5 


239 


(6.) 

tan. ~ 

* hi 4“ 

tan. - ^ 

n =z. sin. ~ 

1 f + « ) 





V (1 + (1 + «*) ’ 

(7). 

Tf0 = 

tan ~ 

1 1 
t/ 3 

<p = tan~ 

1 then sin. (0 -|- </>) = sin. 60 cos. 3(r 

15 


ON THE USE OF SUBSIDIARY ANGLES. 

34. Explanator)/. 

In makinf' Irigonomotrical calculations it is nearly always noccssaiy to contlact 
them by means of logarithms. For the purpose of preparing a formula for logarithmic 
calculation, it is often necessary or convenient to express the sum or difference of 
two or more magnitudes by moans of a product : this can generally be performed by 
introducing the sine, tangent, or some other ratio of an angle chosen for that purpose, 
which is called a subsidiary angle. One or two examidcs will explain the means 
employed for this purpose. 

35. Examples. 

(ff) Thus, let X* =: a- -b 5- to find x 

we have x-'=zar (I -|- ? ') 
a- 

Assume - rz tan. 6 
a 

u • (1 tan.* 0) ~ ^ 

^ ‘ ^ cos.“ d. 

, ^ a 

cos. $. 

that if u and 1/ are any tw’o numbers whatever, we arc entitled to assume that 
^ = tan. 0, since tan. $ may have any value whatever from 0. to tx, whether the value 

be positive or negative. But if we assume-^ = sin wc must be sure that a /_ h, for 

fl 

otherwise qt sin. 0 7 1) which is impossible. 

(5) The follow ing case is one that frequently occurs — 
x-=La sin. A. -f- ^ cos. A. 

Assume ~ ~ tan. 9 

then x-=r.a (sin. -A* ~ 

= a (sin. A tan. 9 cos. A) 

_ sin. A cos, 9 4- 8m. eos. A 
” cos. 9 


COB. 9 
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(f) Agaio, if we have 


Assume — = tan. $ 
a 


Q? 

1 — tan. “ 6 

1 + tan.2 0 

cos. ^8 — sin. 2 6 

cos. 2 -|- sin. “ 0 

= cos. * 6 — sin. 2 d = cos. 2 0. 

N.B. — It will frequently happen in calculations that we have previously used certain 
logarithms, and when this is the case the calculation is very materially shortened. 
Thus, in the above example, suppose wo already know log. a and log. h. Then 
L. tan 0 = log. b — log. a -f- 10. 

which immediately enables us to find L. coe. 2 0 ; and therefore .r, by only using the 
tables twice. 

(d) Sin. A r= cos. B cos. C, cos. a -f sin. B sin. C. 

. cos. C cos. o 

Assume = tan. (p 


sin. A = 


sin. C. sin. {<f> -f* B.) 


^ = 1 -^} where 


p. Bin.- — • 

1 _ V'T^c3 

If;r=^ 7:^..:= c<l. 

1 + a/ 1 

Assume e = sin. 0, Then 
X = tan.^ "I* 


(y) Such an example as the following frequently occurs in Astronomy : 

If a* = m cos. 0 + n cos. (6 + o). Express x in the form A, cos. (d + B). 
X m cos. 0 + n cos. a cos. 0 — n sin. a sin. 0 
= + » cos. a) cos. 0 — n sin, o sin. 0 


— (m + n cos. 4 


' cos. 00 s. 


(p sin. 0^ 
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m ■¥ n cos. a 
cos. p 

where tan. <f> = 


cos. (e + 4 ), 

n sin, a 
m + n cos. o 


It will be observed that the expression for tan. (p, is not expressed in products and 
quotients only ; to effect this we must introduce pother angle, <f>'» Thus : — 

, » 

Assume tan ^ ~ — cos. a 
m 

Then m + n cos. « = m (1 + tan. <f>') 

m (cos. 4 * ^0 

“* cos. 4 * 

m (sin. <p' cos. 45° + cos. 4 ' sin. 45°) 
cos. 4 ^ 

cos. 4 ' 

fi sin. a cos. 4' 


/, tasL 4 = 

and X = 
Then a; is in the form required. 


m sin. ( 4 / + 45°) a/ 2 
w ain. ( 0 ^ 4 - 45 °) cos. (6 -f- 4 ) 
n. sin, a cos. 4 cos. 4' 


THE RELATION BETWEEN THE SIDES AND ANGLES OP TRIANGLES. 

In the following articles, abc represent the sides of a triangle, and ABC the angles 
which they subtend. 

(36.) To show that in every triangle ~ 

' 5 am. B 

Let ABC be the triangle, from C draw CN perpen- 
dicular to AB. Then whether A be acute or 
obtuse, 

c.- A CN , . „ CN 
bm.A = — .andBin.B = _. 



CN CB CB 


AC' 


CN* 

(30) 


CA* 


• _ CN , CN 

* ' Sin B *“ AC CB ^ 

, Sin. A a 

* • SmTl ““ h ' 

Sin. B h 

bunilarly 

N.B. These relations manifeetly can be written in the form 
Sin. A _ Sin. B ^ Sin. C 



(87.) To prove the formuUu 
a* =: 52 4- c® — 2 ho, COB, A. 





( PEDUCEI> AKD BBKITEl) FO&MULAS. 


If A be au acute angle. Let ABC be the triangle^ draw CK perpendicular to the 
base of the triangle AB. Then (Euclid ii 12) ; 

BC2 = ACP 4- -^3 2 — 2 BA. AN. 

Now, AN = AC. cos. CAB = b cos. A. 

*/ 0 ? 6* + — 26c. cos. A. 

Again, if A be an obtuse angle. Then drawing CN perpendicular to AB produced, 
we have by Euclid, ii 13, 

BC2 = AB* + ACT* + 2 BA. AN 
and AN = CA cos. CAN = 6 cos. (180"~A) 

=3 — 6 cos. A. 

*.* =3 6* 4- — 2 a6 cofl. A. 

Hence whether A be acute or obtuse 


^ — 26c cos. A. 

Similarly 


(32). 


62 = c* -j- a 2 — 2ca. cos. B. 
c2 = a2 4 62 — 2a6. cos, C. 

(38.) To deduce the formulas of Articles 87 from those of 36. 

These formulas can be immediately deduced from the formula — 

sin. A sin. B sin. C 

a b c 

without reference to Euclid's demonstration. Thus, since the three angles of a 
triangle are together equal to two right angles, we hare 
A 4- B 4 C = 180°. 

/, sin. (A 4 B) = sn. (180° — C) r= shi. C. 
sin. A cos, B -f sin. B cos. A = sin. C. 

sin. A B * i ® t> . ^ * i 

• — ; — rr COS. B 4 A = 1: ov — cos. B 4 — cos. A = 1. 

• sm. C sin. C o c 

a cos. B + 6 cos. A = C. 
a2 COS.2 B 4 62 co8,2 C 4 2 a 6 cos. A cos. B = c*. 

„ a sin. A 
Now -r- = -v — 

6 Bin. B 

.*. a sin. B — 6 sin A = 0 
o2 sin.* B 4 sin** -A. — 2 a 6 sin. A sin. B = 0 
adding these two equations together, and remembering that sin.* A + cos.* A = 1, 
we have 

o2 + 62 -f- 2 a6 (cos. A cos. B — sin. A sin. B) = c2 
But cos. A cos. B — sin. A sin. B =: cos (A + B). 

Now, cos. (A + B) = cos. (180° — C) = — cos. C. 

a2 + 6* — 2 a6 cos. C =z c2* 

The other formulas can be derived in the same manner. 


(a) Again, since 


(89) Certain Derived Formtdas. 
o2=:6*‘4c* — 26cooa.A- 
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. 6^ 4* — O" 

,.coa.A= ^ 

1 + coa.A= 1+ 

26(7 

63 ^ c’ _ a* 

. — cos. A = 1 — — A — ; 

26c 

+ CO0.A= 

a® — 6* 4- 26c — c® 
_oos.A= 

2cos.= :^= + 

2 26c. 

, . o A — (6 — c)2 

2 sm - — = 1- 

2 26c. 

« A (6 + c + a) (6 •+ c ~ 

cos,' 

. „ A (a — 6 4- c) (a + 6 * 

sm.' ~ = n 

2 46c. 

2« = a + 6 + c 


1 4- cos. A = I 4- 


And 1 — cos. A = 


1 + cos. A = 


1 — cos. A = 

. o " -A- 
, . 2 cos.' — =z 
2 

= 
« A 

.. cos,- - = 


Now suppose 2a = a + 6 + c 

• 2 (a — a) = 6 + c — a 

2 (a — 6) r= a — 6 + c 

2 (a — c) == a + h — c. 


(a— -6) (a — c) 


Now, sin. A ; 


. A A 
Bin. — cos. 


••• = 


a. (a — a) (a — 6) (a — c). 


In regard to these formulas it will be observed that the angle and tho denomi- 
nators are always the three letters, i. e. if the angle is A the denominator is 6c ; if B, 
the denominator is ca, and so on. Again, in (33) it will be seen that the sides in tlio 
numerator correspond to the angle, and in (34) the sides in the numerator correspond 
to those in the denominator. Hence we can always adapt those formulas to any 
angle, thus : — 

sia. B = -. A /'»• (»-«) (»— i) («— «} 

OC 

/Tl^c) 

2 V — ST 

(6) The following relations are important : — 

p,. a sin. A 

Since T- = s. 

6 sin. B 

• ^ ^ sin. A 4- sia. B 

6 sin. B 
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a — 6 

sin. A — sin. B 

6 “ 

sin. B 

a — 6 

sin. A — sin. B 

a + b 

sin. A + sin. B 

n . A 

- B A + B 

2 sin. — 

— <2 


A-B. A + B 
2 cos. — — sm. — ^ 

^ A-B ^ A+B 
= tan. — ~ — cotan. — ^ — ' 


A + B = 180° - C. 

, A + B /^/s/vo ^ \ 

cotan. — ^ — = cotan./ 90 — ^ ) 

A~ B, C a - 5 


~ B C a - b 


(40.) To ohtahi Formula (32) in af&i'm adapted for Logarithmic calculation. 

The above foimulas, expressing the relation between the sides and angles of i 
triangle, are in a foiTC adapted for logarithmic computation, except 
c* = a 2 + 62 — 2a6 cos. C. 

This can easily be written in such a form, by introducing a subsidiary angle. Thus, 
= a* + 62 — 2a6 cos. C. 

= a2 + 62 + 2a6 — 2a6 — 2a6 cos. C. 

= a2 + 62 -I- 2a6 — 2a6 (1 +- cos. C) 

Q 

= (a + 6)2 — 4a6 cos.^ - 




Now a + 6 > V 2a6. 

We nmy therefore assume 

2 ^ah. cos. — 
A 


4 ah cos.- ~ 
(a + 6)^ 

2 a/ al). COB. . 


I ^ 1. 


/, c* = (a + 6) * (1 — COB. *0) = (a + 6)2 sin. *6 
c = (a + 6) sin. 6 , (37) 

Or we may proceed as follows, 

C C 

Since 1 = cos.* ~ + sin.*— 

2 2 

And cos, C = cos.* <2 sin.*-!^ 

2 2 

/. = (a* + 6*) ^cofl.*^+ fiin.*~^ — 2 a6 ^cos.*-^ — sin.*«^^ 
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= (a2 + 2 a& + 68) + (a® — 2 a6 + 6’) cos.*~. 

A 2 

=- (a + 6)8sin.2~ + (a — 6)« coe.^— , 

2 2 




^Vootan-s-i 

a + 67 wwui. 2 


Assume tan. 0 = ■ 


.*. = (a + Vf sin.* (1 + tan* 6) 

(a + 6) sin. 


" " '^6 (381.) 

Also the calculation of tan. ootan. can be simplified, if wc 

2 a + 6 2 r f 

have already log. a and log, 6 ; by introducing a subsidiary angle. Thus, 

6 


0 + 6 + * 


a — 6 1 — tan. 0 t an. 45° — tan. B 

‘ ■ a -f 6 1 + tan.ll 1 + tan. 46*^ tan. d 

for tan. 45® = !• 

/ ~ tan. (46° — 0) 

a + 6 

and tan. = tan. (4.5® — 0) cotan. • (39) 

2 2 

There are several Theorems which can be deduced by means of the relations 
proved above. The following are a few. 

(41.) Tojind tfie area of a tria/ngle in terms of its sides. 

In figure (Ifi) we evidently haTe 

Area triangle =: J . CN. AB. 

Now CN. = AC sin. A = 6 sin. A. 

6c , , 

/. area =~ sin. A 

^ ^ '^s. {8 — a) (« ' — 6) (« — c) • • • 

2 be 


— (« ~ o) (« -^ 6) (« — c) 

» 

N3. — If a = 6 = c. or triangle equilateral, then s = - 


H a =~ 6. (»• triangle isosceles 
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+ - S — a-=S~5 = | 
S — - a — 


(42.) To find the radius of Inscribed Circle on iej'ms of sides. 


ABC the triangle. 

0 the centre of inscribed cirole 
Join OA, OB, OC. 

Now area ABC = area BOC + area COA 
+ area AOB. 

Let r — required radius. 


Then, area BOC 


area AOB = 



a + & + c = area. 

• ’’ 2 

r — Vs {s — a) (s - 1} {s — ~ c). 


The circles which touch one side of a F*? 18* 

triangle, and the two other sides produced, 

arc sometimes called the smerihed circles. Let be the radii of those circles 

which touch the sides ah c respectively. 

Then if 0, be the centre of the circle which touches the side BC, join 0,A, O^B, 
OjC. We clearly have 

- Area BOj, C + area CO^, A + area AO,, 0=^ Area ABC. 
r.a r,h r^c 
- -g- + = area. 


r, (« — a) «= ^ s. (t — a) (t — h) (t — c) 


Similarly 


8. Ls — a) (« — b)\s-^ c) 
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(43.) To find the Area of ike Oircumcribed Circle. 



ABC the triangle. Circumscribe a circle 
about it, the centre of which is 0. Join BO and 
produce it to meet the circumference in D. Join 
DC. Then (Euclid ni.-~21) BDC = BAC, 
and BCD is a right an^o. (Euclid III. — 31*) 
Now BD sin. BDC = BC. 

If R = radius of circumscribed circle, 

2 R sin. A = a. 


. -5-^7 


-a) (a — h) {8—c) = a 


/v/ a. (a — ayja — 'b) (a — c) 


(44.) To find the Area of a quadrilateral inscribed in a Circle in tei'ms of the sides. 

ABCD a quadrilateral inscriptible in a circle, lot the four 
bides AB, BC, CD, DA, be respectively abed, J oiu AC. 

Now, if ABC = e ADC = 180** — Q (EucHd III.— 22.) \ 

Hence, AC- = -f- 62 — 2a6 cos. 6 \ 

and AC2 = <^ + d- — 2cd cos. (180® — 6) \ 

a2 + 6‘ — 2a6 cos. 0 = c* + (i* + 2cd cos. 0 \ 

cos. 0 = a2 + 62 — — d2 ^ N,. \ 

2ab^ + 2cd n . \ 


Now, 2 cos. 1 -i" cos. 

si 


2 cos. ^ 

(a ^ c £)2 

2a6 + 2cd 
2. (a — d) (s — c) 

06 + cd 
S’milarly, 

20 

2 sin. ^ = 


a" + 62 — c2 — d* 

2a6 + 2cd 

_(o + 6 + c — d) (o -f 6 — c 
2ab + 2cd 

if 2a — o + 6 + c + d. 


a2-j-62 — c® — cP 
2a6 -f 2cd 

9. (t, _ R) (5 _ g) 

a6 + cd 

- a) (s — 6) (a — c) (a — d) 

+ cd)* 


But urea < f triangle ADC 

= sin. ADC sin. (ISO"— «) 

2 2 

dc . 


A*R BC 

Aica of triangle ABC = — ^ — sin. BC. 
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aZ> . 

^ / y y \ 

/. The whole area ^ — {ao + ^c), 

fieuce area of quadrilateral 


a/(s — a) (s — b) (« — c) (« — dj, 

(45.) To ;find the area of a polygon of n sides inscribed in a given circle. 

If AB is one side of the polygon, 0 the centre of the circle, 
let r be the radius, and n the number of sides. Then area ^ 

of polygon n x (area triangle OAB). 

Now angle AOB = 

n 

Draw Op perpendicular to AB, 

Then A Op = ^ AOB AOp = 

AB X Op 


Then area of triangle = - 


2 


Ap = r sm. - — . Op 
* n 

•, Area ti'iangle = sin. 


180 *'^ 

n 

= Ap X Op. 

180" 

= r cos. . 

n 

180 ^ 


180° 


' cos. 



. o . 360 ° 

* 


Then 2 ~ ^ 


If a is one side of the polygon, 
a .180° 

= r B in . * 

n 
a 

2 sm. — 
n 

area of triangle - - 


180* 


180° 


4 sin.2 


180 ‘ 


Hence area of polygon 
And area of polygon 


= -j- cotan. 

4 

n 


180" 


860° 


when radius is given, 

na2 180° , . 

-r- cotan. when aide is given. 

4 » 


The area of circumscribed polygon can in like manner be proved to equal 

180° 
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ON TRIGONOMETRICAL SERIES AND TABLES. 


(46) General Explanations. 


The preceding pages give the theory of plane trigonometry. To complete this 
branch of mathematical science it remains to explain the mode of deducing numeri- 
cal results from the above theory, and to perform the actual calculations of the parts of 
triangles from which the science derives its name. We have already seen that the 
trigonometrical ratios of certain angles are known; for example, we know that 


sin. 45° = 




ain. C0° = 

2 


and some others, and knowmg these values we 


can determine log. sin. 45", log. sin. 60°, and so on. Now instead of knowing only 
the trigonometrical functions of certain angles, wo want to know the trigonometrical 
functions of every angle from 0° up to 90°. And as the calculations are for the 
most part carried on by means of logarithms, we require to know also the 
logarithms of these functions. These values have been calculated and arranged in 
ttihles in a similar manner to the tables of logarithms as before explained; we 
purpose in the following pages to explain the principles on which this calculation 
has been effected. 

In our article on series and logarithms, we found it necessaiy to investigate 
certain algebraical series before proceeding to discuss the nature of logarithms ; in 
like manner we shall find it now necessary to investigate certain trigonometrical 
series before explaining the construction of trigonometrical tables. In the follow- 
ing article on trigonometrical series we shall always keep this object strictly in 
view, a circumstance that will account for the absence of certain series that are 
often given in treatises of trigonometry. There is a very large number of such 
series; wo treat the series here simply as the means of arriving at the numerical 
results^ and on this principle make the following selection from that large number. 
The student will do well to observe, in studying any branch of mathematics, in 
which algebraical formulas occur, that unless he understands the method of obtain- 
ing arithmetical results from his formulas, he has not as yet mastered the subject. 

The first article is an example of a limiting value. We would recommend the 
student to consider it very carefully. The proposition to be proved is that the 
sin. B 

limiting value of — ~ = 1, where, 'of course B is in circular measure. Tlio 

w 


following will sufficiently explain the meaning of the statement. When B becomes 

very small, — becomes very nearly equal to 1, anffthe smaller ^ becomes the 
9 


more nearly becomes equal to 1 ; but so long as B has any value, however 


small, can never actually equal 1, Then the value which limits the value of 
9 

is 1, while the value which limits the values of B is 0, and we assume that if B 
9 


actually equals 0, 


sin. B 
B 


actually equals 


1 . 


The assumption is in point of fact an 
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axiom. We cannot, however, discnas thA questions here that this statement gives 
rise to. There are several methods by wiach the proposition can be proved. The 
following is a modification of Newton's sixth Lemma. 

(47.) To thow that when $ 0 we muet have 


Let APjP be the arc of a circle, the centre 
of which is 0. AT a tangent, AP a chord. 
Produce AP to p, and ATto t, drawPT and 
pt parallel to AO, draw po parallel to PO. 
Then angle Apo = APO — PAO. Since 
AO = PO, and therefore Ao = op, with 
centre o and radius op describe a circular 
arc, Ap. Then the angle AOP being equal 
to Aop, we have — 

arc AP _ arc Ap 
AO Ao ’ 

since each measures the equal angles. 

Again, draw PN and pn parallel to At. 


AT PN . . 

AO = PO 

At pn . , 

— = = sin. Aop, 

Ao po ^ 

A T _ At 

A O Ao 

arc. A P _ arc. Ap 
__ 


(a) 



Now, suppose P to move along the ore to P^, and suppose pt to remain fixed, 
produce the chord AP^, to meet pt in p, make the chord APj to meet pt in pi, moke 
the angle AP^O = Ap,o. Then as before — 

arc A Pj arc Apj 

TtT""^ “"At 

so that in all cases the equation (<x) holds good. Now when P moves up to A, p 
moves up to t, and when P coincides with A, p coincides with t, and then p and 
t coinciding, the changing arc Ap coincides with At, and therefore in the extreme or 
limiting case 

arc Ap _ , 

At “ 

and hence on the limiting case, when AP vanishes, 
arc A P n 
AT “■ 


Now let AOP = Of where 6 is in oiroular measure, then — 
arc AP 

a.d 

AO 


PO 


= sin. 6L 
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arc AP 

arc AP 

w __ = .^ 

PO 

Hence, in the limit when ff equals zero, 


Cor. Under all circumstances — 

tan. B sin. B 1 


Now when 6 = 0 — ^ ; 

B cos. ( 

Hence, in the limiting case, when 6 = 0 , 
tan. 6 ^ 


6 cos. 6 
1 


Q.E.D. 


( 48 ). I>e Moivre*s Theorem. 

{a) To prove that (cos. B + V — 1 sin. 6) x (coa. </> + — 1 sin. <^) ~ 

cos. (6 + «^) + V — 11 sin. (0 + <^>). 

For by actual multiplication — 

(cos. 6 + V — 1 sin. 6) (cos. <p + — 1 sin. tp) — 

coa. 6 cos. <^) + V — 1 sin. 6 cos. <p + 1 cos. 6 sin, (p — sin. 6 sin. <p 

= cos. 6 cos. <p — sin. 6 sin. <p -r ^ — 1 { sin. 6 cos. (p + cos. 6 sin. <J> j" 

— cos. (6 + <^) + a/ — i sin. (6 + 

Hence — 

(cos. 6 + a/ — 1 sin. 6) (cos. ^ + a^ — 1 sin. <p) (cos. — 1 sin. ip) = 

■[ COB. (B + <p) + a/ ~ 1 sin. (6 + <#>) ]" (cos. \p + — 1 sin. ip) -= 

cos. (6 + «^ + vf') + a/ ^ 1 sin. (B + <p + ip). 

And generally if we had n angles 6i . . 63 . . . 6 «, we should have— 

*[€08.61 + a^UHl sin. 6j } *[008.63 + a^ — lain. 63 }'••‘[cos.6a + a/— l8in.6„ } 

= cos. (61 + 62 + Bn) + a/ — 1 sin. (61 + 62 + . . . + 6n ) ( 40 ). 

(6) To show that (cos. 6+ a/ — 1 sin. 6)" = cos. « 6 + a/ — 1 sin. n 6 for all 
integral and positive values of n. 

In equation ( 40 ), suppose 61 63 ... 6* to be each equal to one another and to 6. 
Then— 61 + 62 + ... + 6„ = » 6. 

And— 

(cos. 61 + a/ — 1 sin. 61 ) (cos. 63 + a/ — 1 sin. 63) ... , (cos. 6» + a/ — 1 sin. 6 «) 
= (cos. 6 + V^ — ^ sin. 6) (cos. 6 + A^ — 1 sin, 6) , . . . (cos. 6 + a/ — 1 sin. 6) 

= (cos. 6 + V — 1 sin 6)» . 

And cos. (61 + 63 + . . . + Bn) + A — 1 sin. (61 + 63 + , . + 6») 
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= cos. w ^ + sin. n 6. 

Hence (cos. d + V — 1 ein. S)" = oos. n$ + V^— 1 sin. n 6. 

(c.) To prove the same theorem when « is a negative whole number. 

For by multiplication, (cos. n6 + V^ — l sin. n 0), (cos. nO — V — 1 sin. n 6) 
== C0S.2 n 6 + sin.2 « $ = 1. 

(cos. 6 + V — 1 sin. 0) " 

now 1 = ; — 

(cos 0 + V — 1 sin. 0) » 

= (cos. 0 + — 1 sin. 0), » (cos. 0 + V — 1 sin. 0) - » 

= (cos. n 0 + V — 1 sin. n 0), (cos. 0 + V' — 1 sin. 0) ~ « 

.*. (C 08 .W 0+ 1 sin. n 0), (cos. 0 + V — 1 sin. 0) — » = 

(cos. n 6 + a/ — 1 sin. n 0), (cos. n d — V — 1 sin. n 0) ; 

.*. (cos. 6 + V — 1 sin. 0)“’'‘ = cos»0 — V — 1 sin. n 0) 

= cos. ( — n 9) + — 1 sin. ( — n 0). 

Since cos. ( — n 6) = cos. n 0 

sin. ( — n9) — — sin. n. 0. 

Hence the theorem is true when n is negative. 

(d.) To prove the same theorem when n is fractional. 


T ^ ^ 

Let n = - 


( p B f P ' 

cos. -^ + V — 1 sin. ~ 1 = cos. p 0 + // — 1 V 
= (cos. 0 + — 1 sin. 0) r. 

/. cos. a/Hi sin. = z^/ (cos. 0 + — 1 sin. 0 )p 

^ £_ 

= (cos. 0 + \/ — 1 sin. 0) V 


and hence, in all cases — 

(cos. 0 + a/ — 1 sin. 0) " = cos. to 0 + — 1 sin. to 0 ..... . (41.) 

Whether to be positive or negative, integral or fraction ; which theorem is called 
De Home’s theorem. 


(49.) To express sin. m 0 and cos. m 0 in term of powers of dn, 0 mid cos. 0, 

Since 

(cob. m 0 + V' — 1 sin. toi 0) == (co.s 9 + V — 1 sin. 0)* 
n. m — 1 


= cos. » 0 — ■ 


- cos. *‘-30 sin. 20 + 


TO. m — 1. m — 2. m — 3 


1-2 v-T- 1.2. 3. 4 

cos 0 sin'. *9 — &c. 

r m.m — Irro. — 2 i 

+ V — 1 4 fTO. coa.**-i 0 g^. 0 — — (jog, m- 3 0 gin. a 0 .j. — j. 

Hence equating possible and impossible quantities, 


cos. TOi 0 = cos."* 0- 


-- 1 


1.2 


cos. *“2 0 gin. 2 0 


ffl . m — 1 . m — 2, m — 3 

1 .2.8.4 


cos. sin. ^ 0 — &c. . . . (42.) 
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m . m — 1 . m — 2 


Sin. m ® cos. d sin. d — — - — . " 2 ' }$ ® sui* + • « • (^S)* 


(50.) 2b express sin. emd cos. <#>, in term of <l>. 


Lot m 6 •= ip, and 6 ■ 


rCoiice in the expression of the last article for cos, m B, we have 

/ m. {m — 1 )/ ^ 

cos. p =( cos. “ ) ^1 cos. — I Bin. ~ 

^ \ m/ 1.2 \ r>i/ 


• 1) (w — 2) (m — 8) 

1.2.8.4 


(“4) 


”■"* . < * 
Bin. ^ &c. 


UTi — (““• Ij-- 

(“""•mj - 1-2 0 L* 

\ m ! 

I.2.S.4 v »/ \ <> P 


This formula is true for eroiy value of nt, howevw: large m may be ; but if we suppose 

(j) 

m to become very large, then in the limiting or extreme case when m k infinity — 
is zero, and hence in this limiting case 

• We assume in this article that if a + & = A + 1 B. whore a. V. A. B. aro real Then 

a = A and B = b. To prove this, suppose A to be unequal to a and let A = a + ». and B == & + y. 

,% a + b v'— 1 *> a + K + (b + |f) V— 1 
o «= » + y ./—I 
— -x «= y V — 1 
X* t= — y» 

... X* + y* ss 0 , 

Now «- and y* must each be positive, 

X s d and y ss 0 
A == a. and B b 9. 
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AIbo 1 - 


1 — - «= 1 . &C. 

TO 


Also y 

And therefore 
cos. ^ — 1 


(““• m) 


+T&74 - 


By reasoning in precisely tho same way fi-om the formula for sin. m 6 we shall 
obtain 

sm. <f> <i> — I 2.3 1 . 2 . 8 . 4 . 6 “ 

Cor. If ^ be so small that we can omit <p^, we shall clearly have 


— &c (45.) 


sin, <p ==- <{) and cos. ^ — 1 — 


(51.) To obtain dn, 6. cos. 6. and tan. B in terms of Exponmtials. 


0^ 

&eoB.e=l-^ + _&c. ^ 

, — , — e^v—1 1 

./-i.»m.e = 9 v-i — 

i 0* 0» V — -1 

CO'. 0 + V — 1, sin. 0 = 1 + 0v — 1 — — ----- ' — + — ~ 


V — 1. sin. 0 = 1 — 0 a/ — 1 ■ 


02 

0» a/ — 1 

0^ 

05 \/_-l 

1.2“ 

“ 1.2.3 

1.2.3.4 

T'13.4.5 

02 

03 >/irT 

0^ 

05 aAITI 

^2 ' 

'■ 1.2.3 

1.2.8.4 

1.2.3.4.5 


(a/_1)2 = -1. 

(-/—I)* = (V—i'f V -»i = — V— 1. 

( v^)4 = =(-!) + (-1) = t_ 

coa. 9 + 'v/ — 1 sin. 9 = 1 + 0 V—1 + + • • • • 




eV — i. 


*/ — 1 sin. I 


1 . 2.3 

.... ( 46 .) 
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And C08. 0 — — 1 sin. 6 — ^ •••• 

by the exponential theorem (Art. on Series) 
di\iding the former by the latter 

cos. $ + V —T Bin, e __ ^ 6 ^~i ^ ^ ^ 

cos. 6 — V — 1 sin. $ 

^ ^ =: c ^ ^ 48.) 

1 _ V _ 1 tan. e 

Also adding (46) and (47) we obtain 

2 cos. e e ^ ^ +<. — 0 ^- 1 . .^ 49 ) 

and subtracting (47) from (46) we obtain 

2 y^ITsin. — c . . (^0) 


(52.) To obtain an cxprcMtonfor Q in terms of tan. 6 and its powers. 

Since from equation (48) 

2 e 's/~^ _i H- VHTtan. 0 

~r— V'~tan. 0 
Taking logarithms on both sides. 

2 0 ^/Z^l - log. (1 j. \/~l tan. 6 ) — log. (1 — v'" tan. 6 ) 

a/ — 1 tan, e ( a/ — 1 tan. 6)- ^ (V — 1 tan. oy. — &c. 

1 2 3 

/ — — 1 tan. B __ — 1 tan. B {y/ — 1 tan. By 1 

L - . __ _ . . I 

r a/ — 1 tan. B (a/— 1 tan. B) ‘ ( a/ — Itan. Bf \ 

== 2 j ^ + + . 


— 2 a/ — 1 I tan. I 


tan. ^6 tan. ^B 
5 


9 =- tan. 9 - *^±1. + 

3 5 

or if, B = tan. x. Then 


tan. X = X 


... (51 ) 


If or be positive, this value of tan. ' a; is, of course, that value which is less than 
•, Hence, if we wish to express all the values of tan. ^x in terms of x, wo ought to 


use the formula 


tan. X ~ m 




Where m is any positive or negative integer. 
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(53.) To calculate the Value of ir. i. e. ratio which the Arc of a Semicircle hears to 

its Radius, 

Let a be the arc to radius r subtending an angle of 45^". Then since the semicircle 
subtends an angle of 180®, ^ Hence ^ is the circular measure of an angle of 46°. 

taD.i = l 


Hence, from equation (61). 

and from this we might obtain the numerical value of tt. But it is much more 
expeditiously determined in the following manner, 

-11 -15 -15 

2 tan. 5 = tan. = tan. 


-11 -15 

4 tan. — = 2 tan. — = tan. 
0 XM 


119 

, , ^ -1 120 , 1 

/. tan. 1 -= tan. — — tan. ^ 

-11 -11 
■= 4 tan. - - tan. ^ 

IT -^1 1 

/. - = 4 tan. 5 - tan. ^ 3 - 

== 4 i i - I, i + 1 

I 6 3 6 » 6 6 ® J 

^ j - i._l ±.-&c.'l 

L 239 3 239® 6 239^ J 

The expression it will be observed consists of the difference between two series. 
Their values can be calculated separately, and the value of v, be found from 
thence in the following manner : 

„ . 1 1 1 ^ 1 1 _ 


= *{ ^ 

- { 

I 239 


i + i 1 

68 6 6 ® 


“ &c. j- 
— &c. ^ 


( 1 .) We obtain the value of -= — -r» pr t* 
' ' . 6 3 68 5 

to the 12 th place of decimals in the following manner. 


i 4 1. 1 - &0. 
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= -000000 612 

0 * 

i - = -000000 02048 
4-, •= -000000 000819 

gJJ 

= -000000 000082 
= -000000 000001. 

From these we can easily obtain, first, the negative, and then the positive ] 
the expression ; and subfa-acting we obtain the whole value required. 


= . 002666 

666666 

= • 000001 

828571 

= * 000000 

001801 

= . 000000 

000002 

. 002668 

497100 

= -2. 


= 000064 


= . 000000 

066888 

= . 000000 

000063. 

. 200064 
. 002|68 

056951 

497100 

- 197395 

659851 

4 


* 789582 289404 

Which is the value of decimals ^ ^ + &c* J- to 12 places. 

(2.) To calculate the value of | — y. * * ’ ' } 


= •004184 100418 
= -000000 073249 
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- 1 — = *000000 000001 
*i39' 

' _i_ = *004184 100418 

239 

1 _ *000000 024416 

T' 2392* .004184 076002 

Which is the value of/ ^ i — i— + — ito 12 plaoeB of decimals. 

1 239 3* 2393 J 

If we substract this from the result last found we shall obtain and multi- 
plying that difference by 4, we shall obtain the value of ir. required. ThuS; 

•789582 239404 
*004184 076002 
•785898 163402 
4 

3-141592 653608 

The calculation is carried to 12 places of decimals, but is not trustworthy beyond 
the first 10 . 

Hence (to 10 places of decimals) 

T = 3*1415926536 

If we had wanted to obtain the value of «* to a larger number of places of 
decimals, we should have had to carry the calculations throughout to a corre- 
spondingly greater extent. 

Thus, we can show that 

V = 3-U1592653589794 

We can very conveniently apply de Moivre’s formula to the solution of Binomial 
Equations, i.e., equations of the form 4- a = 0 

(54.) To explain what uoe mean hy the roots of a JHnoniial Equation. 

If we take the case x* + a = 0, and if a be 5*, then the equation becomes 
O’t + 6 ** = 0 , and if a; = 6 y. a;" = 6 » and then the equation becomes 

yn + 1 = 0 

where the 1 may be either positive or negative. It might seem at first sight that this 
has only one root, viz., unity, but to conclude so would on error, os a little con- 
sideration will make quite plain j for take the case 

a:* — 1 = 0 

Then x is either + 1 or — 1 ,* i.e., has two values. And if we take the case 

— 1 = 0 

Then because 

_ 1 =: (a: — 1 ) ( 0:3 4 . a; 1 ) 

we shall have 

{x — 1 ) (a? -f a? -+• = 0 

whence x will have values corresponding to 

X — 1 = 

0 ? -b « -I- 1 = 0 

From the former of them we find that a; s 
and from the second that 
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_ 1 ± a/ITJ 

..a; ^ 

And hence x has the three valuos. 


1 . ^±±.^1 and -^-^-3 

2 2 

\\hich are three roots of the binomial equation 

— \ = 0 

And hence we manifestly have that the roots of 

— a* = 0 
arc 

— 1 + a — 1 — 

a. 1 a and a. 

2 2 

In like manner 

+ 1 = 0 

has » different roots, which indeed follows from the general principle, that every 
equation of the degree has n different roots, real or imaginary. 


(55.) To find tJie roots of the Equation, a?* + 1 = 0. 

Since, cos. (2p + l)ir+V^ — 1 sin. 2p + l)7r = — 1 
whatever be the value of j). provided it be an integer. And since 
= — 1 

we must have 

= cos. (2;) + 1) TT + 1 sin. ( 22 ) + 1) ir. 

1 

a = (cos. 22 > + lir + V — 1 sin. 2 p + 1 tt)** 

2^ + 1 /'■' , 2 ® + 1 IT, 

or X = cos. w -h V — 1 sm. . JL. — 

n ffi 

2 p ■\ 1 2 p + 1 

Hence cos. — - — , w + v — 1 sin. * — - — ir. is a root of the binomial equation 

whatever integral value wo may give to p. 

We shall prove that there are n different values of this formula, con’esponding to 
the diffiarent values ofp, viz. : 0, 1, 2, 3. . . . w — 1, and that there are no more than 
n values. 

(a). Letp and q be two values, each < n ; and if possible let 

2 p + 1 . 2p + l 2 q + 1 , . 2 p + 1 

cos. — — . T + V — 1 Bin. — — . w = cos. — - — X + V — 1 sm. rr. 

Hence equating possible and impossible terms, 

2p+l 2^+1 

<508. — ;;;; — . x = cos. — x. 


2p + 1 

sm. — 


. 2 ^ + 1 

sm. — . TT. 

n 


Hence the angles must differ by some multiple of 2 m, say by h u 2 x. 
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2j> + l 2? + l 

' = '±2fcir. 

/, p — 5 = h.n. a multiple of n, 

and therefore either jp or q must be greater than n. Hence all the values of x which 
correspond to the values of ^ viz,, 0, 1, 2, 3, .... n — 1, are different from each 
other. 

(Z>) Again, if we give p a value r greater than ». then the corresponding value of x 
will be the same as one of those which is given by some value of p, that is less than 
71, as for instance q. 

For suppose p = hn + q. 
where Jfc is a whole number, and q is less than n. 

2^7 + 1 /— T • 2 p + 1 


2p + 1 / . 2 JO + 1 

Then, cos. — - — «■ + v — 1 sm. — «■ = 

' n n 

71 +2^ + 1 . 2Z;» + 2g + l 

cos. r TT + V — 1 sin. 1 


+ V' — lsin. ^2Z;7r + = 


27 + 1 / . 2 g + 1 

cos. — TT + V — 1 Bin. — ir. 

n n 

Honce by giving to jo. successively the values of 0.1.2.3 n — 1. in the formula 

2 p + 1 , . 2 p + 1 

X — cos. IT + V — 1 Bin. — - — TT. 

n n 

we obtain all the roots of the Equation 

X +1 = 0 . 

Thus. To find the roots of the Equation 

+ 1 = 0. 

the roots are given by the formula 

2p + 1 , . 2|0 + 1 

X = cos. ^ IT + V — 1 Bin. g IT. 

and are therefore respectively 


cos. ^+ a/ — 1 sin. cos. 30° + V — 11^. 30° = 


V3 + a/ — 1 
2 


cos. ^ + V — 1 sin. - 5 - •= cos. 90° + */ — 1 sin. 90° = V — L 

0 0 

Sir . 6 IT , . - — */ 3 + A^ — 1 

cos. + 'Z — 1 sin. cos. 150 + v — 1 sm. 160° = 2 

7 IT 7 IT , a/ 8~” A^ — 1 

cos. -^ + a/ •— 1 sin. cos. 210°+ V — 1 sin. 210° = 2 

9 w — — 9 IP — — — — 

cos. -y + a/ 1 sin. -y .= cos. 270°+ a/ — - 1 sin. 270° = —a/— 1 


cos. ^ + A^ — 1 sin. ^•= cos. 150°+ a^ — 1 sin. 160° : 
o o 


cos. + a/ — 1 sin. cos, 330° + a/ — 1 sin. 380° = 

Similarly if we have to find the roots of the Equation 

«•»— 1 = 0. 


A/IT-A/CTi 


Since cos, 2|) » + V — 1 sin. 2pv 1 
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WO shall have all the roots given the formala 

2 « T ^ ... ■. 

.V = cos. V — 1 ( 


2 p IT 


(56,) To resolve JiP* — 1 inio factors * 

If «o «i «s • . . • oai - 1 Are the roots of the Equation sP* — 1 ~ 0. Then 

— 1 = ( a: — (a; — ai) (ar — 09 ) (j: — 03 ,- 1 ). 

Now all the roots of the Equation are included in the expression 

2p w — „ p * * 

cos. — + V — 1 sm.2 ^ — 

2 n 2 n 

If then we suppose p < n. and Op be the corresponding root 

pir 


Now obsen^e that there will be another root 02 * -p. which will equal 

2 n — p IT 


2n^ 


' p IT 


+ V — 1 sin 


= COS.(2,r-^) + V:Zrr8in.(2,r-?^). 




Hence • 

P *■ / ; • P 

s, c ^ — 1 sm. — • 

n n 

where p < w, and so we have a pair of factors x — ap and x — which are 

equal to ( x — cos. ^ — V — I sin. — ^ ( x — cos. ^ •+ \/ — 1 sin. — ^ 

\ n ^ / \ ^ «/ 

. = — 2x cos. — + 1, by multiplication. 


Where p may take any value, 1*2 -8 

X — Oo — X — 1. 


• n — 1. It will be observed that 


a,_a: + l. - 1. 


and 


# / 

;C2« — 1 = 1) L 

^-^2x cos. ^ + 1 ^ — 


aP — 2a; cos. 




n — 1 IT \ 
2a; COB. + I 

n J 


(52) 


CoroL Hence, 


a?*" — a** = {X ^ — a^) ^a:’ ^ 2 ax cos. ^ 


* If * 1 , « 3 , . . . . etn or© til© roots of tha equation, — 1 s= 0 Thou 

— 1= «3) . . . . for all values of «. 

For, if vso actually divide a;ie--l by a;— «i, wo shall obtain a remainder ai « — i ; now, siuco ai 
IS a root of the equation x »i— 1=0, we have » i*— 1=0, i. ar* —1 is divisible by ar— *i, or «— wi, 
is a factor of r*— 1. Similarly *— «2. r— *3 • . • . »— •» are each factors of r't— 1, and shjct* 
X* —I cannot have more than n factors, it is plain that 

X »— ■!« (x—a 1 ) (»— o 2 ) .... (z~-» n)- 
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X — 2 ax cos. j — + a* j . . . (58) 

For since 

3 ^ — 1 = 1) — 2yooa.^+ 2y cos. ~ + 


a?-" , .\ / ar _ *" A / — I"" 

-sr*“l=( -^—1) ( -2 — 2--COS.--+ -o -2- cos. + 1 j 

\a^ J \a^ a / \ a n J 

Now as there arc n factors, if wo clear the equation of fractions, multiplying the 
right-hand side by a-'‘ will be the same thing as multiplying each fiEwtor by a". 
Hence : — 

.-f"” — - — 2 oa; cos. ~ ‘ ^ — 2aia? cos. 

By a precisely similar process we shall be able to prove that 

u: + 1 = — 2 X COB. — 2 a? cos. ^ + 1^ , . , . . . ^a?* — S a; 

2n — 1 ir \ 

— cos. ~ 2~n'‘ ^ ^ ) 

And ht nee 

a -« + a5« — 2 aa; cos. ~ + ^a;2 — 2 aa? cos. ^ ^ — 

2 — 1 TT , 

2 a .r cos. — + a^j {o5), 

^ « 2 IT Sir . .n— lir 

(57.) 2b prove that 2 2** “ ^ sin.- ^ sin.^ 2^ * * ' * * — 2lt — ^ 

\Vc have by actual division — 

— J 

~ a:®" - 1 + a:2» “ 2 + a?2* - 8 + . • . . as + 1, 

as — 1 

^2» 1 

Henco, when a? = 1. The limiting value of — ■ — ■ will equal 1 + 1 + 1 + • • • • 

+ 1 + 1 to 2 n terms = 2 n. 

Again by the last article — 

a:2" — 1 / ’»■ \ / 2 IT ' \ 

= (a? + 1.) ( a?2 — 2 a? cos. ~ + 1) (a;^ — 2 x cos. „ + 1 I • • • • 


a:2" — 1 / \ ^ W 

= (a? + 1.) ( a?2 — 2 a? cos. ~ + 1) la;^ — 2 x cos. ^ ^ / 

— 2 * OOA — 


a?" — 1 

and hence when a? = 1. The limiting value of — — j— 
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is 2 ^2 — 2 cos. — ^ ^2 — 2 cos. • • • • ^2 — 2 cos. !i — 
and therefore these two limiting values are equal, and 
2 w ^ 2" — cos. — cos. • • • • — cos. !!LIzJL?^ 


2 V 


Sir 


= 2* X 2 sin. o-— 2 sin.^ ^ 2 sin.^ ,3— • . . • 2 sin 
z n A 'n- An 


11 1 IT 


2 n 


2 IT 


. 2« X 2" “ • sin. *7- 

A 1 


2 n 


ill 

2 n 


- 1 IT 


2ir 


3 IT 


= 2=»-‘8in.»^ 8110.= ^ Bin., 2 ^ 
In the same manner we may prove that 


n — 1 IT 
' “ 2 n 


(56) 


« n37r..5ip .„2 n — I t. 

2 = 2"« Bin.^ ;; — sm.® 3 — sm.® 3 — .... sm.- .... ( 57 .) 

4m. 4n 4 It in ' 


For 


a:'*" + 1 


=(- 


2 a: cos. — + 1 
2 n 




/, „ 2 »— It. a 

^x»-2aeoB. ■ +lj 

Let, a; e= 1, and then observing that 

x^- 2 x cos. + 1 = 2 (1 - COB. 

= 22 8111.5^ 

4 n. 

We shall obtain the required formula. 

(58). To express sin. xina series of factors. 


The above formula (53) for the factors of a; — a is true for all values of x and a, 

t z 

Suppose a; = 1 + ^ and a = 1 — ^ , 

== 1 + “ + ~A — T — 2 f 1 — TZX I cos. — 

4 n® \ 4 / ii 


JP IT 

Then a® — 2 oa; cos. — + a® 


Z Z‘ 

+ 1 — T. + 


jL 

4 n® 


ptr S® /) IT 

= 4 Bin.» 2^ + 4,j^r- cos.!' 

»ir / 2 ® pir\ 

* 2;i- (^ + 2^j 
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M3 


Houcc the factors on the right-hand side of Equation (63) will be equal to 
2s V / ir \ 2ir 

(l + .cotan.’ • • • 4 sin.® ^ ^ cotan.^^ 

y 4w- 2nJ 2» \ w H f 


5 . . „ w , . o 2 /r , . « Sir . . . % — 1 it 

— 4 sin.® 4 sm.- — 4 am.^ ^ .... 4 sin.3 — 


2 n ' 2n 2 n 


X (1 + r — r. cotan, 

V 4 w- 


ir \ / S® 2 ir\ / s® 


^ Bin. - -- — . sm. 


2 n' 2 n 


\ 4n- 2uy \ 4n2 2»i/ \ 4 n® 2n J 

2z (l + cotan. ® fl + cotan. ® Ah- x 

^ 4 2»/ \ 4n® 2 71/ \ 4 91“ 

, .91 — 1 ir\ , . 

cotan. r )....(«). 

2 n ! 


Since by the last article 


2 sin.® ^ . . . . sin. ® ^ ss 2». 

291 2n 


and expanding each by the Binomial Theorem. 

„ „ / z 2 n. 2 n — 1 s® 2 n. 2 9i — 12ii — 2 

j,-» — o-» = 1^1 + 2 «. ^ + 1.2.3 

^ 5 2n. 2 n — 1 g® 2 n. 2 ti — 

^ ~2»*. 2„ + 1.2 • 4 »2 ~ 1.: 

4*-) 

= 2(2.t-L ... 2«.2.t-l 2»-2 1 .... 

[ 2 » 1.2,8 8 »' J 


5 2n. 2 n — 1 g® 2». 2» — 12ii — 2 

2ir ■*■ L2 31^ Tii 


Now (a) and (6) are equal under all circumstances, and therefore their limiting 

12 p , 

values when 2 n becomes very large are equal, t.«, when ^ . . . • ^ ar© ©ach 
equal to zero. 

Now since . cotan.® ^ 1 

4n® 271 4»- pir 
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J)“ IT* 


tan’ El 

'in 


tan. El 
2n 


Bat in tlie limit whan 2n is very large 

in 


And the limit of — when ^ = o is unity. 


Heuco the limiting value of = 1. 

tan. EE 
in 

And therefore the limiting value of cotan.- ~ 
Hence th c' limiting value of the expression (a) is 

Again since (&) can be written 


1 ('-!;) ('-It) . ■ 

i ^ ^ TO * 1.2.3.4.S *T... 


The limiting value of (b) is 


V 1.2.3 1.2.S.4.B ) 

[once, 

or writing — s" for S", we have — 

' -tIs - TiJr»=(' -p) {■ -i) {■-») - 

Lultiply both sides by z, and wo obtain 


Multiply both sides by z, and wo obtain 


1.2-3 1-2.; 


But, sm. zz=zs- 


1.2-3 1 - 2 . 34.5 


. Sin. s = s (1 - J) (X (1 (58) 

which is the expression required. 

In the same manner, by taking and its factors from formula (55), we can 

obtain cos. x in factors. Thus, 


Let a; = 1 + 


a = 1 — 


— 2 j 1 + 


2».2» — 1 iii.in — 1 2n — 2 2n — 3 

J.2 4^ 1.2.3.4 


I6n*^ ‘J 
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And as before the limiting value of 
Again, sinoe 




cos. 2j) + 1 V 
2 n 


The factors of become 

2 '■* sin.2 7- sm.-^ — • sin.^ - — . . . 
in in in 


1 + r-r, cotan. 
4 w- 


( 


1 + 7-T,* cotanJ 


•:t) ( 


1 + r-r cotan." 
4 n 2 


= 2 ( 1 + cotan .» £) ( 1 + jJ. cotan.= g) ( 1 + eotan,^ g) 


Now, 3p ^ 2 2n + 1 ir 43- 

' „ cotan. — — = i-m:zLir- • 

iv? 4 n (2;, ^ 1 ,r)5 


2p + I V 
in 

2p + 1 IT 

— 4r~ 


The limiting value of which jg 


2 j) h 12,r2 


Hence the limiting value of x-n + a^* derived from the expression for its factors 
will be 


2( * + p) 0 + iAO 0 (^) 

And the two limiting values {a) and (6) are equal. Hence 

Write — 32 for ^ (as before) and we obtain 

(■-") 

0... .^1 - S') - Ji) (i - ( 5 ») 

The series given in the preceding articles are sufficient for our purpose. We now 
proceed to explain the method of calculating trigonometrical tables. 

The Tables of the trigonometrical functions are of two kinds. ( 1 .) Those wbicli 
give the numerical values of the sines, cosines of the angles, &c. ( 2 .) Those which 

give the values of tho logarithms of the sines, cosines, &c., of the angles. The 
former arc called Tables of natural sines, the latter, Tables of logarithmic sines. 

We shall explain the method by Which each of these tables is calculated. 
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(59.) To show that sin. 6 is less than 6 and grtcder them $ 

4 

0 d % i 6 \ 

For sin. 0 = 2 sin. coe. — = 2 sin. - / 1 — sin.* 

0 

Now 1 — sin.* -- must be less than 1. 

2 

, . Bin. e < 2 am. ■— • 

2 

.. sm. ~ < 2sin. — . 

“'-4 < 2siu.|. 

0 

Hen CO sin. d < 2" sin. —• whatever n may dc. 

^ ^ sin. ^ 

< for all values of n, however large n may be ; and there* 

0 0 

fore, in the limiting case, when n is infinitely large, & 2** infinitely large, ov 

6 

when r— = 0. 

2« 


But in this case 


• 2» 


2“ 

sin. 0 


= 1 . 


< 1 . 


or sin. 0 < 0 

In like manner we can easily prove that tan. 0 > 0 

0 

For tan, 0 == 2 ton* -- 


1 — tan, ^ 
2 


/. tan. 0 > 2 tan. ~ 


Hence by same reasoning as before, tan. 0 > 2« tan. — 
/, tan. 0 


tan. — 

2 * 

i- 

2 » 


Now, when w is infinitely large j;- = 0 
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tan. 

and — in this case = 1. 


2 " 


tan. 6 

' ' Q~ > ^ 
or tan. 6 > 0 


(2.) To show that sin. ^ > 0 — 


4 ‘ 


17 V 

For sill. ^ = 2 sin. cos. “ 2 ” 


= 2 tan. -^003.* 


2 tan. 1- (l-Bin.» -i) 


tan. — 
2 


V 

„ /sin. — ^ 

02 / 2 

■-T( 


Now 


tan. -1. 

2 

— ^ — being > 1 and 


frl 


2 / 


being < 1. 


1 — — . must be < 1 — — . 
4 4 


2 

sin. 2 


sin. 6? must be 


Bin. 0 > 


(60.) To calculate tlic value of sin. 1' and cos. 1'. 

Let 6 be an angle of 1' measured by the circular measure. Then, — 

1' IT 

" — *+ 180°~ 180 X 60' 

Taking the value of <r previously given, 

e = .00029088820. 

ea 

•^=: .000000000006 

Hence, if we only take in the first ten decimal places, 

Bin. r=. 0002908882. 

And since 

COB. 1' = Vl - s{n.n' = 1 — iBjn.s 1 — i ^n' • • • 

2 o 




= . 99999,99677. 


Cor. — H ence, it is plain that if our approximation do not extend beyond ten 
places of decimals, 

Circular measure of angle of 1' = sin. 

Similarly Circular measure of angle of 1" = sin. 1". 

.• Circular measure of angle of » sin. 1”, 
provided ti < CO. 

(61.) To calculcUe ike Sines o/ 2' 3' 4' • • • • 

Since sin. (A + B) + sin. (A — B) = 2 cos. B, sin. A, 

we have sin. (n + 1)' + sin. (n — 1)' = 2 cos. 1' sin. n\ 

Now cos. 1' = 1 — • 0000000423 • = 1 — 

sin. (n + 1)' f sin. (n — 1)' = 2 sin. n' — 2 ^ • sin. n' 

.*. sin. {n + ly — sin. n' = sin. n' — sin. (n — 1)' — 2 k sin. 

This formula is very convenient for calculating the sines and cosines of siiccossivc 
angles. Thus, 

Sin. 2' — sin. 1' = sin. V — 2Jc sin. 1'. 

Sin. 8' — sin. 2' = sin. 2' — sin. 1" — 2lc sin. T 

Sin. i' — sin. 3' = sin. 3' — sin. 2' — 2 k sin. 3'. 
aiid so on. It will bo observed that the first member of th*; right-hand side of each 
equation is given by the former equation. So that the only term requiring 
multiplication m2Tc sin. 1', 2 h sin. 2', 2 k sin. 3' in each equation. This multiplica- 
tion can be greatly facilitated by forming a table in which 2h multiplied by each i 
digit, thus ; — i 

2 it = 846 ; 

2 1692 

3 2588 ' 

4 3384 , 

5 4230 i 

6 5076 I 

7 5932 I 

8 6778 I 

9 7614 I 

where the seven zeros in front of the significant digits of 2 7c are suppressed. 1 

means of this table, which resembles that of the proportional parts in the table of ^ 
logarithms, the multiplication can be performed by means of addition only. It will i 
also be observed that in the case of the sines of the first few minutes the products of 

k will have more than ten zeros, and therefore can be omitted, and that under all 
circumstances they will have at the least seven, so that the multiplication is s ion 
performed. Thus, suppose 

Sin. = .3769264827 
2 k, sin.p' = .0000000268,8 
6d»3 
4,2 

7 

• 0000000818 

By this means we con successively obtain the sines of V 27 4' and so on for 

every minute up to 46^. 
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(62.) To obtain the Cosines of the Angles 2^ 8' 4', &c. 

Since ces. (A + B) 4- co3. (A — B) = 2 cos. A cos. B. 

Cos. (» + 1)' + cos. (n — 1)-' = 2 cos. 1 cos. n\ 

Hence as before 

Cos. (» 4- 1)' — cos. n* =st oos. W — cos. n — ^ 1' — 2i55 cob. n\ 
or, since the cosine continually decreases, 

Cos. n' — cos. w + 1' =cos. n — 1' + cos. »' + 2A; cos. n'. 

Hence 

Cos. — cos. 2' 3= 1 — cos. 1' + 2& cos. 1'. 

Cos. 2' — cos. 8' = cos. 1' — cos. 2' + Tk cos. 2'. 

Cos. 3' — cos. 4' = cos. 2' — cos. 3' + Tk cos. 8'. 

The method of calculation is precisely similar to that of the sines. It will be 

further observed that since sin. (90 — A) = coa A, that we need not to continue 
the calculations of the sines and nosines of the angles beyond 46°. For example, if 
we know sin. 23° 15' and cosin. 23° 15', these are respectively cosin. 66° 45' and 
sin. 66° 45'. 


(63). Simplification of calculation in case of certain Angles. 

Again, the calculation of sines and cosines of angles greater than 30° can be very 
much simplified, for 

Sin. (30° + 6) + sin. (30—0) *= 2 sin. 80° cos. B = cos. 6 
Since sin. 30° = ^ 

sin. (30° + 0) = cos. B — sin. (30° — B) ; 

now if 30° + B is less than 60°, then 0, and %0° — 0 are each less than 30°. Hence 
by our previous calculations we know both cos. B and sin. (30° — 0), and therefore 
obtain sin. (30° + B) by subtraction. , 

Thus sin. (41°. 15') = cos. (11°. 15') — sin. (18°. 45'). 

It is plain that by this formula we can calculate the sines of angles from 3o' 
to 60°. 

And since cos. (60-- 0) — sin. (30° + B) this calculation of the sines from 30° to 
60° gives the sines from 30° to 45° and the cosines from 45° to 30° ; which is what 
we want to complete the tables from 0 to 46°. Thus if we calculate by the 
preceding formula, sin. (51°. 33'), this is the same thing as cos, (38°. 2T'). 

(64.) Method of checking the calcvJLatnon. 

It will be observed, that according to the method above given, the sine of a given 
number of degrees or minutes is inferred flrom the sine of the number preceding. 
Hence, if an error is made at any one point, say in sin. 8° 18', it will be propagated 
into the sines of every succeeding angle ; to arrest the progress of any such error, m 
well as to verify the correctness of the calculations, at different points of their 
progress, when no such errors exist, it is usual to interpose the values of any such 
terms as can be calculated by independent methods. Thus we have already seen that 
th«? sines, of the acglee 15° . 80° . 46° . . . can be readily expressed, as well as 
those of 18° . 36® . 54° . . . And that from hence we can obtain the Bine% ^c. of an 
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augle of 3°, These and others will act as stops in the series, and oleo serve to voi-ii;,’ 
the accuracy of the calculation up to the point where they are inserted. 


(65.) The calculation of Tangents and Cotangents. 

By the methods now explained we can calculate the natural sines and cosines of 
all angles from 0° to 90° for every minute of a degree. The natural tangents of 

angles between 0° and 45° can be obtained by simple division, since tan. 6 = 

cos. C 

From 45° up to 90° we can obtain the tangent by the formula, 

Tan. (45° + (3) = 2 tan. 2 0 4 tan. (46° — 6.) 

To prove this formula. 

Tan. (45°+ «)— tan. (45°— «) = 

COS. (45°+ 0) cos. (45*' — 0) 

— sin. (45°+ 0) cos. (45° — 0} — sin. (45° — 0) cos. (45° + 0) 
cos. (45°+ 0) cos. (45° — 0) 

_ sin. 2 0 

“ cos. (45° — 0) cos. (90° — 45° — 0)' 

__ 2 sin. 2 0 

2 cos. (46° — 0/ sin. (45° — 0) 

2 sin. 2 6 2 sin. 2 0 

cos. (90° — 2 6) cos. 2 0 
= 2 tan. 2 0 

tan (46° + 0) = 2 tan. 2 0 + tan. (46° — 0) 

Since 0 is less than 45°. 2 6 is less than 45° + 0. and hence, whatever be the 
value of 0, we shall have already calculated tan. 2 0. before we need tan. 2 0, for the 
determination of tan. (45° + 0). • 

Thus tan. 81° = 2 tan. 72° + tan. 9° 
whore before wo calculate tan. 81° we shall already have calculated tan. 72°. 

It is plain that if we know the tangents of angles from 0° to 90°, we also know the 
cotangents of the angles from 90° to 0°. 

(66.) Formulas of verification. 

There are many formulas by which the accuracy of the tables, when calculated, can 
be tested. The following are some of them : 

(1.) Cos. 0 == sin. (30° + 0) + sin. (30° — 0). 

(2.) Sin. 0 + sin. (72° + 0) — sin. (72° — 0) = sin. (36° + 0) ~ sin. (36° — 0). 

(3.) Cos, (90° — 0) + cos. (18° — 0) — cos. (18° 4 0) = cos. (64° — 0) — 

— cos. (64° + 0). 

The student mil readily verify these formulas if he yemembers the numerical 
values found in previous articles for the sines, &c., of 18°. 

(67.) Another method of calculaimg Tailes of natural Sines and Cosines. 

Besides the method already given for calculating the natural sines and cosines of 
angles, there Is another more convenient than that. The following is an account 
of this second method. 
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W© have 




Now suppose X to be an angle = — . Then 

71 2 

7ti ir 771 IT /m\ /ir\* 1 /m\® /wy 

»• 11 = »• 2 + (it) UJ " m + («} Uj 

f /my /iry 1 /my /7r\7 1 

"“I \n) (2/ 6 (n) (2/ 5^ * 


Now we have already seen that - = 1*570796326794897. 


Hence if we reduce the 


joefficients of > 


.... to numbers, we have 


X 1.570796326794897 


- 

«• 


0.079692626246167 


0.000160441184787 


000000056921729 


0.000000000006067 


— 0.645964097506246 

— ^ 0.004681754135310 

— (^^y^x 0.000003598843235 

— ^!!!:y'^x 0.000000000668804 

— ^^y®x 0.000000000000044 


A similar formula can be calculated for cos. . OO'’. It will be observed that 


is always a fi-action less than 


since we only require the sines and cosines of 


angles less than 45°. Hence these series converge very rapidly, and from them wo 
can easily calculate the sines and cosines for each degree from 1° up to 45®. When 
these are known the sines and cosines of tho angles for intervals of 1', or if necessary 
10" or of 1", can be found by the ‘'method of interpolations." 

The method of interpolations involves mathematics of a higher order than is 
admissible in an elementary course. The advanced reader will find an account of 
tho application of this method to the calculation of Tables of natural sines and 
cosines in Airy’s “ Treatise on Trigonometiy,” in the Encyclopsedia Metropolitana. ’ 
We now proceed to give an account of the method of constructing Tables of the 
logarithms of sines, cosine’s, &c. of angles. 

N. B. The sines and cosines of angles are never greater than 1. Consequently 
their logarithms are negative. The numbers printed in the tables are always the 
logarithms of the sines, &c. with 10 added to them, thus if L denote the tabuloi* 
logarithm, and log. the ordinary logarithm 

L. sin. 9 = log. sin. 6 + 10. 

This notation will be observed throughout the following pages. 

The tables may be constructed by calculating the logarithms of the natural sines 
and cosines. And then as we have already found the natural sines and cosines of 
angles for intervals of 1' from 0° to 45®, this table will give us tho log, sines, and 
cosines for intervals of 1' from 0° to 45°. 
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They are, however, more generally calculated by an independent prooeea of which 
the following is an account : 

( 68 .) To obtain an expression for log. ain. 90® in a form adapted for ccdcuUUion. 
We have already seen that 

hence 

5 n 2 \ in^ / \ 4= / V 6 * / \ 82 J 


Sin. 


taking the logarithms on both sides. 

^ . m ir . nt ^ , 4n2 

Log. sm. -• “= log. - + log. -+ log. 


4n5" 


log. 


1 Wi.2 V 

"4^* 


= log. m — log. n + log. IT — log. 2 + log. (4 m2 — m2 ) — log. 4 n^ 

\ 

!?+■■) 

m« \ 


m2 



1 

n' 

1 

1 

n- 


2 * 

4^ ‘ 

3 

■ 46 

m2 


1 

1 

m'* 

1 

1 


+ 

2 

6 ^' 

n* 

8 * 


m2 

4- 

1 

1 


1 

1 

n“ 

% 

b-*' 


a’ 

8 « 


-M ^ 

— &c. 

Where M is the modulus of the common logarithms. 


■) 


X . m rr 
Log-sm. - 2 = 

log. m + log. (2n — m) + log. {2n 4 3) — 3 log. n + log. ir — log. 8 . 


&C. 


-M ( 

'1111 > 

. m2 

,42 + 62 + gj ^ 102 


i 

<1111 > 

V m* 

2 ' 

6^ lO-i > 

) U 

i 

<1111 " 

V m* 

8 ' 

^4« 6 ® 10 « 

* 

How log. 

T — log. 8 = 9 594059885702190 

-10 

And 

M = -434294481903252 





^ .... to numbers (in the same 


Hence reducing the coefficients of 

manner as we calculated the value of tt in article 53), and remembering that L. 

fliiL — 90® = log. sin. ~ 90® + 10 we obtain 
n ® n 

L. sin. ^ . 90® =s= log. m + log. (2« — m) + log. (2n + m) —8 log. «, 

+ 9’594059885702190. 
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~ X 0*070022826605902^^ x 0*001117266441662 

w* mr 

vnfi fn^ 

— X 0*000039229146454 x 0*000001729270798 

— ^ X 0-000000084362986 — — x 0 000000004348716 

— ~r X 0 000000000231931—-— x 0*000000000012669 

n*® 

Mils vmi?^ 

— ZL X 0*000000000000703 rr x 0*000000000000040 

— &c. 

It can be proved in the same manner, by means of the expression 
Co8.® = (l-t^) (l-g.) that 


971 

L cos. — 90° = 10 4- log. (71 — m) + log. (ti H m) — 2 log. 77 . -i- 

71 

terms involving % — , &c., similar to those in L. sin. ~ 90® 

7 ?;-* 7^ n 

By means of the former of these expressions we may calculate L. sines of angles 
from 45® to 90°, or by means of the latter L. cosines of angles from 0® to 45°, which 
clearly comes to the same thing. We can then calculate remaining logarithms by 
means of the formula 

L. sin. A = L. sin. 2 A — L. cos. A 4- 9*698970004336019 
To prove this formula 

Since sin. 2A = 2 sin. A cos. A 

log. sin, 2A = log. 2 4- log. sin. A 4- log. cos. A 
L. sin. 2 A = L. sin. A 4- L. cos. A. -f log. 2 — 10. 

And 10 —.log. 2 = 9*698970004336019. 

Hence the formula. 


We may also employ the formula for L sin. ~ 90° to calculate the L. sines for 

71 - 

angles of large intervals, as for 1° 2° 3° . - . and then apply the method of inter- 

polations referred to in article 67. 


,(09.) Explanations. 

If we take a table of logarithms of numbers we shall observe that the numbers run 
quite regularly, viz., 10000, 10001, 10002, &c., and the corresponding logarithms are 
entered in the table. But if we take a table of logarithms of sines, &c., we shall find 
that the logarithms of the sines and tangents of small angles are given for much 
smaller divisions of the angle than of the larger angles. Thus, in Hulsse’s edition of 
Vega’s Tables, the L. sines, cosines, tangents, and cotangents for every minute of a 
degree from 6° 0' up to 45° O', while they are given for every 10" from 0° 0' 0", up to 
6°0' 0" and to this general table are prefixed two others, the former giving the L. sines 
and tangents for every tenth part of a second from 0° 0' 0" up to 0° 0' 59". 9, the latter 
giving the L. sines and tangents for intervals of 1" from 0° O' 0" up to 1° 29' 59", the 
need for these minute calculations appears from the following considerations : — 

To show that 



PLANE TRIGONOMETRY. 


L. sin. {B + n”) — L. ain. B — Mu ain. 1” cotan. e( I — ■ j 

' ^ \ am. 26 / 

where » is a small number, 
we have 

Log. am. (« + ^) — log. sin. 6 = log. 

= log. (cos. 5 + cofcan. 6 sin. 5). 

Xow if S bo small, so that wo may omit 5^ . . . . 

we hare cos. 5=1 — ~ and sin. 5 = 5. 

.*. log. sin. {$ + 5) — log. sin. 6 = log. + coton. ^.5 — 
Now log. (1 ar) = M. ^ 


log. sin. (5+5; — log. sin. 5. I 

M.-| ^cotan. 0. 5 — — V cotan. 0 — . . . . |. 

= M. fs cotan. 0 — — ^ ^ . 5^ ) omitting 5^ 

\ 2 em.* Q / ° 

= M. 5 cotan. 6 (l r-^ ^ • 

V bin. 2 0/ 

Now if 5 is an angle of u" then 5 the circular measure of this angle, equals 
11 . sin. 1". 

L. bin, (0 -f n") — L. sin. 0 = M u sin. 1" cotan. ^ ^ 1 — 

In this and tiic following articles are several instances of approximation which must bo c.^vc* | 
tnlly attended to. Wo say li h be so .small that wo may omit and all the higher powers oi S, 

22 

ihen cos. 2 = 1 5 - and sin. 2 = 2. For this, soo cor. to article (50). 1 

We then obtain I 

log. sin. (fl + 2) — log. sin. 0 = M ^cotan. 0.2 — “ ^ ^cotan. ® ^ ^ | 

■which is of course = M ^cotan. 0 2 — ^ ^23 cotau.s 0 + ^ cotan. 0 2® — + &c. ^ 

which = M I cotau. 0 2 — ^22 (1 + cotan.s 0) 


1 if we omit 2®, 2^, &c., and hence the result in the text. 

I So again in another article. If wo omit 0‘, and all higher power of 0, wo have 




02 0 < „ 


by the Einomial Theorem 




if we omit 0* &c. 
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In like manner wo may prove tliat 

L. tan. (6 + n") — L. tan. 6 == (l-—n sin. 1" tan. 0^ • 

cos. ^ \ / 

Now suppose that our tables are calculated for angles that differ by so small an 
angle 5", that we can neglect the second term of Equation (60) so that 
L. sin. {6 + S ”) — L. sin. 5 = M 5 sin. 1 " cotan. 6. 

Also, if n < S, d fortiori, 

L. sin. (d + n ") — L. sin. 6 — M n sin. 1" cotan.. 0. 

Now, for any value of 6 the Tables give ua 

L. sin. {6 + 6") — L. sin. $ call this A 

A = M 5 sin. 1" cotan. 9 

L. sin. (0 + n") — L. sin. 0 = ~ A . 

o 

i.e. when two angles are nearly equal, difference between log. sines is proportional 
to the difference of angles. 

Now is the difference corresponding to 1". This can easily bo multiplied by oi. 

Also L. sin. 0 is given by the Tables, and hence we can find L. sin. (0 + n") and 
coiivei'scly having given L. sin. (0 + «"), where only L. sin. 0 is given in tables, we 
can easily find the n seconds. 

If the numerical values of formula (GO) arc taken for different angles, it will bo 
found that in order to make the difference between two consecutive L. ^ines, given 
in the Tables proportional to the number of seconds, we must have 5 = 1" from 
0® up to 1°. 30'., and 5 = 10" from 1°. 30' up to 5°, and 5 = 60" from 6'" 
upward : — the log. sines being calculated to 7 places of decimals. 

The practical mode of employing the Tables will bo readily understood from the 
following examples : — 

Thus 

(1). Find L. sin. (15^ 11' 16"-' 5). 


By tables L sin. 15° 11' = 9-4181495 

Do. diff. I" = r755 X 10" = 775 5 

6" = 4G5 3 

•6 = 38 7 

L. sin. (1 6“ 11/ 16"* 5) = 9-418276^ 


(2). Find L. sin. (3“ 19' 37"- 4). 


By tables L sin. (3° 19' 30") = 8*7634252 

Do. diff. 1" = 362-3 x 7" = ' 2534 1 


-4 = 144 0 

L. sin. (3° 19' 37"- 4) = 8*67369^ 
9-7646827 
9-7645827 
9*7644849 

978~ 

898-6 

sTB 

58.9 


(3). Find 0. If L. sin. 0 
L. sin. 0 
L. sin. (36° 33') 

Diff. 1" = 29-45 X 30 


2 



26-0 

•8 2356 

e = 35°. 83'. 32". 8. 

W© proceed in precisely the same manner with the logarithms of the other trigo- 
nometric functions, with this exception, that what is true of the L. aines and L. 
tangents of small angles, is true of the L. cosines and L. cotangents of angles 
which are nearly equal to 90°. For, since sin. $ — cos (90° — 6) and tan. 6 = cotan. 
(90° — 0), then if 5 be small, 90° — 5 is nearly equal to 90°. 

I 

j (71.) Anothej' way of treating the X. sines of sm<dl angles, 

I If the tables give the log. sines, &c., for intervals of 1' throughout, and not the 

I refined tables for small angles before spoken of, we can find the accurate value of a 

I small angle whose L. sine is given, and vice vej'sd, by the following process. 

I If 5 is small, so that we can omit ^ 9°, &c. we have (Ai't 50) 

I . ^ 

sin. 8 = 8 — 

6 

Ql 

& COS. ^ = 1 

„ sin. » , fl* /, e<\S i 

Hence _ = 1 — _ = ^ 1 cos. « 

Now suppose B to contain n" 6 = n sin. 1" 

sin. 6 i 

— 77. = cos* B 
n sm. 1" 

log. sin. 6 — log. n. — log. sin. 1" = log. cos. B 

O 

T • /> 1 T • 1 T n 

/. L. sm, B — log. n — L. sm. 1" = L. cos. 0 — 

u 8 

L. sin. B = log. n +—• L. cos. 6 + L. sin. 1" — ^ 

1 8 o 

& L. sin, 1" = 4*6855749. 

, L. sin. B = log. n •+■ L. cos. 6 + 1*3622416 

O 

and log. n — L. sin. B — * ~*L. cos. B — 1,3522416. 

0 

It is to be observed that when B is very small, cos. B changes very slowly. Hence 
in the term L. cos. B we may use the number of minutes in 6, omitting the odd 
seconds, and then, the former formula gives us L. sin. B, when 6 or w'' is given, and 
the latter gives us the n” when L. sin. B is given. 

For instance, 

Find B, having given that L. sin. B = 7.2777618. On looking into Tables we find 
that 0 is between 6* and 7^ hence in this cose cos. B = cos. 6' 

L. sin. B = 7.2777613 

— i L. cos. 6' = 6.6666668 — 10. 

— + 1.3522416 = 8.6477684 — 10. 


2.6921865 

.6921768 
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39100 


391.0086 = ». 

If we find n" by more refined tables 

^ L. Bin. e == 7-2777618 

L. sin. 6^. 31" = -2777514 


97 

90 

7. 

0 = 6', 31" .0086 


99,00 

76,21 

23,790 

22,663 


/. 0 =6'. 31".018. 

by tbis method w = 391‘013 

which does not differ materially from the result we obtained by the leas refined 
table and the formula. 

Find L. sin. 0 when 0 = 7'. 31". 37. 

Here n == 461.37 L. cos. 9 = L. cos. 7' 

L. sin. 9 = log. n = 2-6545327 

+ ^ L. cos. 7' = 3.3333330 

3 » 

+ 1.3522416 = 1.3522416 


7.3401073 


The more refined tables give us at once 
L. sin. 7' 31" 
Diff. 1" = 9619 X 


== 7.3397511 

'3 = 2885,7 

7 = 673,33 


7-3401070 

In like manner if we have 9 so small an angle that 9^ 9* . . 
and if 9 be an angle of n seconds, 

sm. 9 6 


may be omitted, 


tan 9 


cos. 9 w 

log. tan. 9 — log. n sin. 1" = 


tan. 9 ^ 1 ^ 

— - '-* 5 ' 


= (cos. 9) 




- ^ . log. cos. 9 


L. tan, 0 = log, n + L. sin 1" + - . (10 — L. cos. 9). 

0 

L. tan. 9 = log. n + 11’8522416 — | L. cos. 9. 

This formula can be used in the same manner as the one for L. sin. 9. 
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(72.) Ddamhrt'6 method for L. siiies of small angles. 

There is auother method of treating the L. sines of small angles, of which the 
following is an account. 


, sin. 6 , 

log* — log* 


r {l -(f -T^)} • 

U f 1 1 ^ 

6 120 / 2 \6 120 / +•••/- 
„ /a2 e* \ 

18^*) 


From this a table for log. can easily be calculated. Now sup- 

pose 6 to contain w" 

Then n bin. 1" = 0 

. sin. n" __ sin. 0. sin. 1 " 

n 0 

. T ... T 0. bin 1" 

. . L. sm. n — log. w- -t- L. 

- . ^ ►in. 0. sin.*!" , . 

and bince L. is given by the Tables, if wo know n we can at 

0 

once find L. sin. n". And conversely if wo have given L. sin. 0, we can 
find 11 ’, for sin. 0 = 0 = ?z, bin. 1" nearly. log. rt. = L. sm. 0 — L. sin. 

1" nearly, whence we know n approximately. This will enable us to obtain 

the value of log. ^ from the Tables with sufficient accuracy ; which 

0 

being knowm, we have log. » = L. sin. 6 — log* ^ ' which gives us n 

accurately. 

sill. 0 

It can easily be shown, that in calculating tables for log. — ^ — from the formula, 

log. = + JL). 

9 \ 6 180 / 

that for tables of seven places of decimals up to 5°, 0'* can be omitted. 

For w’hen 0 is an angle of 6°, 0 = 

180 

0^ 

/. M = M = .0000001,39927 • • • 


Let us now look back and consider what wo have done in the previous pages. I 
(1.) We have investigated the various general relations existing between the trigono- 
metrical functions. (2.) We have investigated the general relations existing between 
the sides and angles of triangles. (3.) Wo have fully discussed the mode of constructing 
trigonometrical tables, i.e. the means of obtaining numerical results from our 
trigonometrical formulas. 

We now proceed to the actual numerical calculation of the sides and angles of 
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triaugles, wliich we shall find will invariably consist in reducing formulas to 
numbers. For instance, 

Given sin. (w + a?) — sin. (m — a?) = cos. (m — n) — cos. (m + n) 

Find X when ni — 12°* 13' and n = 7°* 37'. 

Since sin. {m + x) — sin. (wi — x) = 2 sin. x cos. m 
and cos. {m — n) — cos. (iifi + n) ~ 2 sin. m sin. n, 

.*. 2 sin. X cos. m = 2 sin. w. sin. n. 

sin. X = tan. m. sin. n. 

/. log. sin. X = log. tan. m. + log. sin. n, 

. log. sin. a; 4 - 10 = log. tan. m + 10 + log. sin. n + 10 — 10 
and /. L. sin. a; = L* tan. m. 4 - L* sin. 7i — 10, 

L. tan. m = 9«3354823 
L. sin. n = 9.1223624 — 10 
8-4678447 

L- sin. 1° 38'. 40" 8-4578369 

78 

dilf. 1"= 732,8 X .1 73-28. 

Aus. a; = 1°.38'. 40". 1. 


THE NUMEUICAL SOLUTION OF RIGHT-ANGLED TRIANGLES. 


The parts of a right-angled triangle are the three sides, two angles and the right 
angle, if any two of the former five, ono of the two being a side, are given, we can 
calculate the remaining three. The following arc the methods employed in the 
various Ciises, which are these. 

(1) . Given the base and perpendicular. 

(2) . Given the hypothenuse and another side. 

(3) . Given the base or perpendicular and an angle. 

(4) . Given the hypothenuse and an angle. ^ 

(1). Given the lose and perpendicular 
i.e. given a. h. find A. B. c. 

tan. A = ~ gives A. 

6 


B = 90° - 
Cos. 


- A. Gives B. 
A =^. 


h 

COS. A 


Gives c. 


A 

Fig. 23. 


These can bo put into forms adapted for logarithmic calculation, as follows : 
log. tan, A = log. a — log. 6. 

10 + log. tan. A = - log. a 4- 10 — log. 6. 

or, L. tan. A = log. a -f ar : comp ; log. 1. (a). 

Similarly. 

Log. c = log. 6. — log. cos. A. 

= log. 6. 4- 10 — (10 4- log. cos. A) 

= log. 6. 4- 10 — L. cos. A. 
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log. c = log. 5. 4- Rr ; oomp. : L. cos. A. 

(a), and (6). are the formulas actually used in calculation. Thus 
Given a = 7664 • 6 yds. 6 = 3987 ' 4 yds. 

Find. A. B. and c. 

To find A. from (a) we have. 

Log. tan. A = log. o + ar ; oomp : log. 6. 


= log. 7664-5 
+ ar : comp ; log. 3987*4 


8-8787802 

6-3998102 


L. tan. 62° 12^ 


10-2780904 

10*2779915 


A = 62° 12' 19" 
90 


61*05 ) 989-00 ( 19 
• 5105 


and B = 27® 47' 41" 

To find c we have. 

Log. c = log. 6 + or : comp : L cos. A 

log. h = 

ar : comp *. L cos. 62° 12' 19" = ar : comp : 9 ’6686623 = 


8-6006898 

*3313377 


3’9320275 

*9320271 


c = 8551*208 

(2). Oiven the hypothenuse and another side, 
e.g. given a c to find A B and b. 

a 

We have. sin. A = — . 

€ 

log. sin. A = log. a — log. c. 

L. sin. A = log, a + ar : comp : log. c 
which gives A and .*, B which equals 90° — A. 

, h 

Agam cos. A = — . 

6 = c cos. A. 

/, log. b = log. c + L. cos. A — 10. 

Ex : Given a = 724*6. c = 1005*4. 

We shall have A = 46° 6' 17". B = 43° 53' 43". 

h = 697 0S6. 
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We have 
Again 


(3) Given the Boh or Perpendicular and an Angle, 

e, g, given a. A., find B. 6, c. 

B = 90® — A. 
a 


sin, A 

log. c = log. a — log. sin. A 
log. c = log. a + ar : comp : L. sin. A. (a) 

^ I 
cos. A 

log. 5 = log. c + L. cos. A — 10. {b) 

In using fonnula (6). It must be remembered that in the calculation of formula (a) 
we have already found log. c. 

Example. Given a = 7643*5 A = 37°. IS'. 

B = 52°. 42' 
c = 12613*4 
h = 10033.53 


Again 


We shall find 


(4) Given the Hypoihenuse and an Angle, 

«* ^* given c. A, find B. h. a. 

We have B = 90® — A. 

b c. cos. A. 

log. b = log. c + L. cos. A — 10. (a) 

Again « = c sin. A. 

log. a = log. c + h. sin. A — 10. (b) 

Example. Given c = 7234*5 A = 33°. 19'. 

We have B = 56°. 41'. 

b = 6045*493. 
a = 3973.666. 

The cases of oblique triangles are in like manner reducible to four, viz. — 

(1) . Given three sides to find the angles. 

(2) . Given two sides and the included angle. 

(3) . Given two sides and the angle opposite to 
them. 

(4) . Given one side and two angles. 

(1). Given three sides to find the angles, 
f. e., given o. b, c, to find A. B. C. 

We have 2«=:a + 5 + c. 

• tan.’ A = 

,\ 2 log. tan. — = log. (s — b) -f log. (s — c) — log. s — log. (« — a) 

A 

2 log. tan. 20 = log. (s — 5) + log. (« — c) +10 — log. « + 10 — log. {s — a 

X 

2L.tan. y = log. (a— 5) + log. (s — c) + ar. : comp. : log. s + ar : comp 
log. (s-^a) 
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This formula gives us -j— . We shall have to find B from the formula 
A 

T> 

2 L. tan. — = log. (s — c) + log. (s — a) + ar : comp. : log. a ar : comp ; 
log. (a— 6) 

It will be observed that all the logarithms needed for finding B and C have been 
already used in finding A, whence, when A is known, B and C are found with very 
little trouble. 

• 

Instead of using the formula which gives us tan. — , we may use those which give 

A A 

sin. or cos. 

Example given, a = 87fi6*3 b = 5928.7 c = 4652, we shall find that— 

A = 39“. 18' 28" 

B = 49®- 0' 50" 

C = 51**. 40' 42" 

A + B -f C = 180“ 

which circumstance is a test of the accuracy of the calculation. 

(2.) Given two sides and the included Angle, 
c. g. given ahQ, find A B c. 

Wo have 

A — B a — h -A + r> 

tan. — tan. — - — 

2 a + 6 2 

^ 

. . L tan. — ^ — = log. (a — h) -f ar : comp: log. (a f 5). 

+ L tan. 10* (a) 

It must be observed that — = 90® — ^ and is therefore known. Wherefore 

A A 

B 

(a) gives us — - — = a, a known angle. Then, 


A = 90® + a — ^ 
2 * 

C 

and B = 90® — a — 


whence A and B are known. 
To find c we have 


log. c =sx log. a + L sin. C + ar : comp : L sin. A — 10, which will give us c. 
Wo may employ a subsidiary angle 6 in the following manner (see Art 40). 
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. J. ** L ^ 

Assume tan. 6 r . cotan. — 

a + b 2 

^ _ {a + h) Bin.—. 


COS. 6 

Q 

log. tan. $ = log. (a — b) + or : comp : log. (a + 6) + log. cotan. 10 


(c) 


log. c = log. (« + &) + log. sin. + ar: comp: log. cos. 0 — 10 


(d) 


By using (c) and (d) we can obtain c without first finding A and B. 

If we solve by the former methods we require six logarithms^ viz. ; those of 


A + B 

(a — b) (a + b) tan. — - — a. sin. C. sin. A. 

Q 

If by the latter we require five logarithms (a — b) (a + b) cotan. -^r- 

cos. 0 ; the latter method possesses a slight advantage over the former. 

A~B. 


. sin. ~ . and 


The 6 in formula (c) is evidently the same as ■ 

If 5 > a the fomulas become 

B — A 


- in formula (a). 


tan. • 


b — a , A + B 
, . tan. — T — 


and 


2 b + a' 

b C 

tan. 6 = ^ . cotan 

Example : — Given a = 562. b = 320. C = 128*’ 4' 

We shall find A = 33° 34' 40" 

B = 18° 21' 20" 
c = 800-008. 

If we take the second method we shall find 

log. tan. e = 9-1258960 
log. cos, d = 9-9961568 

And, as before we shall find, 

c = 800-008. 


(3.) Given two sides, and an Angle ojgjgosite to one of t/tem. 
e. g. given B. 6. c. find A. C. a. 

We have sin- C = sin. B. 

log. sin. C = log. c + log. sin. B + ar : comp : log. h — 10 (a) 
which gives C. Then 

A = 180° — (B + C) 

which gives A. Then 

, sin. A 

a = 6 ^ 

Bin. B 

or, log. a = log. b + log. sin. A + ar : comp : log. sin. B — 10 (6) 
which gives a. 

N.B. — ^This is sometimes called the ambiguous case of a triangle; for we have 
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sin. C given ns, 'whence we know C = a, where a ^ 90'’. Now, sin. a = sin. (180 — a) 
C may also equal 180 — a. Hence this equation may give ufl two triangles, one 
which has C = o, the other having C = 180® — a. In many cases, however, this 
ambiguity does not exist. 

( 1 ). B = or > 90° Then C= 180® — a is inadmissible, since C would then be 
> 90°, and B + C > 180®, which is impossible. 

(2.)IfB<90°. Then 

(a). If c sin. B = 6 then sin. C = 1 or C = 90®, and the other value of C =180° 
— 90° = 90°, or in this case there is no ambiguity. 

(j3). If c < 6 . Then C < B, hence if C = o. a < B, and 180® — a + B > 
180®. or in this case the angle 180® — a is inadmissible, and there is no 
ambiguity. 

( 7 ). But if c > 6 . Then both c = a, and c = 180® — o are admissible, and 
there are two triangles determinable from the given values, b. c. B. 

This can be illustrated geometrically as follows : — 

AB = c 
ABc = B. 

with centre A and radius & 
describe a circle. Then, 

(a). If 6 = c sin. B, the 
circle will touch Be 
in c, and the triangle 
-will be ABe. 

(0). If c < 6 the circle 
will cut Be, in two 
points CgCi, on dif- 
ferent sides B, and 
the triangle is ABCj. Fig. 25. 

( 7 ). If c > 6 the circle cuts Be in two points c, on the tame side of B, and the 
triangle may be either ABc^ or ABc, ; which is the reason of this case being 
called ambiguous. 

Example : Given B = 46® h — 305 c = 219*6 
Then C = 30®. 36'. 22" 

A = 104®. 23' 38" 
a = 416. 8344. 

(4). (rirew, one side and two angles e. g. given, a B C, to find A. c, b. 

We have A = 180® — + C). which gives A, 

Now, ^ _ sin. B c __ sin. C 

a sin. A* a sin. A’ 

log. b = log. a + log. sin. B + ar : comp : log. sin. A — 10. and log. c = log. a + 
log. sin. C + ar, comp : log. sin. A — 10. Whence we can immediately calculate b, &o. 
Example : 

Given B = 49®. c = 29®. 19' and a = 95.4, we shall find 

A = 101®. 41' 
b = 73*52265 
c = 47*69962 

Several practical applications of the science of Trigonometry will be found in the 
following short treatise on Mensuration. 
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MENSURATION. 

The object of the following short treatise is to show the practical application of 
the truths investigated in previous treatises of geometry and trigonometry, to solve 
a variety of questions about measurements such as may frequently occur in practical 
life. For instance, the determination of the area of a field, the distance between two 
inaccessible points, the solid content of a pyramid, and others. We shall endeavour 
in each instance to refer theso questions to the principles on which they rest. By 
doing so, the attentive reader will be enabled to apply the same principles to cases 
that may occur practically, but which our limits forbid us to treat of. We shall take 
in order a variety of questions concerning the determination (1) of Heights and 
Distances, (2) of Areas of Surfaces, (3) of Contents of Solids. 

(1.) ON HEIGHTS AND DISTANCES. 

In the following articles we are supposed to have the means of measuring the 
angle subtended at the eye of the observer by the line joining two points. The 
instrument by which this can be done is called a sextant. For measuring the angle 
subtended by two objects on a horizontal plane, and for determining the vertical 
elevation of one point above another, an instrument called a Theodolite can be used, 

1. To determine ilic height of a Tower standing on a Horizontal Plane, the hose of which 

is accessible. 

AP the tower. B any convenient place for the observer. p 
At B measure the angle ABP ; also measure the line AB, N. 

Then, if AP = x, 

xrrza tan, R 

log. X = log. a + L tan. B — 10. 

which gives x. A' — 

N.B. If P is the top of a steeple, half the breadth of the I 

tower must be added to the measurement, which is made to 

the outside of the tower. It will bo observed, moreover, that B is the place of the 
observer’s eye, and A P, or x, is the height of P, above the horizontal plane passing 
through the observer’s eye. Hence, if h is the height of the eye above the ground, 
a; + A, is the height of the summit of the tower above the ground. 


(2.) To determine the height of a Tower, the base of which is inaccessible. 

Let ABN be the horizontal plane ; PN the height 
required. At B measure angle PBN ; move backward 
to another point. A, taking care that A and B are 
both on the same vertical plane passing through P, / 

and measure AB, and the angle PAN. y 

Let PBN = iB. PAB=:o. AB = a. . X 

BP = ar. PN rr ?/. B 


Now angle 


APD = (0. 
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= y Bin. j 8 . 

sin. a* sin- 3 

. a; = a — 7 - ^ 

Bin. (3 — a) 


log. X r= log. a + L. sin. o + L. sin. 3 + ar. comp. L sin. (3 — o) ■ 


(3.) To determine the hdglit of the Tower in the last miicle when the nature of the ground 
docs not admit of the ohservet' moving ha^hward. 

Let PN be the vertical height required, place p 

pickets at two points, A and B, APN" and BPN 
being two different vertical planes. 

Measure AB = a. Let PN = x. / 

Measure angle PAN == a. / 

PAB = A PBA = B. 

Then x = AP sin. o. \ 

Now APB = 180° — (A + B) \ 

, _ sin. B 

/. AP = O. ^ F a - bx “ 

Bin. (A 4- B) Fig. 3 . 

sill, a* sin. B 

sin. (A + B)‘ 


log. X = log. « L. sin. a + L sin. B -f W’* comp. L sin. (A + B) — 20. I 

In the above case such an angle as PAN being the vertical elevation of P above the 1 
horizon is measured by a theodolite. While tho angle PAB, which is not in a | 
horizontal piano, being the angle subtended by tho distance between two objects, is 
measured by a sextant. 

If the object is a long way off we may measure the angle subtended at the eye by | 
the line joining that object and its image in still water, by a sextant; half that angle 
will be the vertical elevation of the object. 

Example : We observe that the altitude of a hill is 3° 15' on proceeding If miles 
towards it. Its altitude is 15® 37'. Find the height of that hill, neglecting the 
sphericity of the earth. 

Here (fig. 2) AB = If miles. 

PAB = 3° 15'. 

PBN = 15° 37'. 

PBN ~ PAB = 12° 22'. 

Then by the formula proved in Article (2) 

pjj ^ ^ sin. PBN sin. PAB 
‘ siu.“(PBN- PAB) 

log. PN = log. a + L. sin. PBN + L. sin. PAB + ar. comp. L. sin. (PBN —PAB) — 20. 
log. 1-75 -243 0380 

L. sin. 15® 37' 9'430 0750 

L. sin. 3® 15' 8*753 5278 

Ar. corap. L. sin. 12® 22' *669 2473 — 20 



THE DISTANCE BETWEEN TWO POINTS. 


*197646 of a mile 

or ^ of a mile very nearly. 


1 2958881 
2958748 
133 
132 


{Aitswer.) 


(4.) To find the distance behccen two points, one of which is accessible and the other 
inaccessihU. 

Lot P be the inaccessible point. 

A the accessible. . 3 

Drive a picket in at A, and drive in another at any con- /, 

venient point, B. y 

Measure the angles PAB and PBA, also measure the / j 

lino AB. / j 

Then by the fourth case of the solution of triangles / / 

. _ . _ sin. APB / / 

AP = AB. / / 

Bin. ABF / / 

sin. (PAB + ABP) / / 

4 . 

cfdling AB = a. PAB = A. ABP = B. ^ 

we liave 

log. AP = log. a + L. sin. (A + B) + ar. comp. L. sin. B — 10. 


(5). To find the distance between two points neither of which is accessible. 

Lot A, B, be the two points ; place on the ' j 

ground two pickets C, and D, such that the dis- i 

tauce between C and D can be measured, and that ' n. 

from each of C and D, the two inaccessible points 1 N. / 

and the other picket may be visible. \ / 

Measure Cl>=zp ACB = C BCD = C' \ / \ / 

ADB = D ADC— D' x/. 

Then in triangle ACD we know one side and ^ ", ^ ^ 

two angles, and therefore can calculate AC. 

In triangle BCD we know one side and two angles, and therefore can cal- 
culate BC. 

And finally in triangle ACB we have already calculated AC, BC. and have 
measured the angle C, and therefore can determine AB. 

Of course from the first two triangles wo can also determine AD and BD, and then 
in triangle ABD we know two sides, and the included angle, and hence can 
determine AB, and can use these two calculations for checks upon each other. 

The calculation is performed as follows : — 

Call the sides and angles of ABC — aJb.c. A.B.C, and observe that CAD = 180*' — 
(C -f C' + DO and CBD =: 180° (C' D + DO* Then from triangle ACD 

AC -CD 

, Bill. CDA 

/. log. AC = log. CD + L. sin. CAD -r ar. comp. log. sin. CDA — 10. 



370 


MENSURATION. 


I 


Ol' 

log. h — log. ^ + L. sin. (C + C' + D^) + ar : comp : log. sin. D' — 10 (1) 

Similarly 

log. a ~ log. p + L, sin. (C' + D + D') + ar : comp : log. sin. C' — 10 (2) 

A " 

From triangle ACB we have 


2 2 


tan, 


A — B a — h 


tan. 


A + B 


assume tan. ^ = ■ 


1 a + b 2 

a — h 1 — tan. <p 

a + 6 


tan. (46°~ <p) 


’ i + tan. <p 
L. tan. <P — log. b — log. a + 10 

= log. 6 -f ar : comp : log. a 

and L. tan. =_ L. tan. (45° — + L. tan. ^ — 10 

whence we obtain ^ ^ since wo know 

Finally from triangle ABC 

c~ a ^ 
sin. A 

log. c = log. a + L sin. C + ar : comp : L. sin. A — 10 


(3) 

(4) 


(5) 


It will be observed that in the above calculation we do not require a and h, but 
only log. a and log. b, which are given by equations (1) and (2). (Compare Plane 
Trig., Art. 40.) 

Example, Given CD = 372.5 yds. C = 123M5'. C' = 13“.42'. D = 129M1'. 
D' = 19M3'. 


( 1 ) 


( 2 ) 


Log. b = log. 372.5 = 

+ L. Bin. 156M0' 

+ ar. comp. L. sin. 19M3' — 10 

Log. a = log. 372 5 

4 - L. sin. 162°.6' 

-I- ar. comp. L. sin. 13®.42' — 10 


2.5711263 
9.6064647 
.4826176 — 10. 
2.C602086 
2.5711263 
9.4876426 
.6255483 — 10. 


(3) L. tan. <p — log. b 

+ ar. comp. log. a 

<p = 43° 24' 


2.6843172 
= 2.6602086 
7.3156828 

9.9758914 

9.9767318 


4218)169600(37.8 

12654 

<p = 48“ 24' 87".8 S3060 

45 29526 


46 — r 85' 22".2 

(4) L. taa. = L. tan. (45° — ^) + L. tan. 4-t-^ 
2 2 


85340 

10 . 
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== L. tan. 1“ 35' 22"*2 = 8 4432492 
L. tan. 28“ 22' 80" 9 7326024 — 10 

8 1758516 

0“ 5V 80" 8-1755658 

2 1408)2868(2 

£= 0'"“'5F32" 2816 

^ 42 

= 28“ 22' 30" 


A = 29° 14' 2" 
B = 27" 30' 58" 


(5). log c = log. a + L.sin. C + ar. comp. L sin. A — 10. 


— log. a 

L. sin. 56° 45' 

ar. comp. L. sin. 29° 14' 2" 

82778 

6 


827.786 
: 827.786 yds. 


2-6843172 
9‘9223549 
-3112458 — 10 
2-9179179 
•9179149 
80 
82 


II. The Mensuration or Areas. 

(1.) To find Hie Area of a Rectangle, 

Let ABCD ahcd be two rectangles. Then (Euclid. VI. — 23.) the areas of these 

rectangles are to each other in the ratio com- 
pounded of the ratios of the sides, i.e., in the 
ratio compounded of the two, ah : AB and he : 
BC, and if we suppose these lines to bo repre- 
bonted by numbers, this compounded ratio is 
ah X he \ AB x BC. Hence rectangle ac : 
rectangle BC : : aft x he : AB x BC. 

Now suppose a5 = 1, and eh = 1. Then the 
area ac is the umt of area, i.e,, is a square inch, or a 
square foot, or a square yard, according as ah is an inch, a foot, or a yard. In this case 
Rectangle BC = AB x BC. 

Hence, if a and 5 be the sides of a rectangle, its area is ah, i,e., it contains as many 
units of area as the product of the number of units of length in one sid^ by the 
number of units of length in the other. 

Cor. — If a is the side of a square, its area is a*. 
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(2). To find the Area of a 2'nangle, 

Let ABC be the triangle ; from A draw AN per- 
pendicular to BC. Then, since the area of ABC is 
half that of a rectangle, whose base is BC and 

BC y AN 

height AN, the area of ti'langle = 

Cor. — (1). If we have given AB. BC and angle R 

BC X AB sin. B ac sin. B BZ__ 

Area triangle = = 

L 2 

Since AN = AB sin. B. 

(2). If we have given BC and the angles of triangle, 

rrn ^ C 

Then, smee — = 



a sin. A 

. . . , sin. B sin. C 

Area triangle = ^ 

2 sin. A 

(Z). If we have all the sides given (by Trigon : Art : 41) 
Area triangle = \/ a. (a — a) (a — h) (a — c) 
where 2a = a + 6 c. 


(3). To find the Area of a Parallelogram. 



If v.h be the sides of the parallologi*am, and A the angle contained by those sides, 
then by the last article the area of half the pamllelogram 

ah sin. A 

Area of parallelogram = ah sin. A, 

Or, if p is the perpendicular distance between two parallel sides, each of which 
a, then 

Area of x>arallelogram = ap. 



(4.) To find the Area of a Tra/pewid. 


I 



Fig. 8. 


Or the area of a trapezoid = i sum 
between them. 


Let ABCD be the trapezoid of which I 
the side AB is parallel to the side CD. 
Join BD, draw DM perpendicular to AB 
and BN perpendicular to DC, or DC 
produced, and let a = AB; 6 == DC and 
p = DM or BN. Then 

Area triangle ABD \ap 
Area triangle BCD = i fip 
/, Area ABCD = 4 p (a -f 5) 
parallel sides -i- perpendicular distance 
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(5.) To find the A rea of Tra'peziv.m, 

Let ABCD (Fig. 9), be the trapezium ; join AC, 
from B and D let fall perpendiculars B wt, D w, ^ 

upon A C. ^ 

The area of triangle ABC = I Bw. AC and \ 

area of triangle ADC = ^ Dw. AC. / \ \ 

Area of trapezium — ^AC^Bwi + Dm^ / \ 

If instead of having the perpendiculars B in and / \A 
Dn given we have the sides AB. BC. CD. DA. and a 
diagonal, wo must find the area of each triangle 
separately by the formula 

Area triangle = s. (» — a) {s — b) (« — c) 

Or, again, if we have the sides and one angle, as A, given, we con proceed ns 
follows. — Let AB. =: a. BC rr; b. CD c. DA =r d. Join BD (Fig. 10), then wc can 
calculate BD from triangle ABD by second case of ^ 

oblique-angled triangles, and having calculated BD we . — ^ \ 

can determine the areas of the triangles as before. D ^ \ 


( 6 ). To deter luine the Area of a ii irregular Poly (jon, ^ \ 

Suppose A B C D E F to be an irregular polygon, its ^ / .\ jj 

area can be determined by effecting the following 
measurements ; join AD, the lougesc distance across 

the figure fj’om B C E F, draw perpendiculars to AD., viz. Bw, Cn, Ej), F^, respectively ; 
measure A.m, mn, nJ), Cn, Bin, Ay, qp, pD, Ep, Fy. 

Then area of polygon = AB//i -t- BiunC + ^ 

CnD + DpE + Epi/F + FyA. \ 

= 4 Am X B^ri + I mil x (Bw + Cn) /f” , \ 

+■ i Cn X iiB -f ^ • Dp -f- pE + ^ py (Ep •+• / ; : \ 

Fy) -f lAq x yF. / ; j \ 

^ ... pt Aj, 

(,7 .) To determine the Area of a regular Polygon. \ \'f' / 

V'arious formulas liave been already given for \ J i / 

».hisin the ^'Treatise on Trigonometry” (Art. 45). \\ 

It is there shown that if n bo the number of Ij ^ 

sides of the polygon, and a the length of one of 

the sides, U, 

, na- 180 *' 


Hence in case of pentagon. 


In case of hexagon, 


And so' on in other cases. 


cotan. 80® = 


b + 1) g- 

4 


cotan. 30® ~ 
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(8.) To determhie the Area of a Circle, 

If « is the niimber of sides of a regular polygon inscribed in a circle whose radius 
is r, then, as we have already seen (Trig : Art : 45), 

. , . 2ir 


Area polygon 


sin. — - 
2 n 


Now if we increase the number of sides of the polygon, it becomes more and 
more nearly equal to the circle, and in the limiting case when the number of sides 

2 

is infinitely great, it becomes the circle; ♦ but when » = « = Oand (Trig: 

2 IT 

Art : 47) in this case sm. - 

A = 1 

2ir 


. Area of circle = w. 

IT 

Cor. Hence area of quadrant = -j- ’ 


1 r IT 
"^2 


I;^ow — ^ = the length of arc on which quadrant stands. 

/, Area of quadrant = ^ x arc on which quadrant stands. 


(9). To find Area of a Sector of a Circle. 

Let A OB be any sector of a circle, 

OA = r. AOB = 6 (in circular measure), 

AB = r0. 

Now if AOB were a quadrant, AB would equal ^ / 

7** TT I 

and the area of the quadrant = — 1 “ • 

But in equal circles sectors are to each other as the 
arcs on which they stand. 

9* IT 

/ Area sector : area quadrant : : rO • • 

2 

/, Area sector ; ^ • 

4 2 

/, Area sector = ~ • 

ji 



= 2’’ ^ 


Compare with the statement in the text what is said on page 160, 
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= ~ r X (axe on which sector stands). 

(10). To find the Area of a Segment of a Circle, 

Let OACB be a sector of a circle. Join A B. We 
are required to find the area of the segment ABC. \ 

Draw ONC perpendicular to AB. Let AOB =: B. / \ 

OB r. / \ 

B B / 1 

/. ON = r cos. — AN = rsin.^* 

B 0 1 ' I 

area ABO = sin. ~ cos. — = — • sin. 6. / 

^ 2 1} / 

Now area ACBO = 0. 

Fig. 13 

area of segment = -^ (^ — ^)* 

Cor. — From A draw A n perpendicular to OB. Then A « = r sin. 0, also ai*c 
ACB = r0. 

Hence the area of segment 


= - (r0 — r sin. 0) 

= — X (ACB — An) 


(11.) To find the space hetwem two Concentric Circles, viz, ABCEDF. 

^ C Let OA ~ r OB = 

Then area of interior circle = irr^ 

/ exterior circle = tt r^- 

/ Area of the space between the circles 

I [ // =’*■(’’ I 

I I [/ I Nj On OB as a diameter, describe a circle OPB 

I® ^ O AT 57 cutting the interior circle in P ; join OP. PB, 

\ \ J j then OPB is a right angle, 

\ \ / / BP* = OB2--OF2 = r•^2_-7•2 

\ / /. ttBP* = IT (rj2 — r*) 

\. also since OPB is a right angle, BP touches the 

F circle, or the area of the space in question is 

Fig. 14 . equal to the area of a circle whose radius is 

the length of the lino drawn fi:om any point 
in the exterior circle to touch the interior circle. 

The above cases of areas of plane figures axe the chief of those which belong to 
Elementary Mathematics. The determination of areas bounded by curved lines 
belongs, of right, to the Integral Calculus ; the following propositions, however, are 
best given here, though the reasoning is not of a strictly elementary character. 
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(12.) To find the Area of an Ellipse* 

Let aBA be a semi-ellipse. 

OA its semi-major axis = a. 

OB its semi-minor axis = 1. 

On aA as a diameter describe a semicircle aCA. 
In AB take any point P and draw an ordinate 
PN perpendicular to OA and produce it to 
meet the circle in Q and draw another ordinate 
parallel and near to QPN and complete tiu 
parallelograms wP, nQ. 

NP :: w : 

wP :: a : b 

and hence, if we suppose a series of parallelograms to be described in circle and ellipse, 
the same proportion will hold good between each of these, and therefore 

Sum of parallelograms in semicircle ; sum of parallelograms in semi-ellipse : :a:h. 
and this being true, however great tlie number may be, is true in the limit. 

Now the semi-ellipse is the limit of the parallelograms inscribed in it, and the 
semicircle is the limit of parallelograms inscribed in it. 

/. semicircle ; semi-ellipse :: a : h 
/. circle : ellipse : : ir a - : n ah 
But area of circle = tt 
area of ellipse = tt ah. 



m : 


* Ix't APQ be an area included by two fitmipht lines AB. AP, and the curve PQ ; divide AQ into 
equal parts Ao, ab, be, cd^ dQ, and on those lines diaw the loctanglus Ap, ciq, br, cs icithin tlio 



.•r.rved areas, and complete the parallelograms Aj>', aq', br', cs\ dt. Then it is plain that the 
tliffercnce between the interior parallelograms (Ap, aq, hr, c«)and the exterior parallelograms (Ap', 
aq', br', dt) will equal Ap'. Now, by making the number of parallelograms very large, Aa, and 
Ap' will become very small, and may be made less than any magnitude that may bo 
assigned. Now the curvilinear area is clearly greater than the interior and loss than the exterior 
parallelograms, and therefore differs from the interior parallelogram by a qiiantity less than Ap' ; i. 
a quantity that can bo made less than any that can be assigned ; and therefore the curvilinear 
area is the limit to which the sum of the interior parallelograms continually approaches when 
their number is increased. 
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(1 3.) Let q PQ he pw'tion of a Parabola. It is required to find its Area. 

Bisect Qq in Y, draw the diameter PV. Through P draw r PR parallel to Q V q, and 
draw QR and qr parallel to PV. Then the area q PQ is two thirds of gr RQ. 



Fiff. 17. 


Take p and pi , two points in PQ, and through p, draw pi mi , pi »i parallel to PV 
and QV, and through p draw pm pn also parallel to PV, QV, and produce thorn to 
moet|)i wi*in 51 and pi mi in q respectively. Then 

Parallelogram pwi, : parallelogi*am ptj : : pn x nn^ : pm a mm^. 

\ \ pn X (PWj — P/i) : P^^ X (pj — pn) 

Kow, by a property of the parabola 

Pn : Pi ni : : pn^ : pi ni 2 
Pn : Pni — Pn : : pn2 : p, 7^1 2 — pn^ 
or Pn : Pn ^ — Pn : : pn^ : (p^ ni — pn) (pj ni + pn) 

Pn X (pi ni — pn) : (Pni — Pn) pn : ; pn : pi ni + pn 
parallelogram pnii : parallelogram pni : : pn : pi ni + pn. 

Now in the limit pi ni differs from pn by a quantity less than any that can be 
assigned. 

/. In the limit pn : pi ni + pn : : 1 : 2 
/. In the limit parallelogram pmi ; parallelogram pni ; ; 1 ; 2 
which proportion is true for eack pair of parallelograms inscribed in PQR and PQV, 
and /, is true of oil. 

In the limit sum of parallelograms in PQR : sum of parallelograms in PQV : : 1 : 2 

But the area PQR is the limit of the sum of the parallelograms inscribed in it; and 
PQV is the limit of the sum of the parallelograms inscribed in it. 

PQR : PQV : : 1 : 2 
/. PQVR : PQV : : 3 : 2 

Now PQVR is thelialf of qr QR, and PQV is the half of PQ?. 

TQ? = g n- QR- 


Q.E.D. 
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(14). To find approximately the Area of a Plane Ftgun hounded hy a Cm^ve, 

Let A B P Q be the figure ; divide AB into 

equal parts, ANT^, Ng, &c., and draw 

ordinates N,, PaN^, PaNg, &c. parallel to 
AP or BQ, and perpendicular to AB. r 

(1). As a first approximation the curved area y/\ 

may be considered as identical with the poly- / 
gonal area inclosed by P A B Q and the chorda * 

PPj, PiPa^ case, the 

area required = ANjPiP + N^N^PaPj 

K^NgPgP^, &C. 

A XT AP 4- Pi^ i I X a 

AiN jX „ -J-lNjiNgX- - NN 

^ ^ i X a 


+ X 


P,N,4-P«N, 


= an.(-^ + p,n,4.p,n,^P3 +....+^) 

Or the area =: (the distance between any two consecutive ordinates) x (half the 
sum of the extreme ordinates, together with the sum of all the intermediate ordinates) 

Or if AN 1 = A AP = a QB = 6 

Pi^i~2/i Pa^a~y2 Pa^s^ya ^c. 

ABQP = A ^ — 2 — + 2^1 “P 2^2 + 2^8 +••••■*■ ) 

(2.) The above is a good approximation, but a much better may be found in the 
following manner. Consider the portion of the curve between any three consecutive 
Ps, such as Pg Pg P4, through P3 draw a line nP^m touching the curve, and let 
it meet Ng Pg, N^ P^ produced in n and m. Draw Pg p perpendicular to P^ 
N4, join Pg P4 meeting P3 Ng in q. Now we may m 

consider Pg P3 P^ a portion of a parabola,* and ^ 

the curvilinear area Pg Pg P4 = | of ti Pg P^ m. ^ 

= 1 mP^ X Pg|>. 


= 3 ^3 2 ^ P2 P- 

Now N3 2 = i (3/2 + 2/4) and Pg p = Ng N4 = 2 A 

• /. P5g=p4N, — 2N3 = y,— ^(yg+yj 

• • ^8 ^4 ~ 2 j' 

Now the area Pg P^ N4 Ng = A {y^ + $^4) 


* It appears from Newton, (Lemma XI. Lect. 1,) that in any curve of finite curvature, Ps 5 is in 
the limit as the square of P4 . Now it is tho characteristic property of the parabola that Ps q, 
is as the square of g ; hence every curve of finite curvature tends to a parabola as its limit, 
and so if we take a small arc P* Pg P4 we may consider it to be a parabolic arc, without making 
any appreciable error. 
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the whole area P3 (4 V*) 

O 

Hence the area of the figure P A B Q (fig. 18), which equals P A + Pj N 

P4 P, N3 + . • • . 

= -- . (d + + y) + (^2+ ^3/3 + Va) + 

^ (Va + + Vs) + + f * C2/2» + ^Vin^l + &) 

reckoning that there are + 1 (an odd number) ordinates drawn between the two 
extreme ones PA, QB. 


PABQ = 
or the area 



a + b + i {y^ + + • • + jfjh, -f 1) 

+ ^ (Vs + va + Ve + ' • • y^)} 


= — X (sum of extreme sides + 4 sum of odd ordinates + 2 sum of even ordinates.) 
3 

Hence the Rule : — At equal distances along the base AB draw an odd number of 
ordinates parallel to the parallel sides of the figure ; then take the sum of the parallel 
sides, of four times the odd ordinates, and twice the even ordinates, and multiply 
the third part of this sum by the common distance between the ordinates, and this 
product is the area of the figure. 

Besides the above areas of plane surfaces, there are areas of certain solids which 
will be best given here, viz., the areas of a prism, a cylinder, a pyramid, a cone, 
and a sphere. 

Dkf. 1. — A prism is a solid bounded by two equal and 
similar rectilinear figures in parallel planes and by paral- 
lelograms. 

Thus ABODE, abode, is a prism bounded by two equal 
and similar pentagons whoso planes are parallel (ABODE, 
and abode), and by parallelograms A0B6, BdcO, &c. A 
prism is called a right prism when the planes of the paral- 
lelograms are perpendicular to the plane of the base (t.e, 
abode in the accompanying figure). 

Dep. 2. — A pyramid is a solid bounded by any plane 
rectilinear figure, and by triangles having a common vertex, 
and for bases the sides of the rectilinear figure respectively. 

Thus (Fig. 21) PABOD is a pyramid, on a quadrilateral 
base, ABOD. 

Dep. 3. — A cylinder is a solid whose surface is traced out by a straight Ime 
which always moves parallel to its first position and 
whoso extremity is guided by a given curve. 

Thus (Fig. 22) if abb is a circle, and Act a straight lino 
perpendicular to the plane of the circle, then ABC abc is a 
cylinder which is traced out by a line Cc, that is always 
parallel and equal to Aa. This cylinder is strictly defined 
os a ** right cylinder with a circular base ” it is, however, 
in elementary treatises generally called a cylinder.” 

Dep. 4. — A cone is a solid, the surface of which is traced out by a str^ht line, 



Fig. 21. 



Fig. 20. 
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one end of which passes through a fixed point, and the other end through a given 
plane curve, called its base. 



If BCD (Fig. 23) is a circle, and a a fixed point, the surface ABCD is called a cone on a 
circular base. If 0 is the centre of the circle, join A ; then if straight lines, draw 
fi’om A to difierent points in circumference of circle, make equal angles with AO ; or if 
(which is the same thing) AO is perpendicular to plane of circle, ABCD is strictly 
defined as “ a right cone with a circular base ; " or as it is more generally called in 
elementary treatises, a “ right couo.” 

N.B. It is manifest that if a regular polygon is inscribed in the circle BCD, and its 
angular points are joined with A, that the resulting solid will be a pyramid inscribed 
in the cone ; and also, that if wo increase the number of sides in the polygon, the 
inscribed pyramid will approach more nearly to the cone ; and, since the circle is the 
limit of the inscribed polygon, the cone will be the limit of the inscribed pyramid. 

Similai'ly, the cylinder will be the limit of the inscribed jirlsm. 


(15.) To Jiiid tke Area of a n<jlit Prim, 

In figure (20) AEert is a rectangle. Since the planes A6, Ac being perpendicular to 
tlie base, their cone of intersection Aa is also perpendicular to the base, and therefore 
angle Aae is a right angle. Hence the area of AEea is Act x AE, similarly of all the 
other parallelogramft. Hence the area of the parallelograms is Aa (AE + ED + DC + . . .; 
=■ AE X (the perimeter of the base.) Hence the whole area = height x ncrimeter 
of base + areas of the two cuds. 

(16.) To find the Area of the surface of a nght Cylinder. 

Since the surface of the cylinder is the limit of the surface of the inscribed prism, 
and the area of the prism = height x perimeter of base + 2 x base, whatever be 
the number of sides to the base, this will be true in the limit when base is a circle. 

Area of a cylinder — height x perimeter of base -f 2 x base. 

Hence, if it = height, and a = radius of base. 

Area of cylinder = 2 tt a + 2 w = 2 ir a (a + A). 
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(17.) To find the Area of the curved surface of a ri^ht Cone. 

Let PACDB be the cone, ACDB its circular base, 0 the centre of the circle, then 
PO is at right angles to plane of the circle. In the circle p 

inscribe any regular polygon, ACD . . . and join PA, PC^ ^ 

PD . . . Bisect CD in n, join Pn. Then Fn is perpen- / / \\ 

dicular to CD, and /, the area of triangle PCD = ^CD, Fn. / / \ 

Now the line joining P with the bisection of any other / \ \\ 

side of the polygon is equal to Pn. / j \ \ \ 

Hence area of pyramid inscribed in cone / /——I W 


= 4 PN ( 


AC + CD + DB + . . . 


= ^ PN X perimeter of polygon. r 

Now, this is true whatever bo the number of sides the 24 . 

polygon may have, and hence is true in the limit ; when perimeter of polygon 
= circumference of circle, and Fn is drawn to a point in circumference, or is = slant 
side of cone, 

.*. Area of curved surface of cone = 4 slant side x circumference of ba^e. 

Cor. — If we suppose that the surface of a cone is capable of being unwrapt, it is 
plain that its surface will be a sector of a circle whoso C 

radius is the slaut side of cone, and base of the same length /\ 

as the circumference. It is plain (Mensuration, Art, 9,) / \ 

that the area of this sector is, as it should be, the same as / \ 

that of the surface of cone. 3 5 

Def. — The frustum of a cone or pyramid is the portion / \ 

cut off by a plane parallel to the base; thus, ABba is a / _\ 

frustum of the cone CAB. , A r t* 


(18.) To find the Area of the Frustum of a Cone. ^ 

Suppose a sector, OPQ,(Fig. 2G) of a circle is described with radius OP = CA (Fig. 25), 
and if its base PQ = circumference of AB, we have seen 
that the area of POQ is the same as that of the cone 

CAB. Take 0^ — Ca, and describe the arc Oqp. \ 

Then as before, area of opq = area of Ca6, and ,*. the \ i 

area of frustum = qQFp. \ | 

Let angle POQ z=.Q. 02 = r* OQ = r 


Let angle POQ = Q. 
Area Opq = J r‘‘' 6 
Area OPQ = 4 0 

Area 20Pp = 4 ^ (^~ 


• rS') 

X (r — r'). 


Bisect 5 Q in t and draw arc 

Then 6 = «' and r — r' = ^Q. 

2 

/, Area of frustum = rectangle between Q 2 and tt' or between slant side of cone 
and circumference of mean section of frustum. 
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I (] 9.) To find tilt Area of a portion of tJie turf ace of a Sphere. 

n . ^ ^ quadrant of a circle whose ralius 

” is AB or OB. If we suppose the quadrant to 

— n revolve round AO it will describe a hemisphere, 

and if we suppose a number of equal chords, 

p r/ -Apj, p/pa, Pa, Pa» to be dravm from point 

/ 3 to point of AB, these chords in the revolution 

I / will describe frustums of cones; now the arc 

/ AR is the limit of the chords Ap^ ^-p^pg + 

R h — jj Pa f’a “H • • * and hence the area of the portion 

/ of sphere described by AR will be the limit of 

I the sum of the frustums of cones described by 

• ^ Ap.p^PaPaPa . . . 

Fig. 27. Let PQ (Fig. 28) be one of these chords : 

draw PM, QN perpendicular to AO. Draw O 
perpendicular to PQ, and tn perpendicular to AO. Now tn is the radius 
of the mean section of the frustum of cone described 
by PQi and therefore area of that frustum 
^ =:2Tr in x PQ 

X Now tn = Ot sin* ^OA. 

and PQ sin. PQN = NM. 

or since PQN = fOA 
PQ sin. <0A = NM 

^ IT ^ 

/ \ And area of frustum = 2 ir Oh NM. 

/ \ In (fig. 27) draw p^ Pg pg perpendicularly 

I \ p AO. Then, since Ap, p^ pg pg are all equals, t'.ie 

2 g perpendiculars on them are equal, and therefore the 

sum of areas of frustum of cono 
= 2 IT Of X (ATOj + Wg -f- Tig Tig . .) 

= 2Tr Of X AN. 

if we only consider the portion of sphere described by AR. This is true, however 
great the number of chords, and is therefore true in the limit ; but in the limit Of 
= radius of sphere 

Area of poi-tion of sphere, whose height is AN 
= 27r. OA. AN. 

If we take the whole sphere, AN = 20A 

Area of sphere = 4Tr. (OA)*' 

Cor. — In the sphere 2ir x OA == circumference of a great circle. 

Area -of portion of a sphere = height of portion x circumference of a great 

circle. 

If we imagine a right cylinder to be described about a sphere, its curved area 
= circumference of a great circle x diameter of sphere = area of sphere. 

Hence, " area of sphere = area of circumscribing cylinder.” 
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Exam : How many square miles of sea are visible from the top of a mast 80 feet 
above the surface ? 

Let 0 be the centre of earth, draw OA. 0(1, so that AC is perpen- 
dicular to OC. draw CN perpendicular to OA. Then, if BN = x, 
OB = r. The area visible from A will be the area of the part of the 
Bphei’e whose depth is BN 

i.e. will = 2ir r x. 

Now, let AB = p. Then, by similar triangles 
r -t- p : r : : r : r — x. 

“ r + p‘ 

?• + p 

and visible area = 



zz: 2nrp very nearly. 
Now, 7r = 3T4159. 

Fig- 29. r = 3958 miles 

p = 80 feet = — — 

/, visible area = 2 x 8T4159 x 3958 x ~ 

DO 

= 878 nearly. 


r +p 


III. The Mensuration of Solids. 

(1.) If two solid Angles are each contained hy three Plane Angles^ that are equcd each to 
each, then the inclination of tJtc Planes will be egual, each to each. 


Let 0, 0 , b 9 two solid angles contained by the piano angles AOB, BOC, COA, and 

O 




Rg. 80. 


aoh, boc, coa, respectively. Then the plane AOB is inclined to plane COA at the 
same angle that aob is inclin6d to aoc. For, take OA = oa and let the plane CAB be 
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perpendicular to OA, and cab perpendicular to oa. Then angles CAO, BAO, cao, beta, 
are right angles ; and CAB, cab, are the inclination of the planes in question. 

Now in triangles AOB, aob. we have OA == oa and angles BOA, OAB = angles 
boa, oab, each to each, OB = ob and AB = ab (Euclid, 1. 26) ; similarly in triangles 
COA, coo, we have 00* = oc and AC = ac. 

Then in triangles BOC, boc, we have the sides BO, OC = sides bo, oc, each to each, 
the included angle BOC = boc. (Euclid, I. 4) the base CB = base cb. 

Hence, finally, in triangle ABC, abc, we have the sides BA, AC = the sides ba, ac j 
each to each, and the base BC — base be. (Euclid, I. 8) CAB = cab. Q.E.D. ! 

Cor. 1. Hence (fig. 80), if the solid angle Obe superimposed on the solid angle o, so ‘ 

that AO coincides with 0 oa, and the 1 
plane AOB with plane aob, then, because I 
angle AOB = angle aob the line OB 
coincides with ob, and because inclination ' 
of plane COA to AOB equals that of 
coa to cob the plane COA will coincide ' 
with coa, and hence OC with oc. ' 

Cor. 2. If ABCDEF and abedef are : 
two prisms, the edges of which arc equal j 
each to each, and the plane angles at 
B equal those at b, the prisms are equal 
in all respects. 

For, if the triangle ABC be applied to abc so that AB coincides with ab, and BC with 
be, it is plain by the last corollary that BD coincides with bd. 

And hence the prisms will coincide throughout. 

I CoR. 3. — If ABCD abedhe a parallelepiped * {ic. a prism on 
' a parallelogram for a base) it can be divided into two equal 
prisms by a plane ACca passing through the diagonals of its 
I bases ; for it is obvious that the edges of these prisms are 
equal, each to each, and also that the plane angles containing 
the solid angles at D and B are equal. 

Cor. 4. — Again (in fig. 31) if we suppose the base DEF of 
the one prism to be in all respects equal to that of the other 
def, and if the angles at D are equal to the angles at d, each to 
each, then it is plain that if DB is > d^ the prism BDFE 
is > prism bdfe, and if DB < db, the prism BDFE < prism 

bdfe. Also if BD is double of bd, the prism BDFE is double of the pnsin bdfe, and 

j generally if BD is any multiple of bd, then BDFE is the same multiple of bdfe. 
j Cor. 6. — If we suppose (fig. 31) BD produced to K so that DK is any multiple of 
DB, the prism KDFE is the some multiple of BDFE ; and if wo suppose db produced 
! to Jc BO that hd is any multiple of bd, then Jedfe is the same multiple of bdfe. But 

I if KD > hd, KDFE > hdfe; if equal, equal; if less, less /. (Euclid, 5. p. 186). 

j BDFE : bdfe : : BD ; hd. 

Cor. 6. The results proved in Core : 4 and 6 to be true of piisms, are 
manifestly true of paralPP*. 

I * Wo shall tise throughoTit the abbreviation paralr^^ for parallelepiped. 
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( 2 .) Parallelepipeds ontlie same Base and of the same Altitude arc equal to on< another. 

If the ParalPF* are on the same base and of the same altitude, it is manifestly that 
the ends opposite the common base are in the same plane. 

(a) Suppose two of the edges of the ends opposite to the base of each figure to be 
in the same straight line. 

Let DBEG, DBe^r, be the g. ^ ff 

parallelepipeds on the same , 

base BD, and of the same alti- \ \ 

tudes, and suppose that EH, c^, A Vl V_ 

are in the same straight line, ^ 

and also FG, fg^ in the same yy y^ 

straight line. Then it is obvious y^ 

that Ee = HA, HC == ED, and ^ ^ 

angle AHC = angle cED. y^ 

the base eED = base AHC, \ 

also HG = FE, and the plane \ ^ 

angles that form the solid angles ^ tJ 

at H and E are equal each to Fig. S3, 

each, the prism ACHG = the 

prism cDEF. Hence if we suppose the former prism taken from the whole figure 
ACDEF, and the latter to be taken from the same figure, the remainders/ will be 
equal /. DBEG = EBeg, 

(b) Suppose that no two of the 
edges of the side opposite to the 
base are in the same straight line. 

Let DBEG, DBr^, be the 
paralPi*'* on the same base BD, 
and being of the same altitude, 
their ends EG, eg, are in the 

same plane. Produce EH, FG, 

/<?, gk, to meet, they will evi- \e_ 
dently form a parallelogram, let 
this parallelogram be KLMN, > \Y.y^y>^ 

then LK, MN, and FE, GH = 

AD, BC, each to each, and KN, 

LM = E/t, fg = DC, AB, each n c 

to each, and angle MLK = angle Fig. 31. 

GFE = angle BAD. 

LKMN is equal to ABCD. Join AL, BM, CN, DK. Then DB MK is a 
parallelepiped — and by the first part of this proposition, BD MK is equal to each of 
BDGE, and BL^. EDGE = BD^'e. Q. E. D. 
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(3,) Solid ParaXldepipeda on eq^l Bases and of tlie same Altitudes, are equal to ea^h other, 

(a). Suppose the edges to be perpendicular to the bases. To avoid a complicated 

figure we will only letter the 
bases, and will call the edges of 
figure that arc perpendicular to 
the bases by the letters at the 
angles of the base. Thus the 
edge B means the edge perpen- 
dicular to the base at the point 
B—i.c., B6. Let AC, DF be the 
bases where we suppose the solids 
to be BO placed as to have a 
common edge D, and the sides 
AD, DE in the same straight line, 
produce CD, and FE to meet in 
H, through G draw LGK parallel 
CD and produce BC to meet 
KG in L. 

Now since DH = GK, and HE is evidently = KF and the angle DHE = GKF 

the base DHE = base GKF ; and since edges H and K are perpendicular to 
base, the solid angle at H is contained by plane angles respectively equal to those 
containing the angle K ; and hence the prisms whose bases are DHE and GKF 

are equal. Add the solid on base DEKG to both, paral^P** on DK = paralPP** DF. 

Now paralPP** BD : paralPP** DL : : AD : DG : : BD : DL 

and paralpp*^ DL : paraF?^ DK : : CD : DH : : DL : DK 

(Ex equali), 

paralPP*^ BD : paralPP** DK : : BD : DK 
But BD = DK, since (Eucl. I. 35) DK = DF 

paralPP** BD = parulPP** DK = paralPP*^ DF. 

(6). If the edges are not perpendicular to the bases, call the paralPP‘* P and Q. If 
on P’s base a paralPP^ p. is described, whose edges are perpendicular to base and 
whose altitude is same as P, then p = P by last Proposition, and if j be in like 
manner described on same base as Q, but having its edges perpendicular to the base, 
then (last Proposition) g = Q, and by the former part of this Proposition, S = i), 
Q = P. Q.E.D. 

Cor. 1. — Hence if there be two paralPP^* of the same altitude, but the base of 
the one is double of the base of the other, the former is double of the latter, 
and generally if the base of the one is any multiple of the base of the other, the 
former paralw*^ is the same multiple of the latter ; and hence, by reasoning wiTnilftr 
to that employed in Coe. 5. Prop. 1. of the present article, it appears that paral^Pf” 
of equal altitudes are as their bases. And again, if they have equal bases, they 
are to one another as their altitudes. 

Cor. 2. — Let there be two paralPP*** P, P', the base and height of one of which 
are A and h, and one of the other A' and h*, where Ah AJk are in numbers. And 
suppose S to be a third paral^P^ on the base A' and the height h. 
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• Then P : S : : A : A 

^ : F' : : h : h' 

/. P : F : Aft : A'h' 

Cor.- 8. — If we suppose P' to be a cube which has one of its edges equal to 
unity, then A' = 1. and ft' = 1. 

P ; P' : ; Aft : 1. 

hence if we consider P' to be the unit of solid measure (a cubic inch, or foot, for 
instance) then P = Aft. 

Hence the volume of a paralPP** is found by multiplying the area of one face by the 
distance between that face and the opposite one. 

Cor. 4. — We have seen that a prism on a triangular base is half of a paralPP*’ 
of the same altitude and on a base which is double of the triangle. Hence if A 
is the area of the triangle, and ft the height of the prism, the volume of this paralPP'^ 
== 2A X ft, and the volume of the prism = Ax ft y or the volume of a prism 
on a triangular base is found by multiplying the area of the base by the altitude. 

Cor. 6. — It is plain that a prism on a polygonal base can be divided by planes 
passing through one edge of the prism into a number of prisms on triangular 
bases, each having the same altitude as the original prism. 

Let A^ Ag A3 . . . be the areas of these triangles, and ft the common altitude, 
the volumes of all these prisms 

= (A^ 4* Ag + Ag 4- ... ) ft. 

But the polygon is equal to all the triangles ; hence if A is the area of the polygon, 

A = Aj -f -^-2 + -fts "f 

The volume of the prism on a polygonal base = Aft, or is equal to the base 
multiplied by the altitude. 

Cor. 6. — It is plain that Cor. 5 is true of a regular polygon of any number of sides, 
and therefore is true in limit ; now when the number of sides of the polygon is 
increased, its limit is the circumscribing circle, and the limit of the corresponding 
prism is the cii'oumscribing cylinder. Hence the volume of a cylinder = Aft, or 
base X height. 

N.B. — When we speak of the volume of a solid, a prism for instance, being 
equal to the base multiplied by the height, it is of course understood that all the 
measurements are referred to the same unit. Thus, if we were asked what is the 
volume of a prism whose base is 2 square feet, and height 18 inches, the answer is, 
18 

not 2 X 18, but 2 x — = 3, and the 8 is in cubit feet. The cubit foot and 
12 

the square foot being the unit of content «nd of area correeponding to the linear 
unit (me foot, 

(4.) If P,ABC M my pyretmid on a trUmgtdar ftow, 
cmd if thfroivyK the middle point (D) 0/ one q/* <fts mdu 
(AP) we dixtto planes (DQH cmd D£P) paraiUl to one of 
the faces (PBC) and to the hose (ABC) of the pyu'omid^ 
then if we suppose a plcum to be drawn through DE and 
DH, (mtting off a pmm EFD,HKC, the figure EDGHCB ^ 
is double of the prism EDF, HKC. 

Since the plane EDF is parallel to ABC, ED is 
parallel to AB. Now AP is bisected in D. PB 

is bisected in E. Similarly AC is bisected in H. Also since plane DEF is parallel 
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to ABC. ED is parallel to KH, and KH is parallel to AB. Draw CN poi’pen- 
dicular to AB, meeting KH in M, then since CH : HA : : CM : MN (EucUd VI. — 2), 
and CH = HA CM = MN. Hence, if from N and C pei’pendiculars are drawn 
on the plane, DEKH, they are eqiial. Hence parali’P^** on the base DEKH, with 
these perpendiculars respectively for altitudes, are equal. Now the prism BEKHDG 
is half the former, and the prism KCHDFE is half the latter. Hence the prisms 
are equal, and they are together double of one of them. But the two prisms make 
up the figure EDGHCB, which is, therefore, double of the prism EDFHKC. 

(5.) Pyi'amids on triangular Boies and of equal Altitudes are to one another as 

their Bases, 

Let P, ABC, ahe be the two pyramids, and let them be divided by planes os in 
the last proposition. 



Fig. 37 . 


Now efd : bca in the duplicate ratio of fd :ca; but/c? : ca ; : 1 : 2 efd : bca \ 4. 
Similarly EFD : BCA : . 1 : 4 /. efd ibcai: EFD : BCA or efd : EFD : : bca : BCA. 
But the prism efdkch : prism EFDKCH : : efd: EFD : : abc : ABC. (by last 
proposition) 

The double prism edghcb : EDGHCB : : abc : ABC. 

Now if we suppose pd and PD, and also da and DA figures will be formed p,dfe, 
and PjDFE of the same kind as in p,abc and P,ABC, and also in d,agh and D,AGH, 
and these figures will have to each other the ratios efd : EFD and agh : AGH 
respectively ; which ratios are each equal to the ratio abc : ABC. And the same will 
be true, however often we continue to bisect the bisections of the sides, and hence 
All the double prisms in p,abc : all those in P,ABC : : abc : ABC. 

And the number of successive bisections being as great as we please, this is true in 
the limit. Now the pyramids are the limits of the sum of these double prisms. Hence 
p,abc : P,ABC ; : oJe : ABC. Q. E. D. 

Cor : Hence pyramids on equal bases and of the same altitude are equal. 
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(6,) Evei'y Prism on a triangular Base can he divided into thee equal Pyramids, 

Let ABE, DFC be the prism ; draw a plane through DE and 
E, cutting off the pyramid E, DFC, and through ED and B draw ^ ^ 

a plane dividing the remainder into two pyramids E, ABD and pc;— 

E, BCD. Now since these two latter have their vertexes coin- / 

cident at E, and since their bases ABD, BDE are manifestly \ / 

equal being halves of the parallelogram AC, the two pyramids / \/ 

E, ABD and E, BDE are equal. Now the pyramid E, ABD is / / \ 
clearly the same as the pyramid D, ABE. But the base ABE = / / \ 

base DEF, and the perpendicular from E on DFE, is equal to / / \ 

that from D on ABE, since these planes are parallel ; hence the ^ \ 

pyramid D, ABE =: pyramid E, DFE, and therefore the three 
pyramids are equal. 

Cor. 1. — Hence if a pyramid and a prism have equal triangu- ^ 

lor bases and are of equal altitudes, the pyramid is one third 38. 

part of the prism. 

Cor. 2. — I^et A = area of base, 7l = height of pyramid. Then the volume of the 

prism on base A and of height h = Ah. And the volume of pyramid = . 

o 

Cor. 3. — If we have a pyramid on a polygonal base of which the area is A, it can 
be divided into triangles whose areas we will suppose to be A j A^ A^. ... so that 
A = Ai + Ag + A 3 + ... Now if 4 . be the height of the pyramid, then its 
volume being clearly the sum of the pyramids whose bases are Aj An A 3 ... . and 
height h, will equal 

^ ^ Aj + Ag + A 3 + . . .j = ~A7t. 

Cor. 4. — This is true, however great the number of sides there are to the polygon, 
and hence is true in the limit. Now if we suppose the polygon to be regular, its 
limit is the circumscribing circle, and the limit of the pyramid is the circumscribing 

cone .*. volume of cone = ^ where A is the area of the circular base. 


(7.) To determine the Volume of the Frustum of a rigid Prism on a t'l'iangular 
Let ABC, DEF be the frustum, where ABC is per- j, 

pendicular to the edges. Let A = area of ABC, and 

let h.2 be the edges AF, BE, CD respectively, \ 
and V the required volume. Join FC and suppose \ pT 
plane to pass through FCE, cutting off the pyramid \ Ny \ , ' 

C, FED, and another through ECA cutting off the \ \a 

pyramids E, ABC, E, ACF, these three make up the \ . 

volume V. Join FB, DB, and DA. Now volume of \ . ' \\ 

E, ABC = A ^ ; Tolume of E, FAC = volume of ^ 

B, FAC ; since perpendiculars from E and B on the 7 - 

plane ACF are clearly equal, and B, FAC is the same \ , ' 

pyramid as F, ABC, the volume of which is A 

^ Pig. 80. 

Again, since FA is parallel to DC, the triangle ACD 
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is = the triangle FCD, and we have already seen that the perpendiculars from E 
and B on the plane ACDF are equal, /, the pyramid E, CDF = the pyramid B, ACD, 

i. f. = D ABC, the volume of which is A 

U 

, tr A . A ^^2 . A + ^2 ^8 

••^“■^3 ^3 3 

Cor : If the prism be ABC FED, in which neither of the ^p:~ 

ends is perpendicular to the edges, take ahe an area whose plane 
is perpendicular to the edges, and let A = area of ahc. ^ 

Lot AE = h, BD = CF = 

aE = aTj 6D = cF = x.j 

aA — hB — cC — y^ 

Then if V = volume required ^ 6 

V = ahc DEF + ahc ABC = A 


A yi.-±-IJLJk = A 


+ y. -H arg + yg -h a?a + 
3 

3 







(8.) To determifi^ the Volume of a Frustum of a Right Prism on a hose which 
is a Parallelogram. 

Let ABCDEFQH be the frustum in question ; let \ h^ h^ h^ be the edges at 
A, B. C. D. respectively ; draw AC, and if a plane 
pass through AC and E it divides AB . . . . H into 

two frustums similar to that in the last proposition. T — ? 

Let V be the required volume, and A, the area 
ABC which is = area ADC (Euclid I — 34), Now 
the volumes of the two triangular prisms are 

respectively ^ 

A, AjLisJL^ » and A, \ 

‘3 '3 \ 

/. V = ^ Ai (^1 + + h^) + ^ *^1 (^<^3 Fig. 41. 

If we had divided the figure by a plane passing through BD, we should have had 

^ ~3 4 - A-g + h^ + - A^ hj^ + hj^) 

Similarly if we had divided at C and D, we should have had respectively 

V =l A. (4, + A, + /O + i A, (A. + A, + A 3 

o o 

V = i Aj + h^) + I iK + K +^4) 

3 o 

Now let S = + Ajj + 7^3 + h^. Then adding the four values of V we have 

4V = |a, (S + S + Sj + lAj(s + S + s) 

= 2A,. S 
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If A is the whole area ABCD. Siuco A = SA^ * 

V = A ~ = A 4- + K *- ^^4 

4 4 

(9). To find the Volume of a Frustum of aright Prism on a regular Pentagonal Base. 

Let Pi Pg P 3 P^ P 5 be the base, and let h^ \ be the edges corresponding 

to these abgles. Join P^ P 3 and P^ P^, and let the areas 

of Pj Pg P 3 and Pj P^ Pg, which are equal, be each A^, 

and the area of P^ P 3 P^ be Ag. Let V bo the required 
volume, then this volume consists of three portions of 
prisma of the same kind as in article (7) and hence 

3 3 o 

Now divide the base by lines drawn through Pg the 
areas will be the same as before, and hence 

V = ^ {h^ + /ia + J + :^ (Ag + ^4 +• K) + ~ (^2 + ^6 + ^*1) 

3 o o 

and similarly by dividing the base by lines drawn 
successively through P 3 and P 5 we obtain 

V =: {h^ + + k^) + ^ (^3 + ^5 + K) + iK 1 K) 

606 

V = A (/-. + h, + K) + A (A. + A, + h,) + A (A, H ft, T ft,) 

000 

V = A (ft, + ft, + ft,) + A(ft, + ft. + ft,) + A (ft, X ft, X ft.) 

3 3 w 

Then adding these together and writing 

h^ + Ttg + /tg + + 7^5 = S 

we have 5 V = (S + S + S) + (S + S i S) + ~ (S + S r S) 

3 3 3 

5V = (2Ai + Ag) S ---• A. S. 

If A =■ area of base. 

. y _ A 7t, A 7^g + h /tg 

5 

The student can easily prove that a similar formula is true in the case of a piism 
on a hexagonal base, or indeed on any base 
which is a regular polygon. 

10. To find the Volume of a Prismoid, 

Def. Aprismoid is a solid of the form represented 
in the accompanying figure. ABCD is a rectangle, 
and ABFE, DEHG, arc planes perpendicular to 
the planes of the rectangle, ED and CF are planes 
inclined at given angles to the plane of the rect- 
angle, the lines EF and GH being parallel to AB 
and CD. 

Through AD and BC draw planes ADLK and 


c 



Pi 
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BCNM perpendicular to the plane of the rectangle, these divide the given figure into 
three, viz , AEKDLQ, BDN, and BMFCHN. 

Let AB = a AD = /t AK = a; DL = ar, EK = 6 GL = &! MF = c Nil = 

Tlien (a) the figure BDN is of the same kind as in article 8 . Now the area 
DB = a?t, if therefore is its volume, 

V, = ^ (a; + a; -r a?, + r,) = ^ (a: + x,) 

(b.) Let Vj be the volume of the figure AEKDLG, draw 
planes through ED,K and GD,K. <iividing the figure into three ^ 

pyramids, DGL,K, AEK,D, and DEG,K. / / 

The volume of GLDjK 


= GLD X 


h h . 
3=5- 


Simdaily volume of AEK,D = “ xh. 

o 

Now the volume of GED,K is to that of ADE,K as GED is 
to ADE, or as AE to GD, or since triangles AEK, GDL are 
similar, these volumes are as AK to DL, or as EK to GL. 

Volume GED.K = “a’&x*— or = ^. a:&x ~ 

0 a* 6 6 

= — ar, 0 or = — . xb^ 

= A 

6 ’ 2 


7i / + *^^1 \ 

.y, = 6 + T > 

(c.) Similaily, if V^ is the volume of MBFCNH, 

h / a'jC + a-cA 

^3 = 6- + 2~j 


Now if V bo the required volume, 

V = Vj + V_. + Vj. 

V = js a (a; + .r,) + (6, j^c,) + a; (6 + c) 

Z» + c + c. 1 

or re-arranging the right-hand side of the equation, 

h ^ / b + c\ / ^ . 6, + c,\ 

V=-g + ^ 

+ (a; -f X,) (2a + — + — ^ } 

Now in this expression, 

Xj ( “ + | ~ * ) “ of DCEQ. 
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and (x -f .v J ^ 

^ b + c + c, 

which equals 

2 ' 2 

4 . ( 1 

fa 1- * + " + if 

0 + *' ■*■ ''Vl 

^ ^ 1 2 




is clearly four times the area of a section made by a plane parallel to ABFE and 
DEHG, and half way between them. 

Hence the solid content of a prismoid is found by the following rule : “ To the 
areas of the ends add four times the area of the mean section, multiply this sum by 
^th of the height of the figure ; this product is the volume required.” 

In practical cases it will generally happen that h — c, and = c^. This does not 
I aflect tlie enunciation of the rule, but simplifies the formula, which becomes 

V — 3 a (a: 4 (2 + ?>) + a; (2 5 + j. . 

( 

! (11.) To find tlie Solid Content of a Railioay Cutting. 

I 

In tho last article the figure is very nearly that of a portion of a railway cutting, 
in which ABCD is the road, AG and BH, the sloping sides of the embankment, and 
, hence the solid content required can be found by means of the rule given in the last 
I article. It is to be observed that the rule requires K Q and FH to be straight lines, 
I 01’, as an approximation, to bo very nearly straight lines, or EH to be a plane, which 
! is not true if the cutting is a long one. For this case we derive the following rule 
j from the above formula. 



' Let ABC represent a section made by a vertical plane of the hill to be cut through, 
AB tho level of the road, and suppose sections of the cutting to bo made by planes 
j perpendicular to AB, at equal distances along that line, viz., at Mg . . . Ms » + i, 

I let the terminal sections at A and B be a and 6, and the sections at PiMj FaM^ . . 

Pi PzPn • ‘ • P2nP2n + i» the numbev of sections being odd, and let the common 
' distance between the sections be h. Now by last article the volume of portion 

I AM h 

AMX^D is (a + 4 pi + ps ) or (<r + 4 pv + P2 ) 

and the volume of the portion is (Pg + 4 Pg + p*), and so on, 

I and the volume of P2 * M2 » BC is (p2 » + ^ p2 + 1 + &)• 
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Henco, by addition, the whole volume required is 

(ot + 6 + 4 (Pj + + . . . + + i) + 2 (Ps+i), . . .p^™) j 

which may bo expressed as a rule as follows : — 

Between the first and last sections make an odd number of sections at equal 
distances along the road, the planes of the section being perpendicular to the road ; 
then one third part of the common distance multiplied by the sum of the first and 
last sections, with four times the sum of the odd sections, and twice the sum of the 
even sections, gives the volume between the first and last section. 

The student will observe that this rule is the same as that for finding the area of a 
figure bounded by a curve, which has been already given (p. 379), excepting that the 
ordinates in the former rule are replaced by trapezoidal sections in the latter. The 
formula given in article 10 is called the Prismoidal formula. It will be observed 
that the material on each side of a cutting bemg generally the same, is the reason 
the inclination of the planes AG and BH to BD being generally the same as stated in 
the last article. Mr. Macneill, to whom the prismoidal formula is due, has constructed 
tables founded on that formula, by which the volume of a cutting is very readily 
calculated. The volume of an embankment is to bo found by the same formula, 
since, as a question of mere figure, an embankment is only an inverted cutting. If 
the calculation is made directly from the formula it is very tedious ; the value df the 
Tables above referred to is therefore very groat, and is enhanced by the following 
circumstance : — In constructing a long line of railway, the earth taken out of the 
cutting should be sufficient to form the embankment, otherwise land must be 
purchased for the mere purpose of obtaining earth ; to effect this end of making the 
volume of the embankments equal that of cuttings, the ascents and descents 
(gradients) of the line of road have to be properly chosen, and this can only be done 
by trial, so that the calculation may have to be performed two or three times before 
a right adjustment can be hit upon. It is worth adding that, as a general rule, a 
cutting is followed not by a long level, but by an embankment ; if possible, these 
two are adjusted to each other to prevent the need of carrying earth from long 
distances. 


12. To find the Solid Content of a Military Earth-work. 

The form of a military earth-work will be imderstood from the following 
explanations : — 

The form of a section of the work made by a 
vertical plane perpendicular to the face of the 
worit is such as ABCDEF from B,C,D,E draw 
perpendiculars to AF, viz.^ Bffi, Cn, Dp, E^, then 
Arrij mn, np, pq, Q'F, are of known magnitudes, as 
also are Bwi, Cn, Dp, Eq. The plan of the work 
will be of the accompanying kind, viz., F'f Fig. 40. 

(Fig. 47) is the line corresponding to F (Fig. 46) 

E'e the line corresponding to E, and so on for the others ; the lengths of all these lines 
are known ; we will call them a,b,c,d,€fi, respectively. 

In fig. 46 join pE, pC, pB, dividing the section of the work into triangles ApB, BpC, 
CpD, DpE, and EpF; call these areas respectively AjAgAgA^A^, then the contents of 
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the work are clearly equivalent to the frustums of five prisms (similar to that in the 
Corel, to article 7), which have the area of perpendicular section Aq and edges 
section A* and edges e^d.d, section Aj, and 
edges d^dfCy section A^ and edges and 
section Ai and edges b,d,a, it being evident 
that the edge through 'p — d. Hence if the 
whole volume equals V, we have 


C' 2>* 


Y = 4^(/' + c+(e)+4^ 


{e ■‘t d + d) + 


-f(d-Vd + c) 


A Ai 

+ -~ (c d + 6 ) + ~ (6 -f. d + a) 

3 V = a Ai + 6 (Ai + A^) + c (A^ + A 3 ) 
i d (Aj + A J + c (A^ + Ag) d- / Aj;) 

+ d (Aj d- Ajj -{- -Ag d- A^ d- Ajj) 

In which formula it will be observed that 
each line in the plan is multiplied by the 
triangle, or by the sum of the triangles, which have an angular point in that line, and 
that the line dD' is also multiplied by the whole area of the section. Hence if these 
products are formed and added together, the required volume is one third of the 
sum. 



13. To find ike Volume of tlie Fi'usiwm of aright Cone made hy a Plane parallel 

to die Base. 


Let ABCD be the frustum of the cone PCD. Join POOi where ODj are the 
centres of the ends of the frustums. Let AO = r CO^ = 7\ 00^ 

— h. PO = P 


Then volume ABP = Vfl volume PCD = t } ) 

3 3 

\ Volume of frustum = — . rf h d- x 

3 ^ 3 

Now X -\- 1i : X : r. 

h . X :: — r : r. 

Volume of frustum = — rM d- — -tiJIliJ 

3 ' 3 i\—r 

= (n- + n’’ + »•') 

u 



which is the same as the volume of three cones whose common height is h, and 
which have the radii of their bases respectively r, and a mean proportional 
between r and 
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14. To find the Volume of a Portion of a Sphere. 

Let ABO be a quadrant of a circle, draw BC, AC, tangents at A, and B, join OC, 
and take any point P in AB and draw QPN 
parallel to BO ; then if the whole figure revolve 
round AO, the quadrant ABO will clearly 
describe a hemisphere, the square AOBE will N. 

describe a cylinder, on a base whose radius is y/' 

OB, and height AO, and the triangle AEO will / 

describe a cone on a base whoso radius is AC ^ ^ 

and height AO. Also APN will describe a 1 ^;; ^ 

portion of a sphere, ACQN a cylinder whose /Pa Tus” 

lieight is AN and radius AC, and ACMN a L 

frustinim of a cone, the radii of whoso ends are ^ 

AC and MN, and height AN. Divide AN into 

any number of equal parts, of which let m B'' -^'o 

be one, through m, draw vik parallel to BO, Pig. 40 . 

meeting AB inp, and OC in Tc, and through 

draw a line Tc^ parallel to mTc, and from p and h draw pp^ and hh j perpendicular 
to rriy ICy Join Op. Now Op* = mp“ + mO" since Omp> is a right angle. But since 
triangle Omh is similar OAC and AC = AO /. Ow = mh also hn = BO = Op 
= wp- + v x m/c- = tt x mp- + x mh- or (Mensuration of Areas, 

Art. 8 ) the circle, the radius of which is mh is equal to the sum of those whose radii 
are mp, and mh ; also since H\ — pp^ = hk^ we have 

ir 7nk- X Ic = ir. mp- x pp^ + tt mh- x hh^ 
ortho cylinder, the radius of whose base is mh and height hhu is equal to the 
cylinder, the radius of whose base is wp, and height pp^, together with that the 
radius of whose base is wiT:, and height hh^ ; but these cylinders are those which will 
be described by mhj^ mp^ and mh^, when the whole figure revolves round AO. And 
the same is true of the cylinders corresponding to any other one of the equal parts 
into which AN is divided, and therefore is true of all of them. Now all the cylinders 
corresponding to hm^ make up the cylinder described by AQ, and all those described 
by Wjp, make up the series of cylinders inside the sphere, and those described by 
TJij h make up those described about the cone. Hence, 

Cylinder AQ =r: sum of cylinders inside portion of sphere + sum of cylinders 
outside portion of cone. 

This being true, however small m may be, is true in the limit, but the portion 
of the sphere is the limit of the inscribed cylinders, and the frustrum of cone is the 
limit of the cylinders outside the cone (compare note, p. 376). Hence, 

Cylinder described by AQ = portion of sphere described by APN + portion of cone 
described by ACMN. 

Now let r = radius of sphere, h == height of AN, and Vj = volume of poi*tion of 
sphere, NM = ON = r — h. 

Now column of cylinder described by AQ = rrr-h. And volume of frustum of 
cone described by ACMN = ^ ^ rS + (r — A) r + (»• — hf j- 


- = Vj + Y { ^ ’’ + {r — h)- I 
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8Tj = Stt rVi — ir/t 7^ + (r — h) r + (?• — Itf ^ 
= 7th ( 3r7/, — h? ) 


Heuce if V = volumo of tlie whole sphere, in which case h — 2 r. 

V = 

8 

Xow the volume of cylinder circumscribing sphere = it)^ x 2r. 

2 

/. V = — . (circumscribing cylinder.) 

3 

Cor. 1. — The above proposition may be demonstrated in the following manner. 
Suppose a solid having any number of plane faces to be described in the sphere, and 
let Aj Aj &c., be the areas of these faces, and p^ p^ &;c., be the perpendicular 
distances of the&e faces from the centre of the sphere ; now this inscribed solid may be 
conceived to be made up of pyramids, the bases of which are the faces of the solids, 
having the centre of the sphere for their common vertex. Hence, if the volume of the 
solid is V, 


' 3 A* 


Pz g ^3 + ■ 


Now this is true, however groat the number of faces may bo, and is true in the 
limit, but in the limit i’a 2^3 • • • become equal to one another and to r the radius of 
sphere. Hence, 

Limit of A, + Aa + A3 jPg + . . . = r x (limit of A^ + x A3 . . .) 

Now the limit of A^ + A„ + A., + . . . = surface of sphere = 4 ir »’2 (Mensuration 
of Areas, Art. 19 ). Also the limit of = V the volume of sphere. 

. TT 1 ' ^ 47 r 

. , V = - r X 47r r- — 

3 8 

Cou. 2 . — To find the volume of the portion of the sphere corresponding to BPNO. 
Let the volume be called V, and let h = ON which is = MN, Then 
V = cylinder BN — cone ONM, 

Now volume of cylinder BN = 7 r)'% 

Volume of cone MNO = - rh^ 


15. To find the Volume of a Spheroid, 
Def. a spheroid is a figure formed by the 
revolution of an ellipse about one of its axes ; 
if about the meyor axis it is called a prolate 
spheroid, if about its minor axis it is called an / 
oblate spheroid. / 

Let ABa be a semi*ellipse, OA its semi-major j/ 

axis, OB its semi-minor axis. With centre 0 and J- 

radius OA describe a semi-circle ACa, draw QPN 
through any point in the ellipse parallel to OC, 
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draw parallel to NPQ and complete the rectangles MP, MQ (Mensuration 

of Areas, Art. 12). 

Now if the figure revolve round Aa the semi-ellipse will describe a prolate spheroid 
and the circle a sphere, also MP and MQ will describe cylinders with altitudes MN 
and having the radii of the bases NP and NQ respectively, and having volumes 
TT MN X PN" and rr. MN x NQ^. Now by a property of the ellipse, 

QN : PN : ; a : 6 

QN-’ : PN2 : : a2 . 2^ 

But Cylind. MQ : cylind. MP : : MQ2 : MPS 
cylind. MQ : cylind. MP : : 

and the same is true of any other cylinders described in like manner within the 
sphere and spheroid, and .*. is true of their sum 


all cylinders within sphere : all within spheroid : : ; Ir 

and this being true, however many cylinders there may be, i. e. however small we 
suppose MN to be, is true in the limit, but the sphere is the limit of its inscribed 
cylinders, and the spheroid the limit of its inscribed cylinder, 

Sphere : sX)heroid : : \ 

But volume of sphere = . 

Volume of spheroid = 


Cor ; In like manner the volume of an oblate spheroid is 


16. To find the Volume of a portion of a Spheroid^ cut off by a plane Perpendicular 
to the A.cis of Revolution. 

In figure 50, suppose we wish to find the volume of the portion of tho spheroid 
corresponding to the portion APN of the generating ellipse ; then, as in Art. 15, we 
shall have 

Portion of Spheroid : portion of sphere : ; 6^ ; 

Now (Mensuration of Solids, Art. 14.) if AN = h the volume of the portion of the 


sphere is equal to — — (3a — h.) If Vj is the volume required, 

V. = (S<^-A). 

Similarly if we wish to find the volume of the portion corresponding to ONPB, 
and if is this volume, and h — ON, 

V.. = f 1 - £. ) 

Z a? ) 

as is evident from oorol. 2. Art. 14. Mensuration of Solids. 


17. To find the Volume of a Cask. 

AVe may consider a cask to be either the middle poridon nf a ii^ieroldf or two 
frustums of equal cones joined together &t their bases, though it will not ooineide 
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with cither of these forms exactly. It is to be observed that excise officers generally 
consider catks to be of the first form. 

The measuroments that are most easily made in practice are the diameters of the 
end, and of the middle section, and the distance between the ends ; we will call 
these, d, D, and h , respectively, and investigate the rule in each of the above cases, 
(a.) Suppose the cask to be a portion of a spheroid. Its volume V will be double 

that of V., in the last article .*. V = iTthh^ ( \ — 1 ^ 

V 3 o2 y 

Also by a property of the ellipse, (See fig. 50.) 


PN* 

ON^ 

OB" 

^ OA" 

PN^ 4* 


■ ^ 

1 

PN* 

3 ' 

i;^ + 



3 3 ‘ 6" 

__ 


V = 1 

3 


2rrk / 

( 

86 '" 4 - 

Now 2/i = A' 

. 26 = D 2. PN = d 



II 

2 . 


Also ™ = .2618 very nearly, hence the rule. ‘‘ To twice the square of the 

middle diameter add the square of the end diameter, and multiply the sum by the 
length of the cask, this product multiplied by .2618 gives the content of the cask." 

(6.) Suppose the cask to have the form of a double frustum of a cone. 

If V is the volume required v is clearly double of the volume ABCD, fig. 48. And 
hence by Article 13, Mensuration of Solids, 

i; = + rr^ + ) 

Now D = 2r^ == 2r and 24 

V = ^ ^ D* + Dei + d* j . 

Hence the rule “ To the product of the diameters add the sum of their squares, 
multiply this by the length of the cask, then the whole product multiplied by .2618 
gives the contents of the cask.” 

N.B. If the measurements are made in inches, the above rules give the required 
contents in cubic inches ; to obtain the contents in gallons we must divide by 277.274, 
since 277.274 cubic inches go to one gallon. 

Cob. It is evident that v, the value given by the second rule, is less than the true 
contents of the cask ; it is to be observed, also, that V, the value given by the 
former rule, is generally greater than the true value ; so that the true value will lie 
somewhere between these two results. Hence we can easily estimate the amount of 
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accuracy in each of the above determinations. Thus, V-v is clearly greater than 
the difference between the true result, and either of those given by rule, and v is loss 
than the true value of the contents, hence the error committed by either way of 

making the calculation cannot bo so great as the f Y — H \ . of the whole. Now 


ling the calculation cannot bo so great as the ^ Y — !! j . of the whole. N( 
V-r = ^ ^ 2D5 + ^ ( B' + Brf + j j 


-D (D-cZ). 


D{D-d) 


/D« + I)d + i? 


B (D — d) 

D" + L)c2 + dr 


If D ‘ cf + «. Then Bd _ D® — Dw, and d* = D*— 2D>i + w*. 


Bn 

3 £)< — $Bn + 


n n^ 


which is an expression for a limit of the part of the whole, by the approximate differs 
from the true value, e. g. Suppose the diameters to be 18 and 20 inches respectively, 

thci\ « = 2 inches and ~ , and there the error committed by calculating 


according to either rule cannot be so much as - 


JL-f- _i> 

10 ^ 800 


of the whole, or so much 


or ~ th (very nearly) of the whole. If the cask in question had an interior 
length of two feet, then, by the first rule, its contents are 25*47 gallons, and, by the 


second, its contents are 24*56 gallons. So that the en*or committed by either way of 
gauging must be loss than one gallon. 
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SPHERICAL TRIGON'OMETRY. 

Before reading the following treatise, the student will do well to reperuse the 
treatise of Spherical Geometry already given (p. 251, &c). He will there find the 
definitions enunciated and the chief properties of spherical triangles proved which are 
employed as the premises from which the formulas of the following treatise are 
deduced. It is stated in the introduction to that treatise that the chief applications 
of this science arc found in practical astronomy and geodesy ; also it is stated on 
p. 256, that the side of a spherical triangle measures the angle it subtends at the 
centre of the sphere, and hence is spoken of as an angle ; — now it is to be observed 
that in pmctical astronomy, the measurements made by the various instruments are 
invariably the angles subtended at the eye of the observer by arcs of the great 
sphere, for instance, the altitude of a star is measured directly as an angle, — so that 
in these cases the radius of the sphere never enters into consideration ; but in the 
case of measurements on the earth’s surface, if we have a distance measured along a 
great circle in miles or yards, which is to enter into our calculations, we must 
determine the angle these yards or miles subtend at the earth’s centre ; thus if a is 

the length in question, r the radius of theoarth, 0 the angle, then 0 = ~ where 0 is 

r 

in circular measure. If 0 contains oi"", then . Further it will be 

irr 

observed that in case the sides of a spherical triangle are small compared with the 
radius of the sphere, the triangle does not differ sensibly from a plane triangle : cjj, 
a triangle on the earth’s surface the sides of which are each about a mile long will not 
differ sensibly from a plane triangle, unless the measurements are made with very 
refined instruments ; hence it is manifest that the plane triangle is the limit of a 
spherical triangle, and accordingly we shall find that the formulas for the solution 
of spherical triangles are quite analogous to those that have been already deduced for 
the solution of plane triangles (pp, 822, 325), and we shall see that the latter can be 
deduced from the former by considering the plane triangle as tho limit of the 
spherical triangle. 

N.B. Tho following results already proved on p. 259 are very important. Let 
A, B, C, a, hy Cy be tho angles and sides of any spherical triangle, and A', B', C', a' h', c’y 
tho angles and sides of the corresponding polar triangle. Then 
A + a'--B + 6' = C+ c' = 180° 

And A' + a = B' + 5 = C' + c= 180° 

We shall employ this notation for the angles and sides of a spherical triangle and of 
its polar triangle throughout the following treatise. 
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(1.) To show that the Sines of the Angles of a Spherical Triangle are proportional to 
the Sines of the (pposite sides. 

Let ABC be tbe triangle, 0 the centre of the sphere, join OA, OB, OC; through 
A draw a plane ANP perpendicular to OB, jL 

cutting the plane AOB in AN and BOC in NP, \\ 

these lines are perpendicular to OB, and the / / \ \ 

angle ANP measures the inclination of the / / \ \ 

planes, and is equal to the angle B of the / \ \ 

triangle. Through A draw another plane AMP / \ 

perpendicular to OC, cutting AOC in AM, COB / J \ 

in MP, and AMP in AP, then AM and MP are ■ — / — 

perpendicular to OC, the angle AMP is equal 
to the angle C of the triangle, and AP is per- 
pendicular to the plane BOA, and APN and ^ 


APM are each right angles. 

Hence 


Fig. 1. 

Sin. B = — . 

AN 

and sin. C 

II 

. sin. B _ AM 
sin. C AN 


Also since c is the angle AOB and 6 the angle AOC 

. - AN j . , AM . sin. h AM 

OA OA sin. c AN 

sin. B __ sin. h sin. B _ sin. C 

sin. c sin. c sin. & sin. c 

The same proof holds good of the other sides and angles. 

Henee = “±-2 .... (1). 

sin. a sin. b sin. c 

Q.E.D. 

Cor. 1.— Suppose a, b, c, to be the lengths of the sides BC, CA, AB, then the 

-1..- x-j /tv 1,-. ~ j. - ^ b C . 


angles denoted in formula (1) by a, b, c, are - 

r 

being the radius of sphere. Henco 


in cu’cular measure, 


Now in the limiting case when r is infinite, ® = o and - 

r T 

h c 


and /. (Plane Trig. Art. 47) 


in the limit 


~ • The formula for plane triangles (p. 322). 
sm* o c 
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Cor. 2 . — If through 0 and AP a plane be drawn cutting the surface of the sphere 
in Ap, then Ap is perpendicular to BC, and equals the sine of AdP : i.e, is equal 
to the sin© of Ap, which we will call p. 


Now sin. B sin. c = 


AP 


AN AP . * 

= 5= Sin. An. 

OA AO ^ 


AN 

/. sin. B sin c = sin. p. 


( 2 ). 


( 2 .) To prove the Formula cos. A = 


cos. a — cos. 6 cos. c 
sin. b sin. c 


As before, let 0 be the centre of the sphere, and ABC the triangle, join OA. OB. OC, 
and produce the planes AOB, BOC, 

COA indefinitely ; at A draw a plane 
Apq perpendicular to OA, cutting the 
planes AOB, BOC, COA in Ap, pq, qA 
respectively, then since pA is on the 
plane AOB, and perpendicular to OA, 
and (jA is on the plane COA, and ^ 
perpendicular to OA,pAq is the angle 
between the planes, and is equal to 
the angle A of the triangle, also the 
angle pOq is the angle subtended by 
BC : i.e. is the angle a. 

Hence (Plane Trig. Art, 37 ) Fig. 2 

A2>* + Aq^ — 2 Ap. Aq cos, A = = Op- + Cg* — 2 Op. Og cos. a. 

Ap sin. 0 Aq , sin. h OP 1 

Now— = tan. c= ; 7r^=tan, & = r 777=860.0= 

0 A cos, c OA cos. o OA cos. c 



Og , 

^=BOC.S = 


1 

cos. b 


Bin."c sin.^^ 
cos.^c ^ COB.^b 
2 sin. c sin* 6 


* sin. c sin. b . 

. 2 — — cos. A — 

cos. c cos. b 

2 cos. a 1 




and 


cos. A = - 

cos. c cos. b COS' c cos. b 

1 sin.® c __ 

cos.® c cos.® c ~ 

1 sin.® b 


cos.* c cos.* b 
sin.* c 


2 cos. a 

cos. G COB. b 


cos.* c cos.® c 
cos.® c 


cos.® b 


sin.® h 
cos.^b 


Similarly 


cos*® b cos*® c 
2 sin. c sin. b 


cos.® c 

1 . 


= 1 . 


cos. A : 


2 cos. a 


— 2 


* * cos. c cos, b ' ~ cos. c cos. b 

sin. c sin. b cos. A = cos. a — cos. c cos. b 

. cos. a — cos. 6 cos. c 

cos. A == r-—y -7— — . . . . 

Bin. 6 sin. c 

Cob, 1 . — If a. Ac. represent the lengths of the sides of the triangle, and r the 
radius, 


( 3 ) 


Q. E.D. 
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Then — . - . — . are the angles of formula (3) in circular measure. 

r T T 

02 04 03 

Hence, remembering that cos. 6=1 — . . and sin. 6 = 6 — —— + .. . 

1.2 1. 2.3.4. 


\r J \r ^ ) 


Cos. A = - 

BmKD 


( 1 - 

I 

1 

' 6* c* \ 

{ 

2rV \ 

, 27*^ 2?‘l 


. terms involving ~ + . . . 

/>2 4. f>i — ^2 terms involving—. -1 + . . . 

r 0* 

2 6c -r terns involving ^ + . . . 

r r* 

Now in the limit when r is infinite, the terms involving ^ \ . will all 

° r > * 

disappear ; hence in the limit, 

Co=. A = 

2 be 

or — }/ + (? — 2 6c cos. A. 

as in the case of the plane triangle. 

Cor. 2. — In formula (3) substitute 180° — a' for A. 180° — A.’ for a. 180“ — T» 
for 6, and 180° — C' for c, and wo shall have 

CO.S. A' + cos. B' cos. C ' 

Cos. a' = — - . T./ • r<, 

sin, B Bin. C' 

This is true of the sides and angles of every polar triangle. Now it appears from 
Prop, xi., p. 259, that every triangle may be regarded as the polar triangle of some 
other ; hence the above formula is perfectly general, and is true of every triangle, 
and w'o have 

CoQ, d -- cos. A 4 cos. B COS. C 
sin. B sin. C 

CoR. 3. — Formulas similar to (3) and (4) are, of course, true of Cos. B and Cos. C, 
and of Cos. h and Cos. c. 


(3.) To express the Formulas of the last Article in a Form adapted for Logan^hmic 

Calculation, 

cos. a — cos. 6 CO"*, c 

Since Cos. A = — 

Bin. 0 sm. c 

COS. a — cos. b cos. c cos. a — cos. b cos. c 4- sin. b sin. r 
1 + COS A = 1 4 = ; 
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And 1 — cos. A = 1 - 


a — cos, h cos. c 
sin. 1) sin. c 


cos. 6 cos. c + sin. & sin. c — cos. a 
sin. 6 sin* c 


A cos. a — (cos. h cos. c — sin. 6 sin. c) cos. a — cos. (6 >f- c) 

2 cos.* TT = jt • — , 

2 sm. 6 sm. c sm. 0 sm. c 


* * ‘2 sm. 6 sin. c sm. 6 sin. c 

A cos. (6 — c) — cos. a 

And 2 sin.* tt = • j. * ^ 

2 sin. 6 sm. c 

O r.«e. " ^ ^ -i- I ^ 

2 sm. 6 fain, c 

A 2 sin. }, {a — b + c) sin. + b — c) 

And 2 fain." tt — « — j — » — — - 

2 sm. b sm. c 

lliTow ifa + 6 + c = 2s, then b + c — a = 2(s — a) a — b + c = 2 (« — b), and 
a + b — c = 2 (s — c). 

„A sin. a sin. (« — a) 

2 sm. b sm. c 
. 2 A _ fain, {s —J>) sin. (s — e) 


o o A 1 

2 cos.* ~ = 

M 

A 

And 2 fain.* tt — 


„A 

cos.* — =: 
2 


And since, 


tan 

2 sin. 8. sin. (s — a) 

A A 

sin. A = 2 sin cos. _ 

2 2 


sin.2 A _ sin, a. sin. (a — a) sin. (a — Z^) sin. (a — c) (8) 

these formulas are analogous to the formulas on p. 324 of plane trigonometry, 
which can bo shown to be the limits of these in the same manner as in Cor. (1). Art. 
(1), and Cor. (1) Art. (2). 

It is to be observed that, since any two sides of a triangle are greater than tho 
third, a — a, a — b, s — c, are positive ; and since all tho sides of a triangle are less 
than four right-angles, a is less than two right-angles, and a fortiori, s — a, s — b, 
s — c, are each less than two right-angles : so that, sin. s., sin. (a — a), sin. (a — b), 
fain, (a — c), are each positive, v also b and c are each less than 18U° ; so that sin. b and 
fain, c are always positive. Hence, (5), (6), (7), (8), are always positive, and tho 
A A A 

values of cos. sin. u tan. — and sin. A derived from them are always real. 

2 2 2 

A ^ a' 

Cor : If we consider the case of tho polar triangle A = 1 80^ — a' — 00 — — 

a == 180“ — A' 6 = 180° — B' c = 180° — cf. 

/. a = 270° ~ I (A' + B' + C') == 270° — S' if S' = - (A' + B' + C') 

2 2 

a a = 90° — (S' — AO. s~ b = 90° — (S' — B') a — c = 90° — (S' — C'). 

a' — cos. S' cos. (S' — A') 

Hence sin.* « = : — ^57— v — 77, — 

2 sm. B' sm. C' 

with similar expressions for cos.* —♦ cotan.* and sin.* a'; and since these are true 

2 2 

for all triangles we shall have 

. a cos. S cos. (S — A) mx 

sm.®7r ~ — rr — * ~~rs ' 

2 sm. B sm. C 
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a cos. (S — B) cos. (S — C) 
Similarly oos."^ = - 

a COB. S cos. (S — A) 

• * 2 ~ COB. (S — B) cos. (JS — Cj 


and ein.® a = -. — J — cos. Scoa(S — A)cos. (S — B) cos. (S — C) I (12) 

Sill* X> sill*'' ^ [ j 

where 2 S = A + B + C. It is to be observed that A + B + C must be less than 
six right-angles, and greater than two right-angles; S > 90“ < 270°. /. cos. S 

is always negative. 

Also S — A being equal to ^B-f C — A^ = ^ -[(180® — {h' -f & — a') j- must be 

< 90°, since h' + c' > a' cos. (S — A) is always positive, and similarly cos. (S — B) 
and cos. (S — C) are always positive, and (9) (10) (11) (12) though in appearance 

a 

negative, are really always positive, and give us real values for sin. j cos. 
a 

tan, and .sin. a. 

2 

b c 

Similar formulas, of course, exist for sin. ^ • sin. ^ &c. 


( 4 .) To prove the Fot'iniidas, 

cos ^ sin ^ ^ 

Tan. zr - ^ cotan. — and Tan. A~?. ::i: ? cotan. ^ • 

2 a+b 2 2 . a+b 2 

cos. — sin. 

2 2 

Since tan.»A = si n, (.-i) ein ( «- c) Bin. («-c) Bin. (»-«) 

2 sin. 5. sin. («~a) ’ 2 sin. a. sin. (« — b) 

tan.>— = ai”- (»— «) »'”• (»— *) 

2 ain. a, sin. (a — c) 

• tan '-^tan (s— a) ^ sin. (s— o) si n, {s—b) sin.* (a — a) 

*2 * 2 sin. a sin. (a — b) sin. a. sin. (a — c) sm.^a 

2 2 sin. a 


A sin. (a — b) 

2 ~ sin. a ^ 


B sin. (a — c) 
2 ~ sin. a. 


But tan. A tan. — = 
2 2 


. B. C.x C.^A sin. (a — a) sin. (a — h) 

tan. _ tan. ~ + tan. — tan. — — ' . ^ — ’ 


1 — tan. — tan. — 


^ sin. (a— c) 


_ 2 sin. 1 ^25 — a — cos. b — a\ 

A -t B , C sin, (a — a) + sin, (a — b) 2 \ / 2 \ / 


/. tan. ^ tan. 

2 2 sm. a — sm. (a — c) 


2 sin. i c cos, 


UH 


to I 5s 
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sin. - ccos. 
2 


2 - (“- 0 - 


Sin. - c cos. 
2 


I (“^0 


tan. 


A + B 


.j (^) 

»i (•♦i) 


cotan. - 


(13) 


Similarly 


tan. ^ — 2 tan. 2. 
2 2 


2 Bin. — ^ a — Z^'^cos. - (''28 — ct — 
sin. (3 — h) — sm. (5— a) 2 V / 2V / 

2 am. I ' 


cos. — c. 
2 


tan. 


-B 


sin. -^(a — h) ^ 

— cotan. — 

sin. 2 (a + &) 


(14) 


These formulas ai'e clearly analogous to (36) on p, 325 Plane Trigonometry. 
Cor : If we take the polar triangle, since 


i^ = 180 °-£^', ^ 
2 2 2 


b' — a' a + h 


= 180" 


A' + B' . 


a — b _ B' — 
~ 2 


A' . C 
and - : 


90° 


Wo have from (13) and (14) 

B'— A' 

p.rin 

a' + h' 


cos. 


B'— A' 


— tan. ■ 


cos. 


2 . ..X 2 , C 

WTa'^’^-T’ -Y- = T'a' + B'**"-! 

sm. • 


2 2 
Hence, remembering that the formulas for the polar triangle are perfectly general 
we have 

A — B 

a + b 


tan. < 


2 


2 . c 

tan. — 

A + B 2 

* 2 

A — B 


tan. 


a — b 


2 c 

tan* — 


A + B 


(15) 


(16) 


(5.) To prove the Formula Cotan. A sin. C = Cotan. a sin. h — Cos. C cos. 6. 

This formula is used in certain propositions : e.g, it is employed in the astronomical 
problem of finding the aberration in declination. 
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From formula (3) we have 

Cos. A sin. h sin. c = cos. a — cos. h cos. c. 

And from formula (3) we have 

Cob. c = cos. a cos. b + sin. a sin. b cos. C. 

Cos. A sin. b sin. c = cos. a — cos. a cos.- b — sin. a sin. b cos. b cos C. 

Cos. A sin. b sin. c = cos. a sin.'^ b^ — sin. a sin. b cos. b cos. C. 

Cos. a sin. c = cos, a sin. b — sin. a cos. b cos. C. 

Also from formula (1) we have 

sin. C sin. a 

Sm. c = ~ 

sm. A 

. ^ . sin. C sin. a • 7 • , 

. . Cos. A — T . = cos. a sm. 6 — sm. a cos. b cos. C. 

sm. A 

Cotan. A sin. C sin. a = cos. a sin. b — sin. a cos. h cos. C. 

Co tan. A sin. C = cotan. a sin. b — cos. C cos. b. 

Q.E.D. 

The Solution op Right-Angled Spherical Triangles. 

There are as many as six different cases of right-angled spherical triangleS; as 
will appeal’ from the following considerations : — 

Let A B C be the triangle, having a right angle at C. Then 
using the ordinary notation, all possible cases are the following : 

(1.) Given the base and perpendicular, i.e., given a and h. 

(2.) Given the hypothenuse and another side, ^.e, given eand 
a, or c and b, 

(3.) Given the base or perpendicular, and an adjacent angle, 
given a and B, or b and A. 

(4.) Given the base or perpendicular and an opposite angle, 
i.e., given a and A, or b and B. 

(5.) Given the hypothenuse and an angle, i.e., given c and A, 
or c and B. 

(6.) Given the two angles, i.e., A and B. 

If these cases be compared with those on p. 361, for plane triangles, it will be seen 
that the third case of plane triangles diverges into tw© cases, viz., the third and 
fourth of spherical triangles, while the sixth case is peculiar to spherical triangles. 
Both of these differences are due to the circumstance, that in the spherical triangle, 
A + B -p C is not known, whereas in the plane triangle A -h B + C = 180° 

6. To investigate the Formulas on which the Solution of Right-angled S^jhei ical 
Tricmglcs dc’pends. 

From the general formula 

sin. C sm. B sin. A 

Since C = 90° and sin. C = 1, we have 

. sin. b sin. a 

sin. c = — - 

sin. B sm. A 
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/. sin. 6 = sin. c sin. B 
Similarly sin. a — sin. c sin. A 


(17) 

(18) 


... r. COS. C — COS. a cos. by n A t 

Again, sinco cos. C = — and cos. C = 0, we nave 

sin. a sm. 6 

cos. c = cos. a cos. h (19) 

, . . ^ cos. C + cos. A cos. B , ^ 

Again, since cos. C = • ~ 4 • ~Ty and cos. C = 0 

° sin. A sin. B ♦ 

cos. c = cotau. A cotan. B (20) 

Again, since cos. a ~ ^ ^ ^ and cos. C = 0 and sin. C == 1. 

sin. B sin. C 

/. cos. A = cos. a sin. B (21) 

Similarly cos. B = cos. h sin. A (22) 

... . . -r. , . sin. h 

Again, since cos. A = cos a sm. B and sm. B = . — 


. A sill* ^ T cos. c , A sin. h 

. . cos. A = cos. a and cos. a = by (2) cos. A 

sm. c cos. h sm. c 

cos. A = tan. 6 cotan c (23) 

Similarly cos. B = tan. a cotan. c (24) 

Agtiin from (1) sin. a = sin. c sin. A = . sin. A from (2) and this = 

sm. B 

cos. B ^ sin. A cos. b 
sm. B cos. B 

But by (4) cos. B = cos. b sin. A. 

/, sin. a — tan. h cotan. B (25) 

Similai'ly sin, b = tan, a cotan. A (20) 


COR. c 
COB. 6 


sin. b 
cos. 6 


(7.) Napiei's Rule for live Solution of Rigid- Angled Spherical Triangles, 

The fonnulas given in the last article can be included in a single rule, which is 
very easily enunciated and remembeied. It is generally called Napier’s Rule, having 
been invented by Napier, who, as w^e have already stated, was the inventor of 
logarithms. Leaving out C, which is 90®, there arc three sides and two angles in the 
triangle, viz., a. b. c. A. B. we will call the base, the perpendicular’, the complements 
of the hypothenuse and the angles circular parts ; if we fix on any of these and call it 
the middle part, then of the remaining four two will be adjacent, and the other two 
opposite : then it will be found that all the formulas of the last article are included 
in the following rule. “ The sine of the middle part equals the product of the 
tangents of the adjacent parts, and also equals the product of the cosines of the 
opposite parts j 

Or, Sin. mid. = tan. ad. = cos. op. 

Thus, if 90® — A is the middle part, then 90° — c and 6 are the adjacent, and 90° — 
B and a are the opposite part. 

The rule gives us * sin. (90° — A) = tan. (90° — c) tan. b = cos. (90° — B) cos. a 
Or Cos. A = tan. 6, cotan. c = cos. a, sin. B {a) 
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Similai'ly if 90® — B is the middle part, then 90® — c and a are the adjacent, and 
90® — A and 6 the opposite parts. The rule gives us 

Cos. B = tan. a, cotan. c =■ cos. h, sin. A (i) 

If a is the middle part then 90° — B and h are the adjacent, and 90° — c and 
90® — A the opposite part, then the rule gives us 

Sin. a = tan. h cotan. B = sin. c sin. A (c) 

If h is the middle part theik 90° — A and a aro the adjacent parts, and 90 ° — c 
and 90° — A the opposite parts, then the rule gives us 

Sin. 6 = tan. a cotan. A = sin. c sin. B (d) 

Finally, if 90° — c is the middle part, then 90° — A and 90®— B are the adjacent, 
and a and 6 the opposite parts, then the rule gives us 

Cos. c = cotan. A coton. B = cos. a cos. & (c) 

If the five formulas of the present article be compared ■with the 10 of article (6) 
they will be found identical. Hence Napiei*'s Rule, as was stated, comprises all the 
formulas of Art. 6. It is a question whether as a matter of practice Napier’s Rule is 
really more convenient than the disconnected formulas of Article (6). 


(8.) To explain the Method of Solution in the cases of Might- Angled Spherical 
Triangles. • 

All the formulas of Art. 6, to which we refer in the present article, are expressed 
as products, and consequently are adapted for logarithmic calculations. The cases, 
as we have already seen, are the following : — 

(1) Given a and h, find c, A and B 

Cos. c is given by (19), then cos. A is given by (23), and cos. B by (24) 

(2) Given c and a, find h, A and B 

Cos. 6 is given by (19), then cos. A is given by (23), and cos. B by (24) 

(3) Given a and &, find 2>, c, and A 

Cos. A is given by (21), then cos. h is given by (22), and tan. c by (23) . 

(4) Given a and A, find h, c, and B 

Sin. B is given by (21), then cos. h is given by (22), and cos. c by (19) 

(5) Given c and A, find a, h, and B 

Sin. h is given by (17), then cos. a is given by (19), and cos. B by (22) 

(6) Given A and B, find a, h, and c 

Cos. c ift given by (20), cos. a by (21,) and cos. b by (22) 

It will be observed that each of the above determinations is clearly unambiguous, 
except the determination of B in (4), and b in (5), for these are the only two 
determinations made by means of sines ; for which reason if B' and h* are the values 
less than 90® which satisfy (4) and (6), then 180® — B', and 180® — 6^ also satisfy (4) 
and (5), and hence it would seem that in the former case there would in general be 
two values of 6 and two of c, corresponding to B' and 180® — B' respectively ; and in 
the latter case that there would be two values of a given by (3), and therefore two 
values of B given by (6). If more closely considered, however, it will appear that 
there is really no ambiguity in case (5). We will consider the cases separately. 
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Fig. 4. 

-E', the second value 'indicated by 


In case (4) we have given A and a. Now AB and AC being produced meet at A' 
where ABA' and ACA' are each of arc 180® (See 
Spherical Geometry, pp. 255, 256) and the angle 
at A' is equal to the angle at A. Hence the 
angle A and the side a belong equally to triangle 
ABC and to A'BC. And if we take the value of 
B less than 90° to be ABC. Then CBA' is 180' 
the solution. 

In case (5) — from (10) it appears that tan. a — sin. h tan A. 

Now s*n. b is always positive, and hence the sign 
of tan. a must bo the same as that of tan. A. Hence 
if A > 90° a must be > 90° and if a >90 °A must 
bo < 90°, and A is given, hence only one of the two 
values of a is admissible. This also follows from 
geometrical considerations. Let C be the right- 
angle, then CA and CB when produced meet in C', 
then since we havo given AB (c) and BAG (A) we 
determine b, i.e. cA from the equation or 180° — b 
i.e. AC', but AC' belongs to a triangle on w’hich the angle BAG' is not A but 180° — A, 
and the value AC' is inadmissible. 



The Solution op Oblique-Angled Triangles. 

(9.) To enumerate the Cases of Oblique- Anyled Trianyles. 

There are six cases of oblique-angled triangles, vfz., 

(1.) Given three sides, e.g. a. b, c 

(2.) Given two sides and the included angle, e.g, a. b. and C 

(3.) Given two sides, an angle opposite to one of them, e.g. a. h. A 

(4.) Given one side and the two adjacent angles, e.g. A. B. o 

(5.) Given one side, the opposite angle and another angle, e.g. A. C. c 

(6.) Given the three angles, e.g. A, B. C 

As in the case of right-angled triangles, these six coses are analogous to the four cases 
of plane oblique-angled triangles (p. 863.) But the fourth case of a plane triangle 
diverges on to the fourth and fifth of the spherical triangle, owing to the circum- 
stance that A -1- B -I- C is not known in the case of the spherical triangle, whereas 
in the plane triangle A -f- B -f C = 180®. For the same reason case (6) is peculiar 
to the sphorioal triangle. 

(10.) To solve the First Case of Oblique-Angled Triangles, 

We can obtain A from either of the formulas (5) (6) or (7), and then can obtain 

A 

B and C from similar formulas. Of these formulas (7) which gives tan. *2 is the most 

convenient if we wish to find both of the otlier angles. Compare the analogoua case 
of Plane Triangles, p. 363. 
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(11.) To solve the Second Case of Oblique-Angled Triangles. 


lu this case we will suppose that we have given a h and C. Then from formulas 

•g 

and hence A and B; and then, 


A 4- B A 

(115) and (14) wo can determine — — and 


2 2 

knowing A and B, wo can determine c from formula (1). 

If, however, we wish to determine c directly, i.e., independently of A and B, we 
can effect our object by introducing a subsidiary angle in a manner analogous to the 
coiTesponding case of plane triangles. (See pp. 325, 365.) Thus, from formula (3) 
we have 

cos, c — cos. a cos. h 
sin. a sin. b 

= cos. a cos. h + sin. a sin. h cos. C 
= 1 — cos. a cos. b — sin. a sin. b cos. C 
= 1 — cos. a cos. b -f sin. a sin. b — sin. a sin. 5 (1 + cos. C) 
= 1 — (cos« a cos. b — sin. a sin. h) — sin. a sin. 5 (1 + cos. C) 
= 1 — cos. (ct 4- h) — sin. a sin. 6 (1 + cos. C) 

Now 1 — cos. A = 2 sin.-* 


Cos. C. 


Cos. 
1 — Cos. 


A A 

- and 1 + cos. A = 2 cos." — - 


c . „ o + 5 
-- -= sin.- — 


■ sin. a sin. h cos." — 


Assume sin.- 6 = sin. a sin. b cos." - 


. ,a+b 
= - 2 ~‘ 


• bin." 6 


_ / a 

+ 

~ 

h 

sin. B 

(sill. 

a + b 

sin. 

— ^ 1 



2 * 

= 2 sin. j 

(- 

+ h 

-e'l 

1 

(’Ll! + 

B ^ 


2 


COB. ~ 

V 2 

; 

1 

X 2 Bia. Tj- 

(a 

+ h 


1 

C08.- 

fa + b 

0 

1 

2 

+ 9 j 

\ 2 

0 ■ 1 
= 2 sill. - 

/a 

+ b 

0 \ 

1 1 
cos. - 1 

(a b 

B \ 

i 

2 


2 


1 

X 2 sin. 77 

/a 

•f b 

+ 9l 

1 , 

cos - 1 

ra + h 

6 ) 

1” 

2 

+ 9J 

1 2 


. fa + 
= sin. ( — 

b 

-e) 

sin. 1 


0 



') 


This latter method is very much easier than the former : for by this we only 
require five logai'ithms, whereas by that we x’e quire eight, for tho determination 
of c. 


(12). To solve the Third Case of Oblique-Angled Triangles. 

In this case we will suppose that wo have given a, 6, A. Then we obtain sin. B by 
formula (1) ; and knowing a, 5, and A, B, we can determine C, by formula (18) ; and 
finally we can determine e by formula (1). 
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It will be observed that in this case, since the results depend on our determining 
B fi'oiTi a given value of sin. B, they will be ambiguous, as in the analogous case of 
plane triangles (p. 366) ; for if B' is the value of B < 90°, which wo derive from 
formula (1) : then 180® — B' also satisfies formula (1). 

This amount of ambiguity depends on the data. For let ABC bo a triangle, 
having the angle BAG = A AC = b and 
BC = c. Produce AB and AC to meet in A', 
drawCB'= CB. Then the given data belongs 
as much to the triangle ACB. as to ACB'. 

Moreover it is plain that CBB' = CB'B, and 
hence if CB'A = B', wo shall have CBA = 

180° — B', the same conclusion that w’O 
derived from the formula. 

(13.) To fiohr the Fourth Case of Oblique-Angled SpheHcal Triangles, 

In this we suppose that wc have given A. B. and C. Then — - is given from 

formula (15), and from formula (16); hence we obtain a and 5, and then wc 

obtain C. by formula (1). If wc wish to obtain C without the previous calculation 
of a and 5, we must introduco a subsidiary angle Q and proceed as in article (11). 
From formula (4) we have 

Cos. C = — cos. A cos. B + sin. A sin. B cos. 

c 

Assume sin.- Q = sin. A sin. B siu.^ 

And we shall obtain 

= , ,) ,1,. (il? _ ,) 



(14.) To solve the Fifth Case of Oblique-Angled Triangles. 

In this case w'e will suppose that A. C. and c. aro given. We shall obtain sin. < 
from formula (1). Now, formula (13) gives us 

. « cos. \ (a — c\ -n 

A -f C 2 V / , B 

— cotan. 2 


Tan." 




Whence we obtain B, and a similar modification of formula (1,5) will give us 5 ; or, 
having B, we may obtain b from formula (1). 

In this case a is determined from its sine, and therefore has two values, viz. a' and 
180° — a\ and if both these values are admissible, 
the case is ambiguous. 

In tho triangle ABC let AB = c BAG = A 
and BCA = C, and suppose BC = a', dray 
BC' = a' ; then if a' is greater than c, it is plain 
that A falls between C and C'; in this case 
produce C'B and C'C to meet in C". Then the 
angle BCC' = BC'C = BC"C. Hence the data 
belong equally to the triangle BAG. and BAG" ; and the case is ambiguous, provided 



Fig. r. 
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c < a; also it will be observed that BC” = 180° — BC' = 180"* — - BC = 180® — * a'* 
as previously appeared from the caloulaiion. If BC is less than BA, then C' would 
fall between B and A, and the above construction would be no longer possible. 
Hence if c > a, the case is not ambiguous. 

(15.) To solve the Sixth Case of Oblique-Angled Trirnglea. 

In this case we have given A,B,C. We shall find a from formula (11), and h and c 
from similar formulas. This case, however, never occurs in any of the practical 
applications of spherical trigonometry. 

On the Solution of Quadrantal Triangles. 

A quadrantal triangle (Spherical Geometry, def. xiv. p. 260) has one side of 90®, and 
the corresponding polar triangle is a right-angled triangle. From this considera- 
tion it would be easy to modify Napier’s Rule to suit the case of the quadrantal 
triangle. In practice, however, it is better to treat them as oblique triangles — on 
doing so it will be found in practice that the circumstance of one side being equal to 
90“ will introduce important simplifications. 


On the formulas peculiar to Geodetical Operations. 


We have already stated in general terms that the science of spherical trigonometry 
finds one of its applications in Geodesy. It is to bo observed that this application 
possesses some peculiarities in consequence of the sides of the triangles employed in 
a survey, on even the largest scale, being small compared with the radius of the 
earth, and consequently small when estimated in degrees or minutes ; whereas, in 
astronomy, there is no limitation imposed on the magnitudes of the sides of the 
triangles employed in that science ; our object in the present article is to explain 
concisely the results of this limitation, and to deduce certain formulas depending 
on it. 


(16.) To state the Object of a Trigonometncal Sv/rvey of a Country. 

The object of the survey is, (1) to fix accurately the relative positions of certain 
chief points in the country, so as to lay them 
down on a map ; and (2), having fixed these 
chief points, then by means of subsidiary opera- 
tions to lay down in detail all the minor features 
of the country, its roads, rivers, towns, hamlets, 

&C. The accompanying figure will be sufficient 
to illustrate this matter for our present purpose, 
which is from an actual survey. A, is a place 
called Ruckinge, B, High Nook, C, Allington, 

D, Lydd, E, Fairlight Down, and F, Tenterden. 

The line AB, is measured very accurately, and 
is called the hose line; and then the angles 
CAB, ABC, are measured ; from these data, AC, 
and CB, con be calculated ; then CB being known, the angles DCB, and CBD, can be 
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measured, and thus CD, and DB, be determined ; and this operation continued for 
any number of triangles whatever. It is usual in the larger triangles to measure all 
the three angles of any triangle, and not merely the two at the base ; this is done 
with a view of keeping a check upon the various errors to which all observations are 
liable. 

When the triangulating has been continued for some distance, it is necessary to 
compare the calculated length of a line that has been fixed upon, and then measure 
it ; the coincidence of the two results is a verification of all previous measurements 
and calculations ; hence such a line is called a Jose of verification. It is usual to choose 
stations that are from ten to twenty miles apart ; also it is usual to choose for a hem 
line a line of about four or five miles long. In late French surveys only two bases of 
verification have been used. The accuracy attainable in practice will be appreciated 
when the fact is stated that, in some English bases of verification, of four or five 
miles long, the computed and measured lengths have differed only by one or two 
inches. The operations of a trigonometrical survey are then two, — (1) the measure- 
ment of base lines, (2) the measurements of angles. Wo will proceed to consider 
each of these. 


' (17.) The Meaeurement of a Base Line. 


A space of open ground which is nearly level must be chosen, the line to be 
measured being indicated by stations and stages erected, if necessaiy, to secure the 
horizon tality of the base ,* the measure may be made by rods of glass, or steel, 
proper corrections being applied for temperature ; a more convenient contrivance 
for securing accuracy in the measures has been devised of late for the Irish Survey, 
it is of the following kind : — 

AB, CD, are rods of platina and ^ 

iron riveted together at the 
middle point P,and are exactly 
the same length for a given 
temperature : Ap, B(^, are 
marks affixed to the ends of 
each. Now the metals have 


Fig. 


different expansions for the same temperature ; suppose then that AB, for a change 
in temperature, becomes a5, while CD becomes cd, then Ap will assume the position 

Ap ha 

'Op ^ ^ 

will not be changed by the change of temperature; since within very large limits the 


ap, and let Aa = 


; 5a Cc = 55, then if Cp is taken so long that ^ then p 


• - m . i . 

expansion of a metal is proportional to the increase of temperature, and ^ is 

constant; the same arrangement being made at the end, BD, the distance p^', will 
not be afiected by change of temperature. 
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(18.)Y'o Ooi’rectfor want of StraiglUnm in the Bate 

Tho nature of tbe ground may be such as to render it impossible to measure a 
perfectly straight base lino of sufficient 
length. This was the case in some of 

the French surveys, where the actual ^ 

measurement was of two straight lines — ’ — ' 

inclined to each other at an angle of very ^ 

nearly 180®. Pig. lo. 

Let AB be the line the length of which 

is required, the measurements are AC = h. CB = a. and BCN = B in circular 
measure = n" suppose. Then it is plain that AB < (a + 5). Lot us suppose 
AB = « + b — x; our object is to find x. 

AB= = a- + — 2 ah cos. (jt — 0) = a- + h- + 2 ah cos. 9 

6“ 

Now (Plane Trig. Art. 50, cor.) cos. 0=1 — . if wo omit 6" .. . 

AB2 = a- + 2 a6 + Z/- — ahd- ~ {a + 5)2 1 1 — . j. 

r cilB- IV r ahd~ T 

... AB = (o + + 


AB = a + 5 — 


2 (a + 6) 


2 (a + b) 


180- X (50 X 60 


/. X = : X ’00000000001175 

a + b 

The correction to be applied to the sum of a and 5, to obtain the true distance, AB. 

(10.) To measure tlue Angles of the Tnanglcs of a Survey. 

Any two of the three angular points of one of these triangles i.s rarely in a 
horizontal plane passing through the third ; tho angle required is, of course, such a 
horizontal angle. Now the angles are measured either by a theodolite, or by a 
repeating circle — in the case of the former instrument, the vertical elevation of each 
object is observed, and the horizontal angle between them — that is to say, if ABC Fig. 
(D) are the stations, ANM the horizontal plane through A, BN and CM perpendiculars 
from B and C on AMN, then by the theodolite we observe the angles BAN, CAM, and 
MAN ; the lost is the horizontal angle required. The theodolite is tho instrument 
that has boon used in tho English surveys. But if a repeating circle is employed, 
the angle BAC is the one observed ; and it is necessary to deduce from this the 
horizontal angle MAN. The repeating circle is the instrument used in the French 
j surveys. 
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(20). To determine the Oon'ectionfor reducing an Angle to tne Horizon. 

liCt AB C M N be tho same as in last article; with centre A and any radius describe a 
sphere, which meets the lines 
AB AC, AN, AM in p, g, ti, m, 
respectively, pn and mq, if 
joined by great circles, clearly 
meet in Z vertically over A, 
since the circles must be per- 
pendicular to the horizontal 
plane. Then mn, or the angle 
mZn (Spherical Geometry, 
prop. V. cor. 4) is the angle 
required, and for its de- 
termination we have given 
pq = A, pn = /i, qm = h'. Suppose mZn == A + 5A, then our object is to 
determine 5A. 

Now ill triangle pZq we have by formula 3, cos. pZq = Pg— cos. pZ cos. gZ 

^ ^ ^ sin. pZ cos. 2Z 

NowpZ = 90° — li, and jZ = 90° — A' 

cos. (A -t 5A) = A — sin. 7i sin. A 
cos. h cos. A' 

Now we will suppose 8 A so small that we can omit SA^ . , . and h and h' so small 
that we can omit every power and product higher than Id, hid, and A'*. 

(Cor. Plane Trig. art. 50.) sin. 5A = 8A, cos. 8A = 1, sin. A = A, sin. h* = 



Fig. (11 ) 


Id, cos. A = 1 - 


~ , and cos. A,' = 1 — 

2 2 

Now cos. (A -f 8A) = cos. A cos. 5A — sin. A sin. SA. Hence 


cos. A — 5A sin. A 


cos. A — hid 


1 _} 
2 


- = coa A — hid -i- 


Id -H A'» 


cos. A 


8A sin. A = hid 


hi + 


cos. A 


Now let A + A' = p, and A — Id — q. 2A = p -i- g, and 2A' = p — q 




and 2 (A* + Id*) — p* + q^ 


.*. 4 5A sin. A = p* — g* — (p* + <f) cos. A = p* (1 — cos. A) — 5* (1 + cos. A) 


4 SA 2 sin. ~ cos. — z=z p^ 2 .sin." — 
2 2 2 


4 5A — p" 


^ X 2 cos.2 


cos. — 
2 


cos. - 
2 


SA 


sin. A 

T 

A 


= — •i' p^ tan. — — c® cotan. 

4 1-' 2 2 J 

Hence, whether we use the theodolite, or the repeating circle, we obtain the 
same end, namely, the determination of the horizontal angle. It is plain that the 
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iiorizontal imgl« bdiog' detenmned afc eaoli of tili« -statiosB, those are the irao angles, 
supposing the triangle spherical ; and the triangle so determined is tphtrkoA. 

We may proceed with the triangle thus obtained in either of the following ways ; — 

(21). To Explain the Methods of Treating tht THangks ibm Obtamed, 

(a.) JDelamhrds Method. 

It is supposed that we have tables of the kind described in Art. 72, I’lane 

a 

Trigonometry. Kow we know a, the length of a side in feet, hence - the angle 

sin: a 

subtended at the centre by a is known, and hence log. — — is known ; we will 

suppose the table to give us this for every value of a in foet. Then by simply 

sin. h sin. B 

idding log. a we obtain log. sin. a. Now from formula (1). = sin A * 

L sin. 6 = L sin. a + L sin. B + ar : c : L eln. A — 10, from whence 1> can be 
obtained. 

{h.) By the Method of the Chordal Triangle. 

Let ABC be a given triangle, the sides of which are a, h, c, and angles A, B, C, 
join AB, BC, CD, by straight Hues, then the plane triangle 
formed by these chords is called the chordal triangle. 

Let C — 8C be the angle of the chordal triangle corres- 
ponding to the angle C of the spherical triangle. Now, by 
Plane Trigon. art. 37, 

2 (chord BC) (chord CA) cos. (C — 5C) = (chord BC)2 + 

(chord CA) ’ — (chord AB)“ 

ah ah 

2 ein. ^sin. ^ cos. (C — 5C) == sin.^ - + sin.^ ~ 

— sin.s — , since chord 0 = 2 sin. 

2 2 


,\giuu 

Sin. a sin. h cos. C ^ 



-0 


= cos. c — cos. a cos. h — — 2 ein.^ -- ^ 

'“•’I') (l-2sm.= |-) 


' 2 bin. 

2 Sin. 


— 2 sin.= 

« . & a b 

2 sm. 2 cos. — cos. ^ cos. C 


= Bin.= 2 + 2 — 2 — ^ 2 ‘ 

= 2 sin. ^ sin. “ cos. ( C — 5C) — 2 sin.^ — sin.s | 

ah ah 

Cos, (C — 8 C) = cos. ^ cos. 2 cos. C + sin. sin. ^ 

Now omitting (5 C)® ... we have cos. C + 8 C sin. C. 

/, ®C sin. C = sin. ~ sin. ^ — cos, *^oos. — ^ cos, CL 
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Also sin. 2=2 2 ~ ^ 8*' ft® • • • • (riane Tjdg. Art. 50, Cor.) 

€tb ri 

:, 8C sia C = -j g— cos. C. 

Let a + b = and a — b = f ,\ 4 ah = — /*, and 2 (a^ +6*) = c2 + /= 

.*. 16 SC sill, C = (fi2 — /") — (e 2 +/‘^) cos. C = e® (1 ■ — cos. C) — /® (1 + cos. C) 

32SC sin. ^ cos. ~ = 2«® sin.® cos.® ~ 

SC == i-/ e® tan. 5 — f 2 cotJin. ^ l 

16 \ 2 2 J 

In this we suppose the radius of the sphere to be unity ; and so if, for instance, 
e is in feet and o(xuals m feet, we must have ^ “ whore r ia the earth’s radius in 

SC 

feet. If wo wish for SC in seconds, let SC = n" then — = 


0 000004848, as we have already seen. n — ■ 


SC 


IbO X 60 X 00 


•000004848 

The above is the method used in the English surveys. 

(c.) By the method of Correcting the Angles^ and Treating the Triangle as Plane. 

Let a, b, c, bo the sides to radius r, then the circular measures of the sides ore 
, ^ a b c 

respectively Now 


c ah 

cos. cos. - cos. - 


Cos. C=s 


sin. - Bin.“ 


But if we suppose that we retain all terms up to the fourth order, i. e. 

( «‘ \ / &' \ a® 62 

0 Then 

^ 1 l_ / gg +62 \ 

a .6 /a g«\ /6 6^ \ ah / + 6^ \ ah ) 

hn.; sm - {j. - [r ~ 

2co..Ul_£l ('!_“=, (i_^^JL-) 

r r 2r2 \ 2r2 ^ 24?-< / V 2>-2 2ir* ) 


Siu. 

and 


cos. cos. 

r 


^ 2r2 24»^ 


f , a2 +62 


g'* + 6^ + 6a2 6® 
24 


} 


g2 + 6® — c® g^ + 6"* — + 6g® 6® 


2r2 


24»-^ 


. n _ 1 /i , ^ / o . T« 0 <** + 6< — c* + 6a®6*\ 

•• + -gw-; + ^ _) 

Taking in oveiy term involving — • 
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2b‘^(P + 2cra^ 


_ J 4 _ 


If (a' + 6^) + — c®) a*‘^h* — c*+6a^b2-\ 

••• ^ ^6^ ^ i2i^— } 

~ — - — -7 ^- :> ' 2a^h^ + 2b'^(P + 2(ra^ — — &** — 

2ab 2iabi^ \ / 

Now 2a^6* 4- 26*c* 4- 2i?(j^ — c?* — b^ — -- 2b\^ + 2c*a® — — (&- — o?Y ~ 

4c« 6* — 2<^ (62 — a2) — c* — (62 ^ a2)2 = 40^62 (^2 + 52 __ ^2^2 ^ 

(2c6 + c* +62 — a2) (2 c 6 — c2 — 62 + ^2) = 

(6 4 c)2 — a2j. — (6 — c)2 j. _ (6 + c + a) (6 + c — a) {a + b — c) {a — 6 + c) 

= 10 A2, if A is the area of a plane triangle whose sides are a, 6, c. (Plane Trigon. 
Art. 41.) 

«2 + 2,2 _-c2 16 A2 

. . os. 2 24 a6r2 

Now if 6C is the correction to be applied to the triangle, in order that we may be 
enabled to reckon the triangle plane, so that C — 5C is the angle of a plane triangle 
whose sides are a, 6, c, then 

^ . fl2 + 52_e2 ^ . ...... 


Cos. (C — 5C) 


(Plane Trigon., Art. 37.) 


Cos. (C — SC) 


Cos. C 4 SC, sin. C — 


Cos. C + SC. sin. C 

. n 2 A2 

, sin. C — ^ • -7—5 
3 a6 H 

1 A 


* * 2 a6 sin. C. 3 r* 

Since the area of the triangle is ^ 06 sin. C = A. 

Jt 

Now if E is the spherical excess, Le. the excess of the sum of the three observed 
angles over two right angles, we have (Spherical Geometry, Prop, ix.) 

A : Area of hemisphere : : E : 2Tr 
E being in circular measure. 

27rA = E X 27rr2 
E = 


The same clearly holds good of either of the other angles ; hence the rule deter- 
mines the spherical excess into three equal parts, subtract one part from each of the 
angles, and the triangle can then be considered plane. If 80 is equal to ti" then, 
as before, 

?i" = 'b: 

3r2 X -000004848 

It is to be observed that n is very small, €.g, rarely more than 6 or 6, hence a small 
error in the area will produce no appreciable error. Hence A can be found on the 
supposition that the original triangle is plane. 

JOHN F. TWISDEN. 
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PRACTICAL GEOMETRY. 

The proocding portions of this treatise on “ The Mathematical Sciences’’ having given, 
at the commencement of the several Books of Euclid, the general definitions of a pointy 
a line, S^c,, also the Postulates and Axioms, it is unnecessary again to repeat them, 
being sufficient for the student to refer to them when requisite, in order to give him a 
clear understanding or conception of the Problem he may at the time have imder dis- i 
cussion. It is not here intended to give aU the Problems contained in a complete treatise j 
on Practical Geometry, but merely a selection of those which may be considered most 1 
useful in assisting the mechanical draughtsman, workman, or others who may be 
engaged in like pursuits. i 

Znstruments. — For the purpose of performing the construction of the different 
Geometrical figures, the only instruments absolutely required are a i)air of compasses, 
a ruler, a lead pencil, and a dinwing pen. | 

Compasses. — The best form of compasses, or dividers (Fig. 1), are made of metal, ^ 
such as brass or silver, from five to six inches in length, having steel points, and formed 


with one of the points or legs moveable, which at any time, as occasion may require, can I 
bo replaced by another containing a pencil leg («), or a pen leg (i), the pen being con- ^ 
structed in the same manner as the drawing pen, afterwards described. The various { 


uses to which the compasses may be applied aio 
well known; the principal, however, being to 
measure or transfer distances, and when fitted 
with a pencil or pen to describe circles, the one 
with black-lead pencil, the other with ink.* The 
small figure {c) is an instrument used for tighten- 
ing the joint of the compasses when the legs work 
too easily, or the reverse ; the two points (r e) at 
the one end fitting into two small holes {e e) at the 
head of the compasses — the other end being used 
for screwing up the nails {d d) in the pencil or 
pen leg, so as to make the joint work easily. 

Ruler. — The ruler in general use is merely a 
bar of wood or metal, the edges being formed 
straight, and, for convenience, should be from six 
to twelve inches in length, about an inch in breadth, 
and is for the purpose of guiding the motion of the 
pencil or pen in a straight lino or direction. 

Pencil. — It may perhaps be considered unne- 
cessary to give a description of a common drawing 
pencil ; but as there are few who, in commencing 
to draw mathematical figures, can form a proper 
point to their pencils, a few words may suffice to 
show the best method of doing it. 



Fig. 1. 


* The ink commonly used in drawing mathematical figures, &c., is that known as China Ink, 
which, being rubbed on a plate or palette, with a little water, runs more freely from the pen, and dries 
more quickly than common black writing ink ; it also has the advantage of not running or blotting 
so much on the paper. 
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A pencil for drawing (Fig. 2) is generally prepared by sharpening the wood and 
lead, so as to form a fine point, similar to (No. 1) in the figure; but the point (No. 2), 
as shown in the fig^ure, is the best form used for mechatuGal drawing, and is made by 
cutting two sides of the wood and load flat, and leaving but a small flat edge on the 
other two sides, the one side showing a broad point, as at («), the other a fine point, as 
at (b). In this way, the lead of the pencil may be kept close to the ruler, and at the 


! I 





same time dr.aw a fine line. A very simple and beautiful little instiumcnt, not much 
known, called the “ Pcn( il Cutter and Sharpener” (Fig. 3), has been invented, which 
forms the pencil point (No. 1), and is used by placing the pencil through the guides (a) 
into the hole or cone (i) ; and by turning it round with the hand against the knife 
edge (<?), the point of tho pencil is gi-aduaUy formed. 

Drawing Pr\ — The drawing pen (Fig. 4), like a pencil, is used for drawing 
straight lines, guided along the edge of the ruler ; it is usually ^ 

made in two parts — r/r., tho pen and tho handle. The pen W ’ L J 

part consists of two blades, with steel points, so bent that the 
ends or points meet, but leaving a space or cavity for the inlc ; | 

and in order to draw'^ lines of diflforent thickness, those blades can 
be opened more or less by a small screw. The best pens are 
also made with a joint to one of the blades, to admit of the 
pen being more easily cleaned by separating them. The other, 
or upper part, forming the handle of tho pen, screws into the 
lower portion, having attached a short piece of steel with a fA 

very fine point, generally called the protracting pin, and is 12 ! 

used for setting* off points in a line, or marking their inter- 
sections. ' ^ 

Having briefly described tbc few instruments requisite, it y J 

will be necessary to show their application, by performing the " * 

three fallowing simple problems, genially given as Postu- W 1 

lates (Euclid, Definitions, page 47), which however, by con- Ij \ 

structing, the student will the more readily become familiar f \ 

with the instruments and their use. 


PnoBiaai I.— Ib draw a straight line from any ene pohit (A) Uiany other paint (B). 
Lay one edge of the ruler upon the point A, as shown in dotted lines in the figure, 



tod move tke ruler round imtil it ooincides witli the point B ; the point of the 
pencil or pen from A to B, keeping it nlwaya dofle to ^ ^ 

the edge of the rulor: the trace or mark left upon — ■ 

tho surface of the paper is the straight lino required. “ ' ' 

Pkoblbm II . — To prolong or produee the straight ‘ 

line B) to any length towards (C), in a straight 
line. 5- 

Place one edge of the ruler upon tho point B at the extremity of the line AB take 
any point in AB, such as «, so far from B that a. B C 

the distance may bo less than the length of tho » ' * 

ruler ; make the ruler coincide with that point a, ' ^ 

and draw as before with tho pencil or pen from B towards C, which will leave the line 
produced os required. This operation may bo repeated as often as wished, so os to pro- 
long a line to any extent. 


PnoBLr.M III. — To describe a circle from a centre (0), and at any / s 

distance {0 A) froin the centre {0). I 

Place tho fixed leg or point of the compasses in the oontre 0, ' j 

opening them until they take in the given distance OA or radius 
of the circle to be drawn; then move them round, describing the 
oircumforenoe of the required circle. 

After performing tho three preceding problems, it will bo useful, in order to acquh « 
a free use of the instruments in describing circles, drawing 
linos through points of intersection, and joining points by /<^f\ 
straight lines, to draw the accompanying figure several X/ VA // J \ 
times, and thereafter to proceed to the construction of the // \\\4/ \\ 

following problems — 


PROBLEM 1. W W 

To bisect or divide into two equal parts a given straight line 

(AB). (Euclid, Book I., Prop. X.)* riff- »• 

1st Method. — When there is not sufficient space in the drawing on either side of ihc 
gioen line. By means of the compasses, place a leg at one of the extremities of tht* 
line, open them until the other leg is at any other point near the middle of the lime ; 
mark this point ; transfer tho leg of the compasses to the other extremity of the line, and 
mark the distance of the other leg from this point ; if the two points so marked do not 
coincide, open the compasses to as near tho middle of these two points as the eye will 
direct : proceed as before ; the distance between the new points will bo smaller than 
before, and a trial or two ■will enable us to bisect the line accurately. 

2nd MnTHOD.f — men the given line (AB) oectirs in or near the centre of the drawing^, 
• References are made to the propositions in Euclid, where several of the Problems are demon- 
strated, in order that the student, should he wish to inTeetigate the Problems further, may do so by 
examining the methods of construction there adopted. 

+ This is the method most frequently used to bisect a line ; but in practice itls'Bot necesw^ to 
draw tho -whole arcs, but merely the intersections, and by means of the ruler placed on those points, 
to mark the centre ^nt C. The line DO or DE, in this and the following Problem, •when drawn, 
will also be ibund to be -yerpeodioular to AB. 
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cmd there is room on both aides of the given line (AB). With the centre A 

(Fig. 9), and any radius greater than the half of AB, ^ 

describe an arc; with the centre B, and the same ^'xb 

radius, describe another arc, cutting the former in / \ 

D and E ; join the points of intersection D and E, / \ 

cutting the line AB in C, which wdll bisect AB in the / \ 

point C. A 1 — I "T B 

3ri) Method. — When the given line (AB) occurs near \ 

the bottom of the drawing^ and sufficient room is only left \ / 

on one side of the given line (AB). With centres A and B \ /p 

( Fig. 1 0) , and any equal radii gi-oater than the half of AB / x 

(this radius should be as long as can be conyonicntly 
got), describe arcs cutting each other in the point I). 

With the same centres, and less equal radii, also greater than the half of AB, describe 

arcs cutting each other in the point E; join DE, and 

produce the lino until it cuts AB in C, which will be the X 

point of bisection of AB. 


PROBLEM II. 


To draw a perpendicular or a straight line at right angles to 

a given straight line (AB) from a given point (C). a. B 

(Euclid, Book I., Prop. XI. and XII.) C 

Fig 10. 

1st Method. — When the givo>% point (C) is within or without the given line (AB) and 
near the middle of it. With the centre C (Fig. 11), and 
any radius, describe an arc cutting the line AB in the 
points E and F. With the centres EF, and the 

same, or any other equal radii, describe arcs cutting • .. 

each other in the point D; join DC, thou the line / '\ 

DC is perpendicular to the the line AB as required. \ 

^ 2nd Method.— a. / ) B 

y Wlwn the given point S C S' 

P (B (C) is within and at or 
y ' near the extremity of ^ 

i j given line (AB). 

\ '''\ j Take any point F 

, ^ 12) above the 

li^e AB, and with the \ 

radius FC describe '»./ 

the arc ECD, cutting ^ B 

AB in the point E ; join EF, and produce it until it ^ 

cuts the arc ECD in the point D, and join DC, which 
will bo perpendicular to AB, as required. / 

Srd Method. — When the given point (C) U without . ^ 

and opposite the extremity of the given line (AB). In 

the luxe AB (Pig. 13) take any two convenient points E,F. With the centre E. and radius 


PROBLEM III. 


EC, describe the arc CGD, and with the centre F, and radius FC, describe an arc 
cutting the former arc CGD in the point C and D ; v, ^ 

join CD ; the lino CD will be perpendicular to the 

given line AB, as required. ./ / \ 

A very simple method of setting off a peipendicular / \ 

on the ground may be performed with a tape line in the / \ 

following manner : — Suppose it was required to set out i ^ 

a straight line of road (CD) (Fig. 12) at right angles, or A g ^ G- 

perpendicular to another straight line of road (AB) 

from any point (C) in AB. Put in a pin at the point j 

C, and also one at E, along one side of the line of road / 

AB, and three feet distant from C ; put the end of the / 

tape line at E, pass it round the pin at C, carrpng it (/-- 

up in the direction of the line of new road, and bringing , - 

twelve feet on the line to the pin at E, and holding Fig. 13. 

twelve feet and the end of the tape line fast at E, stretch the line tight, putting 
in another pin at seven feet on the lino. When stretched, this will give the point D, 
and form a triangle, having sides three, four, and five feet respectively in length, of 
which DC will be perpendicular to EC, and form one side of the new road required. 

This method of setting off a perpendicular is taken from that beautiful theorem in 
Euclid (Book I., Prop. XLVII.), where in this case ED, the hypothonuse of the triangle, 
is equal to 5 feet, and the two sides EC and CD, 3 and 4 foot respectively; therefore 
53 = 32 -|- 42 , or 25 = 9 1^- Tho sum of the throe sides being 12, or the whole 

length of lino used; but any numbers may be used (consistent with tho length of the 
tape line), provided they fulfil the required value. It may bo easily remembered that 
any multiple of the numbers used, r»s., 3, 4, 5, will suffice. 


PROBLEM III. C 

P- .1 — .. 1 - ., ,^ . Q 

To draw a straight line parallel to a given straight . " 
line (AB), and through any given point (C). 

(EucHd, Book I., Prop. XXXI). 

IsT Method. — Take any two points, D and E A 3 

(Fig. 14), in tho givenline AB, the further apartfrom 
each other the bettor, with the centres D and E and 

radii equal to the distance between tho point C and tho line AB ;♦ describe two arcs, 
and draw a straight line to touch or be a tangent ^ ^ 

to both arcs, then the lino GII is parallel to AB. F 1 — 0 

2nd Method.— From tho point C (Fig. 16) draw 
the lino CD perpendicular to AB ; at another point /* ' 

anywhere in the line AB, but as far from D as ^ , // I / 

convenient, draw E H perpendicular to A B. 

Make EH equal to CD, and draw througb tho 

points C and H the straight line FG, which will be \/ Pig. 15. 

parallel to AB. 

* The distance between C and the line AB Is easily got by placing one point of the compasMS at 
C, and opening them until the other point Just touches, or describes an arc, AB. FQ may be drawn 
parallel to AB at any distance apart, by merely using that distance as the radii of the arcs. 
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3rd Method.— Take any point D (Fig.lS), tke further from C the bettor, in the lino 


AB ; join DC, and with the centre D, and radius , a ffl[ r- 

DC (or any other convenient radius which will cut ^ T' . ~ 

DC), describe an arc cutting AB in E ; also with / ' ' 

the centre C, and the same radius, describe an y 

arc DII ; again with the centre D, and a radius ^ 

equal to the distance between C and E, describe ® P 

an arc cutting the latter are in H ; draw the lino 

FG passing through the points C and H ; tho lino FG will bo parallel to AB. 

4th Method. — Take any point D (Fig. 17) in the line AB ; join DC and produce 

it, making CO equal to CD ; with the centre 0 and radii OC and OD, describe two arcs, 
the latter cutting AB in E ; join OE, cutting the lesser arc in the point H ; draw the 

line FG passing through the points C and H, then FG will be parallel to AB. 



C/ 




OTH Method. — Take any point D (Fig. 18) in the line AB; join DC and produce 
it; with the centre C, and radius CD, describe a circle, cutting AB in E, and DC 
produced in 0 ; with the centres E and 0, and tho same radius, desoribe ares inter- 
secting in the point H ; draw FG passing through the points C and H ; then FG will 
he parallel to AB, 

PROBLEM IT. 


To divide a given straight line (AB) into any given number {my 6) of eyualjtmris. 

Through A (Fig. IQ) diaw a line AD at any angle with AB, and through B draw 
BC pEU’allel to AD ; from A set off six equal parts 
on the line AD {those equal parts should be as nearly c 

the length of the required equal parts of AB as can j 
he estimated)^ and from B on the line BC set off / / ^ » 

the same number (six) equal parts of the same « h /. 

length as before ; join B and o, 1 and 1,2 and 2, 3 ' / / / 

and 3, 4 and 4, b and 5, A and 6 ; then the points ^ '' /' ‘ ‘ 

where those lines cut AB, vta., in /?, Cy rf, will 

divide the line AB into the required number (six) D 

f equal parts. Eig. 19. 
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PEOBLEM V. 

To find a mean or mean proportional hi ween two given lines (AJB and BC). 

Draw a straight line ABC (Fig. 20) equal in 
length to AB and BC together ; bisect AC in 0, ^ 

and with the centre 0 and radius OA, or OC, 
describe a scmicirclG ; from B draw a lino perpen- ^ 

dicular to AC, and meeting the semicircle in the i 

point D, then BD is a mean or mean proportional | / 

between AB and BC. / 


PROBLEM VT. 

To describe a square on a given straight line (AB). (Euclid, Book I., Prop. XLVI.) 

From the point A (Fig 21) draw AE perpendicular to AB 
(Problem IT.), and from AE cut off AD equal to AB ; draw DC ! 

and CB parallel to AB and AD respectively, intersecting at the . V 

point C ; or, with B and D as centres, and radii equal to AB, j 

^escribe arcs intersecting at the point 0, and join DC and BC, 
then ABC D is the square required. ♦ /\ 


PROBLEM VII. S 

Fig. 21. 

To describe a square which shall be equal to a}-y number of given squares (1, 2, 3, 4, 6). 
Draw any two lines, AB and AC 

(Fig. 22), at right angles to each other; 

in AB make AD equal to tlie side of 

the square 1, and in AC make AE ^ S 

equal to the side of the square 2, and \ 

join DE ; then in AB make AF eqmvl ^ L — 

to DE, and in AC make AG equal to \ p-‘ 

the side of the square 3, and join FG ; ^ ^ 

again, in AB m^e AH equal to FG, ^ f 4. I 

and in AC AK equal to the side of tlio \ ^ 

square 4, and join HK ; lastly, in AB \ 

make AL equal to HK, and in AC \. 1 T j 

make AM equal to the side of the square ' j I ^ I 

5, and join LM ; then the square LM ^ LH ” P Tj .a. 

NO, described on the lino LM, is equal Fig. 22. 

to the sum of the squares 1, 2, 3, 4, 5. 

By proceeding in a similar manner till all the sides of my nmiber of given squares are 
employed^ a square may be constructed equal to the sum of the given nufitber of squares ; 
thisj as well as the next problem^ depending throughout their whole construction on (Euclid, 
Book I., Prop. XLYII.) 

* Of course any rwtanglo whoso length and breadth are given can be constructed in a similar 
manner, by rowing the perpendicular ccjual to the breadth, and either drawing parallels or uah^ 
the length of the sides as radii. 
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PROBLEM VIII. 

To dem'ihe a sqttare which shall be equal to the difference of any two given squares 
(F and G). 


Draw any two linos, AB and AC (Fig. 23), at 
right angles to each other; in AC make AD equal 
to the side of the less of the two given squares, F ; 
with the centre D, and a radius equal to a side of 
the other given square G, describe an arc cutting AB 
in E ; the square AEHK, described on the line AE, 
is the square equal to the difference of the two squai'cs “ 
F and G. 


PROBI.EM IX. 

To describe a square which shall he equal to a given 
parallelogram (ABCD). 


Fig. 23. 


Draw any line OK, which shall be a mean proportional between the two sides, 
and BC of the given parallelogram 
[Prohltm V.), and upon the lino 
GK describe the square IIGKL, 
which will be equal to the given / 
paraUc'logram, ABCD. (Fig. 24.) / 

JJlten the given parallelogram is 

?iot a rectangle^ as AEFB, then draw 
a rectangle ABCD, standing on the 


AB 



1 




\ 


D 33 


\ 



“/■ 

/ 1 

0 

a 

A. 1 

i 


Fig. 24. 


same basCj and between the same parallels (Euclid, Book I., Prop. XXXV.), equal to 
and p^'ocecd as before. 




PROBLEM X. 


To draw through a given point (E} a straight line, which shall tend to the intersection of 
two given straight lines (AB, CD), but whose point of intersection (0) falls beyond the 
limits of the drawing (LMN). 


IST Method. — ^Through the given point E, draw any lino EC, meeting AB in A, 


j and CD in C, draw any other line 
, IIK parallel to EC, meeting AB and 
CD in G and K ; join CG, and 
through K draw KF parallel to it, 
meeting AB in F; join EG, and 
through F draw FH parallel to it, 
meeting KG produced in H; join 
EH, which, if produced, would pass 
through the point of intersection 
0 . 



Fig. 25. * 
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2in) Method.— Draw any two parallels EC and GK (Pig. 26), as before ; join AK 
and CG, intersecting in F, and 
tbrough F draw PQ parallel to EC Hi 
or GK. Join EK, cutting PQ in E, 
and througli the point E draw CH, 
meeting the line GK produced in 
II; join EH, which, if produced, 
would pass through the point of 
intersection 0. 

PEOBLEM XI. 

Fig. 26. 

.Lt a given point (E) in a given straight line (ED), to make an angle equal to a given angle 
(ABC). (EucHd, Book I., Prop. XXIII.) 

With the centre B (Fig. 27) and any convenient radius, describe an arc, cutting 
AB in H,and BC in G ; with the centre E and the same r 

radius, describe an arc cutting ED in the point L ; with 
the centre L and a radius equal to the distance HG, \ 

describe another arc, intersecting in the point K ; join ^ j 

EK, and produce it if necessary ; then the angle DEF ^ H ~ 

will be equal to the angle ABC, as required. 



PEOBLEM XII. 

To bisect any given angle (ABC). 

Prop. IX. 


(Euclid, Book I., ^ 


Fig. 27. 


cutting 



With the centre B (Fig. 28) and any convenient radius, describe an arc 
BA in D, and BC in E, with D and E as centres, and 
any equal radii, describe arcs intersecting in the point 
F ; join BF ; then the angle ABC will be bisected by 
BF, or divided into two equal angles, ABF, and CBF. 

By again bisecting the angles ABF, CBF, the angle 
ABC will be divided into four equal angles, and so on ; 
by proceeding in a similar manner, the angle ABC may 
be divided into any even number of equal angles, con- ^ 
tinning in geometrical progression— vts., 2, 4, 8, 16, 32 
64, &o. Fig, 28. 

PEOBLEM XIII. 

To trisect or divide into three equal angles a given right angle 
(ABC). 

With the centre B (Fig. 29) and any radius, describe an 
arc, cutting BA in D, and BC in E, from the points D and E as 
centres, and the same radius as before ; describe arcs cutting 
the former arc in F and G ; join B and the points of intersec- Fig. 29. 

tion F and G ; then the angle ABC is divided in three equal angles, ABG, GBF, FBC. 
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PHOBLEM XIV. 
To trivet ot divide into three equal angUe 


Witli tho centime B (Fig. 30) and any radius, desoribe 
a circle cutting in D, and BC in E ; bisect the angle 
ABC by the lino HL (Problem XU.), and produce AB till 
it meets tho circle in G ; on tho e^e of the rulor made 
off a distance t^d) equal to the length of the radius BD or 
BE, and lay the ruler at the point G, moving it until the 
point h cuts the circle, and the point d intersects the line 
BL, in II and F respectively ; join BH, and set off HK 
equal to EH, leaving KD also equal to EH, and join BK ; 
then the angle ABC will bo divided into the three ©rati 
anglee, ABK, KBH, and HBC. 

PBOBLEM XV. 

To describe m equilateral triangle upon a given straight Une 
(AB). (Euclid, Book I., Prop. I.) 


,X 



With the centres A and B (Fig. 31) and radii equal to 
AB, describe arcs intersecting in the point C; join AC 
and BC ; the triangle ABC will be equilateral. 

PBOBLEM XVI. 

To construct a triangle^ whose side shall he respectively equal to 
three given straight lines (1, 2, 3), any two of which are 
greater than the Jlhird. (Euclid, Book I., Prop. XXII). 





Draw any straight line, AB, (Pig. 32) equal to 
the given line 1, with the centre A and a radius 
equal to the given lino 2 describe an arc, and with 
the centre B, and a radius equal to tho given line 
3, describe another arc, cutting the former at Ihc 
point C; join AC and BC; then ABC will be the 
triangle required. 



PBOBLEM XVIL 


Fig. 32. 


To find the centre and radius of a given circle,* (Euclid, Book III., Prop. I.) 

1st METHOD.—In the drciuaference of the given circle ABC (Fig. 33),, take any 

• HiiB problem Is performed In Euclid by drawing any chord, bisecting it by a perpendiimUr 
meeting the given circle at its two extremiti^, which gives the diameter of the circle, by^biieettaif 
whta/h botibi the oeiftl« and radius of thenirole are ibimd. 




i*]i0BX»SM rvnrw 


m 


point D, and from it as a centre, with any radius, describe a circle cutting the circum- 
ference of the given circle in the points E and F, with which as 
centres, and the same radius, dssenbe aros intex^cc^iing the 
circle EP in the points and KL. Draw lines pass- 
ing through the points H and G, L and K, and prodnoe th^< 
until they intersect each other in the point 0, which is the 
centre of tho circle, and OM or ON the radius. 

JSy this method the arcs DE ojnd DP are and the 

problem may be performed by merely drmoing my tvfo diords, 
such as DE and DP, bisecting those chords by perpendiotdarSf 
which being produced^ wntil they intersect each other^ will give 
the centre. 



2nd Method.— Take any five points, B, E, D, G, C (Pig^ 34), 
in the circumference of the given circle ABC, equidistant firom 
each other ; draw lines passing through BE and GD, meeting 
in the point K ; also through CG and ED, meeting in the point bj( 
L ; join EG, and draw BD and CD, cutting tho line EG in M 
and N respectively; and through the points of intersection 
KM, and LN, draw lines, and produce them until they intersect 
each other in the point 0, which is the centre of the given 
circle ABC. 

PROBLEM XVIII. 





Fig. 34. 


To describe a circle that shall pass through any three given points (ABC), which are not in 

a sti'aight Ime^ 

Prom the point A (Pig. 33), as a centre, with any ^ 

convenient radius greater than half the distance AB 
or AC, doscribe an arc, with B and C as centres, and 
the same radii, describe arcs cutting the former in the 
points D,F and E G; draw linos passing through those 
points intersecting each other in the point O, and with 
the centre 0, and a radius equal to tho distance OA, 

OB, or OC, deserfbo a circle which will necessarily 
pass through the three given points A, B, and C. 

This problem will be found most applicable in 
the case of a circular arch, whoso span (BC) and 
rise (AH) (Fig. 36), are given, and it is required 
to describe it ; join AB and AC, bisect them by 
the perpendiculars DP and EG ; then* as' before, 
the point of intersection 0 is the centre witib 
which to describe the cirolo;* 

The joints of the stones or vomsoire forming 
the arch are drawn &om the centre^ and form 
oontmnatioxxB of the radiL 




Fig. 35. 


* See » Euclidj” Book HI., .Prop. XXV. 
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, PROBLEM XIX. 

To Jind the point in a given straight line (AB), drawn from the one extremity of a gmn 
arc (AEG), through which the other ex- 
tremity (C) of the given arc^ if continued, 
would pass, and without using the centre. 

From A (Fig. 37) draw any chord AD, 
and also any other chord AE, making the 
angle DAE equal to the angle BAD ; 
with the centre D and radius DE de- 
scriho an arc cutting AB in F ; then F is 
the point in AB, through which the arc j'ig. 37 , 

AEG, if continued, would pass. 

When the centre is either not known, or at too great a distance to be conveniently used 
{as very frequently occurs in practice), this problem will be found exceedingly useful. 

PROBLEM XX. 

To draw a tangent to a given circle (ABG) through a given point D in the circumference. 

(Euclid, Book III., Prop. XVII.) 

1st Method.— If the centre 0 of the given -circle ABG (Fig. 38) is not given, find 
it by Problem XVII. ; join OD, and through the given point D draw EF perpen- 
dicular to OD ; then EF is the tangent required. 




2 si > Method. — Take any other point 0 (Fig. 39) in the circumference of the given 
circle ABG ; join DO and produce it ; with the centre 0, and radius OD, describe a 
circle cutting the given circle in G, and DO produced in G ; make the arc GE equal to 
the arc GO ; join ED and produce it ; then EF is the tangent required. 

3ed Method. — ^Take any other point 0 (Fig. 40) in the circumference of the given 
circle ABC ; join OD and produce it ; with the centre D, and radius DO, describe a 
circle cutting the given circle in A and OD produced in G ; with the centres A and G, 
and any equal ra^, describe arcs intersecting each other in the point F ; join FD 
and produce it ; then EF is the tangent required^ 



PROBLEMS XXI., XXII. 
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PROBLEM XXI. 

To draw a tanffoni to a given circle (ABC) through a given point (D) without the cirnm- 
ference. (Euclid, Book III., Prop. XVII.) 

1st Method. — Find the centre 0 (Fig. 41) of the given circle ABC ; join OD, and 
bisect it in G ; with the centre G, and radius GO or GD, describe a semicircle, cutting 
the given circle ABC in the point C, which is the point of contact ; join DC and produce 
it; then ED is the tangent requii-ed, touching the circle at the point C, and drawn from 
the point D. 



2nd METHOD.—With the given point D (Fig. 42) as a centre, and any radius, 
(loscribo an arc cutting the given circle ABC in B and C ; join DB, DC, and produce 
them till they meet the circumference of the given circle ABC in F and G ; join BG 
and CF, cutting each other in the point H ; join BC, and through H draw a line 
parallel to BC, and meeting the circle in the points KL ; draw from the point D lines 
I)E and DM, passing through K and L, which will be tangents to the circle ABC. 

8rd Method.— From the given point D (Fig 43) draw any three lines cutting the 
given circle in E,A in F,B and in G,C respectively ; join GB, FC, intersecting in K, 
and GA, EC, intersecting in II ; draw through H and K a line meeting the circle in 
the points L,M which will be the points of contact ; and lines drawn from D through 
those points L,M will be tangents to the circle ABC. 


PROBLEM XXII. 

To describe a circle that shall touch two given straight line^ 
(AB a'nd CD) not in the same sU'aight line, and touching 
at a given point (E) in one of them (AB.) 

Produce the given lines, AB and CD (Fig. 44), tiH 
they meet in the point G ; mate GF equal to GE ; from 
E and F draw EO and FO perpendicular to AB and CD, 
respectively intersecting in the point 0 ; and with the 
centre 0, and radius OE or OF, describe the circle HEF, 
which wQl touch the given lines AB, CD, and also AB in 
the point E, as required. 



MATHEMATICAL SCIENCES.— No. XIV. 



PRACTICAL GEOMETET. 


PROBLEM XXIII. 

To describe a circle tha/t ^haU a gitm vtrmgKt Um (AB) in a given point (E) 
shall also pass through another given point (F) not in the same 
straight line (A!^). 

Promiiie given point E (Fig. 46) draw EO pcrpondioular — "’'/v 

to AB ; join BF, bdscok it by a peispondieulax CD, catting ^ 

EG in the point 0, with which as a centre, and the radius OE, / '' 

describe the circle EDF, which will touch the line AB in the | — 

given point E, and also pass through the given point F. ' ' ^ / 


PROBLEM XX^^ 


To describe a part of a circle that shall touch a given 
straight line (AB) in a given point (E), and shall 
also touch a given arc (DGH). 

Draw EC (Fig. 4G) perpendicular to AB; and 
through the centre K of the given arc DGH, draw 
KL parallel to EC, and meeting the arc DGH con- 
tinued in the point L ; join LE, and produce it to 
meet the given arc in the point D, and join DK, 
cutting EC in 0 ; then with the centre 0, and radius . 
OE, describe a part of a circle which will touch the 
given line AB in the given point E, and also the 
given arc DGH in the point D. 


T) 0 



I PROBLEM XXV. 

I 

To describe two ares ihest shall meet each other in the line of thvir centres^ md^shoM tomh 
two given straight lines (AB, CD) at the given points m 

(E, F) in those lines, the radius (EG) of the lesser arc j 

being also given. J 

From point E (Fig. 47) draw EG perpeodioitilar ^ f 

to AB, and equal th the given Tnadiitt, and froa tSite point F / 

draw FH perpendicular to CD, and make it eqnalJto BG^, // \ 

join GH; bisect GH by a perpendicular KO, cutting FH 1 

produced in the point 0; join OG, and produce it, then \ \ / 

with 0 as a centre, and radius OF, describe an axe \ \/ 

meeting OG produced in L. TVith the centre G, and \ /P 
raditis GE or GL, describe an arc meeting the former arc 1 ^ 

in Lj then the arcs FL and EL*a»iihose iieqiiired, meeting ABB 

each other at the point L in the line LO, passing through Fig, 47, 

both their centres G and 0, and also touching AB and CD in E and P. 



PROBLEMS XXVI., XXVm, XXVIII., XXIX. 
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PROBLEM XXVI. 

To find a straight line nearly equal to the length of a given are (ABC). 

Bisect the given arc in B (T%. 48), and draw the B 

lines AB, AC ; with the centre A, and radius AB, 
describe an arc cutting AC in D ; make EE in AC / / 'i \ 
produced equal to AD, and divide CE into three equal [/ \ 

parts, and make EF equal to one of the parts ; then * J) b 

AF will be nearly equal to the arc ABC. 


PROBLEM XXVII. /+\ 

To draw a straight line nearly equal to the dreum- 

ference of a given circle (ADBC). /y 'X 

Draw the diameters AB and CD (Fig. 49) at - 

right angles to each other; produce CD until DE ,4 0 y 

is equal to three-fourths of DO ; through C draw FG / \ / '\^ 

parallel to AB ; join EA, EB, and produce them / ' 

until they meet FG in F and G ; then FG will be f C (> 

nearly equal to the semi-circumference of the circle Fig. 49. 

AD BC. 

PROBLEM XXVIII. 

7h inscribe a circle in a given triangle (ABG) that shall touch all its sides. (Euclid, 
Book IV., Prop. IV.) 

Produce AC (Fig. 50) both ways ; with the centre A, and any radius, describe an arc 
cutting AC produced in D, and AB in E ; ^ 

also with the centre C, and the same radius, a 

describe an arc cutting AC produced in F, / \ 

and BC in G ; join DE and FG, and draw A"— \ 

through A and C lines parallel to DE and 

FG respectively, and cutting each c^er in y" \ K ' ' 

the point 0; then 0 is the centre of the / / V'^\ I "v 

required circle {the lines AO and OC will bisect [ / A - - 

the angles BAG and ACB, tohiah mght he done ^ 

by jProblem XII). From 0 dra?w 0® per- Fig. 50. 

pendicular to AC ; then with the oantis G, and radius OH, describe a oirde which will 

touch all the sides of the given triangle ABC. 


PROBLEM XXIX. 

T$ describe a circle about a given triangle (ABO). (Euclid, Book IT., Prop. V.) 

This Problem is simply to describe a circle passang through three given points, 
ABC, as given before in Problem XVIII. 
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PROBLEM XXX. 

To draw a square within or about a given circle (ACBD). (Euclid, Book IV,, 

Props. VI. and VII.) 

Draw through the centre 0 (Fig. 51) any two diameters, AB 
and CD, at right angles to each other, meeting the circle in the 
points ACBD. To inscribe a square in the circle, join those four 
points; then ACBD is the square required; and to describe a 
square about the circle, draw tangents or lines parallel to the 
diameters at those four points, then EFHG is the square 
required. 

Fig. 61. 

PROBLEM XXXI. 

To circumscribe and inscribe circles to a given square (ABCD). (Euclid, Book IV., 

Props. VIII. and IX.) 

Draw the diagonals, AC, BD (Fig. 52), intersecting in 
the point 0, the centre of the required circles. With 
the centre 0, and radius OA, describe a circle which will 
pass through A,B,C and D, and bo circumscribed about the 
given square ABCD. From 0, draw OE perpendicular to 
DC ; and again with the centre 0, and radius OE, describe 
a circle which will touch all the four sides of the square, 
and be inscribed in the given square ABCD. 

Fig. 52. 

PROBLEM XXXII. 

To describe a pentagon on a given straight line (AB). (Euclid, Book IV. 

Props. XI. and XII.) 

1st METHOD.—Biscct AB in C (Fig. 53), and from B 
draw BD perpendicular to AB, and equal to AC or BC ; 
join AD‘ and produce it ; with the centre D and radius DB 
describe a circle cutting AD produced, in E; with the 
centres A and B and radii, each equal to AE, describe arcs 
intersecting in P ; lastly, with the centres A and F, and 
radii, each equal to AB, describe arcs interaecting in G, 
and with B and F as centres, and the same radii, describe 
arcs intersecting in H ; join AG, FG, FH, and BH ; then 
ABHFG is the pentagon required. 





Fjg. 53. 
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2nd Method.— Bisect AB in C (Fig. 54), and from B draw BD perpendicular to 
AB, and equal to AO or BC ; join AD and produce it ; p 

with the centre D, and radius DB, describe a circle cut- 
ting AD produced, in E ; join BE with the centres A and nA, 

B and radii, each equal to BE, describe arcs intersecting 9^ 
in 0, with which as a centre and radius OA or OB, de- (\ /\ 

scribe a circle. With the centres A and B and radii, each v \ / / 

y equal to AB, describe arcs cut- \\ ^ / 

t ting the circle in G and H ; 

lastly, with the centre G or H, 

and the same radius, describe ^ \ ; 

an arc cutting the circle m F, ' -Ny/E 

and join AG, GF, PH, HB; 
then AGFHB is tie pentagon 
required. 

3rd Method. — With the centres A and B[(Fig. 56), and 
radii, each equal to AB, describe circles intersecting in C 
y and D ; join CD, cutting AB in E, and produce it. Make 

EK equal to AB ; join AK, and produce it, till KL is equal 
^ to AE or EB ; with the centre A, and radius AL, describe 

Fig* 55. ^ cutting DC produced in F ; and with the centre F and 

radius AB describe a circle cutting the circles DAC and DBG in H and G respec- 
tively ; join AG, FG, FH, and BE ; then ABHFG is the pentagon required. 

PROBLEM XXXIII. 

To desci'ihe a regular hexagon upon a given straight line, (Euclid, Book IV., Prop. X\ .) 

With the centres A and B (Fig. 66), and radii, each : b - . X) 

equal to AB, describe circles intersecting in 0 ; with the 7\\ 

centre 0, and the same radius, describe another circle, // ' /'.V\ 

cutting the two former in F and C respectively ; join AO !/ \ ^ / 

and BO, and produce them till they meet the latter circle F/- 

in D and E respectively; join BC, CD, DE, EF, and ^ //|\'\ /j 

FA ; then ABCDEF is -io hexagon required. From this \\ \ 

it will be seen that the side of a hexagon is equal to the ‘ ' * ' 

radius of the circumscribed circle ; and by merely finding i?'". " '4 

the centre 0 as above, and setting off the length of the Fiy. 5G. 

given line six times round the circumference, the hexagon will be constructed. 

PROBLEM XXXIY. 

To describe a regular octagon on a given straight line (AB). y (N. 

With the centres A and B (Fig. 67), and radii equal to y ^ 

AB, describe circles intersecting in K ; with the centre K> 'y^ 7 \ y 

and the same radius, describe a circle cutting the two former d A 

in L and M ; with the centres L and M, and still the same 

radius, describe arcs cutting the last circle in N and 0 ; join /y x \ (y ' 

AN and BO, by lines cutting the two first circles in P and \ \ / 

Q, and produce them ; join AQ and BP, and produce them ^ ® 

till PG and QD are each equal to AB ; and lastly, with the ^1?* 




/'/ \ ■'* 
// k\ 




Fiy. 5G. 
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centares O and D, aiid tiie aamo radii, equal to AB, describe cirdea cutting tbo two first 
circles in H and C, and the lines AN and BO produced, in F and E. Join BC, CD, 
DE, EF, FG, GH and HA ; then ABCDEPGH is the oQtagcai required. 

2nd Method. — With the centres A and B (Fig. 58), 
and radii, each equal to AB, describe oiarcles cutting each 
other in K and L ; join KL, and through A and B draw 
AF and BE parallel to KL, cutting the ciroles in M and 
N; join AN and BM, and parallel to them through A 
and B draw AH and BC, moetmg the circles in H and 
C ; through H and C draw HG and CD parallel to 
KL, and meeting BM and AN produced in G and D ; 
and lastly, through G and D draw GF and DE parallel 
to AD and BG, cutting AM and BN produced in F and 
E; join FE; then ABCDEFOH is the octagon 
quired. 

PBGBLEM XXXV. 

To desa'thc a regular polygon {containing any number of given sides) upon a yicen straight 

Urn (AB). 

With the centre B (Fig. 69), and radius AJB, de- 
scribe a semicircle', meeting AB produced in divide 
tbe semicircle into as many equal parts as in the pro- 
posed polygon ; join B and the second point of division 
C ; bisect each of the sides AB and BC by perpendicu- 
lars intCTSocting in 0 ; then -with the centre 0, and 
radius OA, OB, or OC, describe a circle, which will 
pass through the points A, B, and C ; this circle will be 
that described about the required polygon ; and there- 
fore, by setting off AB as many times as required round 
the circle thus formed, tbe polygon wBl be Scribed. 

The example given in the figure is a nonagon, or nine- 
sided figure. Fif . 09 

ON THE CONSTBFCTION OF THE CONIC SECTIONS. 

The preceding propositions depend entirely on the properties of straight lines and 
circle, and therefore admit of construction by rule and compasses. Now, beside the 
circle there are several curves which are used more or less by draughtsmen ; these ai'c 
for the most part drawn, when required, by detarmiiiiTig aooiuratoly several poiiits in 
them, which are then neatly joined by the hand. Of these curves the ellipse is the one 
offcenest needed, and is used, in fact, almost as much as.tho circle, m consequence of 
the perspective representatioia of a circle bessig an ellipse. Besides the ellipse^ the 
hyperbola and parabola are often needed in the delineation of diadows. These three 
curves axe generally called oemro sections, and for this reason — if a right cone is cut by 
a plane, the curve which bovmdKiAhe section is cm&of these tbxee, enoept in the tspeckl 
cases when the elliptic section degenenitcs into a circle, and the hyperholio into two 
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straight Imes. Th© object of the few following pages is to prove such properties of 
those curves as shall ][onahle]|[u8 to give rules for their coflastruction. The complete 
investigation of their properties, ^which forms a distinct and veiy interesting branch of 
mathematics, is not here intended. 

Definition 1. — Let dT) (Fig.'’60) be a given fixed 
straight line, called the directrix ; S' a given fixed point, 
called the focus ; P a moveable point. Let P be perpen- 
dicular to the given straight'line ; then if P move in such a 
manner that SP boars a contant ratio to P d, it traces out 
one of the curves called conic sections. 

Definition 2.— Suppose SP : IV : : e : 1, then He 1, 
the curve is ellipse ; if — 1, the curve is a parabola \ if e V Ij the cuito is a 
hyperbola. 

THE ELUPSE. 

LctD^/, S and P (Fig. 61) he the same 
as in the foregoing definitibns ; through S 
draw DA« perpendicular to Dc^. Then if ^ 

A and a arc so taken that SA : AD : : e: 

1, and Sa : al) : : e : Ij then A and a arc 
points in the ellipse; also the lino Aa 
is the transverse diameter or major axis ; 
bisect Aa in C, then C is the centre of the 
ellipse ; through 0 draw BCi perpendi- 
cular to A<7, then is called to conjugate 
to the transverse diameter, or the minor 
axis ; take 11, so that aH = AS, or so 
that CS=CII, then II and S are called 
the foci (singular focus). 

1. To show that in the ellipse CS=:e, AS. 

We have already soen that AS = e. AD, also that Sa = e. aD /. aS — SA=:c 
(oD — DA), and «H = AS. /. m=ie. Aa, or SC=:e. AO. Q.E.D. 

jS'.B. e is QaJied tho ocooatricdty of the cllipbc. 

(2.) To shotv that =: AC. 

Manifestly SB = DC = AD -f d? AC = AS SO = AO. Q. E. D. 

Gon.-Hence, BC^ = SB^ - SC^ = AC^ - SC^ = AC^ (1 - tf-). 




(3.) To show that SP = AC — e. CN. 

Mmafesay, SP « DN = (DE CN) = ^ (DA + AC) - ^ CN 
= ^ DA -f c AC - CN = AS 4- SC - ^ CN 
=r AC - ^ CN. 

(4.) To show that = 1. 

For SP3 =z SN* + PN2 (Eucl. I., 47). But SP = AC - » CN ajud SN « SC - CN 
(AC - e CN)» = (SC — CN)2 + PN* and SC = « AC. 
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AC2 - 2 d AC, ON + CN2 = AC^ — 2 e AC CN + CN^ + PN^. 
/. AC2 (1 - ~ cNa (1 - 4 PN^. 

••• » = Now AC^ (1 - .) = CB^. 


‘AC^(1-h?2)“^ AC- (1 -(?•) 


. T _ CN^ , PN^ 

AC^ BC^* 

= aE.D. 

BC2^AC' 

CoE. — With centre C and radius CA, describe a circle kpa ; produce NP to meet 
the circumference in p ; join Cj?, which is plainly equal to AC. 

Now j»N‘^ + CN* = Cjo2 = CA2. 

PN2 , CN2 _ 

• • CA2 CA2 
. ra^__//N2 

* 1 CB2 CA2’ 

Or, PN : ; : CB : CA. 

This result, and the previous one, wc have already had occasion to use in the article 
on Mensuration. (See p. 376, &c.) 


(5.) To aJww that IIP = AC + ^ CN. 

For nP- z= PN^ + NH2 = PN^ + (CN + CS)-^ = PN^ + (CN 4 « CA)-’. 

Now from art. 4. PN^ = CB^ — ^ CK\=: (1 - e-) CA2 - (1 - ^ 2 ) CN^. 
CA^ 


IIP2 = CA2 — CAT- - CN^ 4 e2 CN^ 4 CN^ 4 2 ^ CA, CN 4 CA‘\ 
z= CA"- 4 2 e CA, CN 4 CA^ = (CA 4 CN) 2 . 

HP = CA 4 CN. 

CoE. -Hence, SP 4 HP = CA - ^ CN 4 CA 4 CN = 2 CA = Aa. 

Or, SP 4 = the major axis of the Ellipse. 

On this property of the Ellipse the first and third practical methods of constiuction 
depends. 

p, ^ ^ (6.) ijfEFGH (Fig. 62) 

parallelogram^ and DC and AB are tJis lines 

M joining the bisections of the opposite sides, 
/ ^ divide GB into «, equal parts, and also 

/ OB into n, equal parts. Let Gj?j contain 

A g ^ — jlj B p of the parts into which GP is divided, 

/ ^ and let Op,^ contain p of the equal parts 

/ into which OB is divided, join Dp^ and 

/ Cpj and produce it to meet Dpj in P ; 

£1 i|l tihen P is a point in the Ellipse, whose 

go major and minor axes are AB and 

OD. 

For, drawn PN parallel to DO and perpendicular to AB. 

Now, Ops = £ OB. and Gp, = £ OD. 
n tt 

. , OD — PN _OD-p,B _ Gp, _ p OD 
’ ON — OB OB «■ OB. 
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Again, draw PM perpendicular DO, Then 
Op. _ MP ON 


0‘C ~ MC’ ” OC + OM 


Now OC = OD 


QD-f PN _ n 
ON p' 


* T, 7 . OD-PN _ p OB 

But wc have already seen that — ~ w OJB * 

OD2-PN2 ___ OD* 

ON-5 OB'-* 

. PN2 . ON* _ 

• OD* OB* ‘ 

Hence by article (4), P is a point in an ellipse, whose major and minor axes are OB 
and OD respectively. 

On this piinciplo the' second practical method is founded. 

(7). i/’AB, CD (Fig. 63) are two lines 
at right angles to each other ^ and bisecting C 

each other in the point 0, then if Bah is a 

straight line^ so placed that Bb zn OC m 

and Ba = OA, then the point P is in an / 

ellipse^ whose axes are AB and CD. 

For draw PN, PM at right angles B — ^ Jt 

to OC and OA. 

Now by similar triangles, 


Ob 


PM _ 

ON 

ah 


Ba 

OA* : 

and 



PN _ 

PN 

ab 


Bb 

OC’ 

PN* 

4- 

ON* _ 

0A*4-0«* __ 

OC* 


OA* ~ 

ab^ 


i 1 yju'‘ -y yja-' uu' , 7/-. • • 1, , 

■ OC^ + OA^ = ~ 

Hence (ait. 4) P is a point in the specified ellipse. Q. E. D. 

This is the principle of the Trammel described in tlie fourth practical method. 

To describe an Ellipse^ the transverse (AB) and conjugate (CD) diameters being given , 

1st Method. — Draw AB and CD, bisecting each other at right angles, in the cent 
0 (Fig. 64) ; with the centre D or C and radius . j) 

OA or OB, describe arcs cutting AB in F and 

F , which points will bo the foci of the ellipse ; 

take any other point P in the transverse diame- / ^ 

ter AB, and with the centres F, F' and radii — 1 \ — jT* 

equal to AP and PB, respectively, describe arcs \ J 

intersecting in the point E, which will be a 

point in the curve. By taking several points 

in the transverse diameter, and proceeding C 

in a similar manner, as many points in the 

curve may be found as may be required, through which the ellipse may bo drawn. 
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2nd Method. — Through the cxtrcmitios of the givoa <iiajtaeter& the rectangle 
EFGH (Fig. 65) ; divide AE, AF and BH, ^ ^ 

BG into any number of equal parts (say 3) ; — ^ 

also divide AO and OB into the same i 

number of equal parts ; join D and the ^ \ y \ '"x / 

points of division in AF and BG, also f\ yK^ / \ \|2 

C and those in AE, and BH. Again, from ^ ^ V -. -W 

D draw lines through the points of divi- i y' \ / \ / \ ^ J 

sion in AO and OB, intersecting the lines A\ N / /\ 

drawn from C to the points in AE and 

BH ; and in the same manner from C draw [_ ■ 

linos through the points of division in AO E ' C " Ji 

and OB, intersecting the lines (kawn from Fig. Oo. 

D to the points in AF and BG ; the intersections thus derived arc points in the cuitc 
through which the required ellipse may be drawn. 

3rd Method. — An ellipse may easily be drawn by means of a thread, in tht' fol- 
lowing manner : — 

Find the foci F and F' (Fig. 66) as in the first method ; tahe a piece of thivad equal 
in length to the distance betwen the foci added to 
the transverse diameter, and fasten the two ends ; ^ 

having fixed two pins in the foci, pass the thread 

round them and stretch it, place a pencil in the f \ \ 

angle made by the thread when stretched, and .y 2 Jjg 

commencing at one end (D) of the conjugate I ^ y 

diameter, the thread being in the position FHF' >v / 

(as shown in dotted lines), move the pencil point 

round, keeping the thread always stretched until fj 

the point again meets at I) ; the ellipse will be 

drawn. 

4th; Method.— An instrument called a trammel is sometimes used for describing 
an ellipse, and is generally formed of two pieces of wood fixed at right angles to 
each other, and having a groove running through the centre of each, the groovi' 
being made a little wider at the bottom than at the top, in order to keep the 
guides 5, c, (Fig. 67) attached to the bar, ahe, in the groove ; the bar, ahe^ should have 
a pcncB fixed at the end a, the two guides, b and c, being moveable or sliding along 

the bar, but when set ready for use, secured ^ 

bysmall screws in the proper positions. The jm 

method of using the tr^mcl is as follows : A. 

1st. Set the grooved pieces of wood oa » 1 \ 

the given diameters AB and C D of the ellipse ^ j ... I ^ ^ U 

(as in the figure) ; the centre, where the \ ^ 

two pieces cross, hft«ng on the centre 0 of V J 

the ellipse. n. 

2nd. Make the distance from the pencil 
at a to the first sliding gmde at h equal to 0 

half the conjugate diameter, (or ah equal Fig. C7. 

to OD or OC) ; and from the same point a to the second sliding guide nt c equal. to half 
the tranareuse diameter (or ao e(jgual to OA or OB). 
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3rd. Move the end a round, commencing at the point D, allowing the guides to more 
freely in the grooves, and the pencil will bo found to describe the ellipse required. 

The OVAL although not an ellipse, so nearly resembles it, that very frequently, from 
the simplicity of drawing an ovaly it is used in place of an ellijpsCy and is formed of 
parts of circles by the following methods : — 

IsT Method. — Divide any lino AB (Fig. 68) representing the transvor'^o diameter 
into three equal parts in the points CD. 

With the centres C and D and the equal 
radii CA and DB, descrii)c two circles, 
at the points E and F, where they intcr- 
seet, as centres, and the equal radii AD 
•or BC, describe parts of other two circles 
joining the circumferences of the two first 
circles {the exact points of junction of the 
two circles ^nay be got by joining the 
centres of both circlesy as shown by the 
dotted lines), which will complete the oval 
required. 

2nd Method. — It is often required to draw a flat or long^shapei oval, in which 
case divide the line AB (Fig. 69) into four equal parts in the points C, D, G, and with 
the centres C and G and radii equal to CA and GB, describe two circles ; also with the 
same centres and radii equal to any two parts of the line AB, such as AD, deseribe 
arcs mtersecting at E and F, with which, as centres and raalii equal to three parts, 
of AB, mioh as AG, describe portions ©f other two circles joining the circumfer- 
ences of the first circloa, which will complete the oval required. 

Srd Method. — To draw an egg-shaped oval. 

Bisect the diametw AB in the point D (Fig. 70), with which, as a centre, and DA or 
DB as a radius, describe a circle cutting the diameter EF in the point G : with the 




Fig. 69. 


Fig. 70. 


centres A and B and radii equal to AB describe two arcs, AH andBH' ; join AG and BG, 
and produce them until they cut the arcs AH and BH' in the pointe H and H', and 
with the centre G and radius GH, describo a part of a c ircle touching the two latter 
drawn ares, which will complete the oval. 
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THE PARABOLA. 

(1 ). To show that PN^ = 4 AS, AN. 

LetD<i(Fig. 71) bo tbe'dircctrix, S the focus ; draw 
DAN perpendicular to Dd through S ; this line is called 
the axis of the parabola. Draw PN perpendicular to 
DN, and Vd perpendicular to DN. Now SP = Td. 

Hence if AS = AD, A is a point in the parabola, and 
is called its vertex. ^ 

Now PS = Vd (by Def. 2) = DN = DA -f AN 
= AS + AN. 

Also PS2 = PN2 + SN2 = PN2 + (AN - AS)^ 

/. (AS + AN)2 = PN- + (AN - AS)2. 

PN3=:4AS,AN. Fig. 71. 

Cor. (1). Hence AS. is a third proportional to AN, and the half of PN. 

Cor. (2). Also if Pj be any other point, and P^Nj is parallel to PN, wo have 
PjNi^- : PN- : : 4AS.ANi : 4AS.AN . : AN, : AN. 

(Compare p. 377). 

N.B. — If PjNj bounds the curve is sometimes called the base, and AN, the height 
of the curve. Also it is plain that if PN bo produced, so that joN =; NP, then pW =:= 
4 AS. AN, and therefore is a point in the parabola ; which is therefore symmetrical 
about AN, ; the line Vp is called a double ordinate. 

(2.) If ABCD (Fig. 72) be any rectangle, and if DC and CB are each divided into n 
equal parts, and let Dpi = p of the equal 
parts into which CD is divided, and Bp^ =p 
of the parts into which CB is divided ; join 
meeting p^q (paraUel^to AB) in P ; then 
P is a point in the parabola which has for 
its base CB and height BA. 

For, draw PN perpendicular to AB, and 
p^Pi parallel to PN. 

Fig. 72. 

Now, =-^ • CB., A«, = ^ ■ AB and PN = 'Bp,. 

.PN_ _CB«_ 

’ AN A«j AB p 

And PN ■ CB. 

W CB* 

AN’ ” AB ■ 

PN* : CB* : : AN : AB. 

P is a point in the specified parabola by corollary to last article. The second of 
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the following practical methods is founded on the above principles. The first and 
third depend entirely on the definition of the parabola. 


To describe a parabola^ any ahseiss of the axis and the corresponding ordinate being 
given ; or, the half width of the base (AB or DB), and the height of the curve (CD) being given, 

1st Method. — Bisect DB (Fig. 73) in the point E ; join CE, and from E draw EF 
perpendicular to CE, and meeting CD produced 0 

in F; make CO in! DC produced and CF each ^ 

equal to DF, F will be the focus of the required 
parabola. Take any number of points, 1, 2, 3^ 

4 (&c.), in CD ; through them draw double « Z' j ^ \ N/ 

ordinates, or lines peipendiculaFto the axis CD ; •, \ ' 

then with the centre F, and radii OF, 01, --V--;:rr \ X" 

02, 03, 04 (0 &c.), describe arcs cutting the \J _ —4 -X- V , 

ordinates ; the curve drawn through the A \ ■ ' \ 

points of intersection will be the parabola re- 5 B 

quired. 

t 2 nd Method. — AB (Fig. 74) being the width ^ 

at the base, and CD the height of the curve, as 

before, construct the parallelogram ABEF, divide DA, DB and AF, BE respectively 
into the same number of equal parts in the points v C E 

1, 2, 3, 4 ; from the points of division in AF and 4 f ] ! ^ 

BE draw linos to the point C, and from the points - [ ' ”1^ 8 

of division in DA and DB draw lines perpen- j ^ ^ 

dicular to AB, or parallel to CD, cutting the I ' 2 

former lines ; then the curve drawn through the I y'n I V., ^ 

points of intersection will be the parabola rc- j j \ 

1"^^' i I » i J j ' " i " / l ; 

3rd Method. — Place a ruler GH (Fig. 75) 
at any convenient distance from C, parallel to the 

base AB, and take a piece of wood (called a square or set square), made in the form of 
a right-angled triangle lOK, placing the base 10 against the ruler, and the other edge 

OK to coincide with the line CD; , — 

having found the focus F (as in the jy 

Ist method), fasten one end of a string > 

at F, place a pencil at the point C, 
passing the string round it, and bring- 
ing the string back to K, fasten it to / 

the end or point of the triangle ; move A _ _ 

the triangle or square along the ruler, 
keeping the pencil always against the jj; 

edge of the square (as at E), and with the 

string stretched the penoB will describe ' 

one-half of the curve. By reversing the square and proceeding in a similar manner, the 

other half may bo drawn, and the parabola required completed. 


a D 3 

Fig. 74. 
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TS£ HYPBBBOSA. 

I If the reasoning employed in the case of the ellipse bo carefully gone over, attending 
onJy "to the diffeoreneetfaat will result from the circumstance that e 7 1, the student 
will readily deduce the following espressicms will be found to hold good of the hyper- 
bola, which are entirely analogous to tlic corresponding expressions in the case of the 
ellipse. 

(1.) SC = «AC. B 

(2.) BC must be so taken that BC- s 
= CS2 — CA2 = if--- 1) CA2. \ /' 

(3.) SP = c.CN — AC, / / 

, , PN2 ON* [ J 

(^•) CB^ CA* — 1- 'jd r Ar“ S H 

(5.) HP«..CN + AC. 

(6.) HP — SP-=2AC. ^ 

It is on this (6th) property that the following pracftical oonstruction is founded. 

The terms major axis, transverse axis, &c., in the hyperbola, arc entirely analogons 
to the same terms in the ellipse. 

To describe a, hyperbola^ the transverse (AB) and coiijugate (CD) axes heiny gi/ven. 

Through B (Fig. 77), at one end of the transverse 

axis AB, draw GH parallel to the coi:yngate axis . 

CD, and make GH equal to CD ; with the centre E 

and radius, equal to EH, describe a circle cutting / 

AB, produced both ways, in the points F and /, \ ^ ED 'j 

which will bo the foci of opposite hyperbolas ; take ) j 

any number of points, 1, 2, 3, 4 (&c.), in AB pro- \ \ y' 

duced, and with the centres F and /, and radii Bl, 

B2, B3, B4, (B &c.), and Al, A2, A3, A4 (A &c.), 

describe arcs cutting each other ; the curve diawn , . 

through the points of intersection will bo the hypor- 

bola reqwired. 5 ^ 


Fig. 77. 

The following consideration materially simplifies the construction of a hjperbola. 
Through A (Fig. 78) draw AD parallel and equal to BC, join CD and produce it 
indefinitely, take P any point in the curve, draw i?PN, 
meeting CD produced in p. Then 
DA _ ^ 

CA — CN' /’’’ 

B / ' 

CB» CA» ■ / 

rCB*"“CA»~ / 

;)N2_pn 2 , er X N 

subtracting — = 1 Fig. 73. 
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(/jN - PK) {pN 4- PN) 
. -n. CB- 


Now it is plain tliat PN and^N increase as P is fjBTther frcan A, or N from A, and 
therefore, the farther P is from the vertex the nearer it approaches CD produced. CD 
is called an asymptote — after a short diattnee the curve sefmblp coincides with the 
asymptote. Hence, if in the practical constnietKm above given EH be produced, it 
will serve as a gmdf to the curve, which can bo drawn very accurately aftor a very 
few points have been determined by the construetton. 


THE CYCLOID. 


Besides the conic sections, which wo have briefly discussed above, there are several 
curves possessing curious or useful properties. Amongst the chief of these is the cycloid. 
The construction of this curve is sometimes useful to the artist. The following will 
suffice to explain the nature of the curve and the method of its construction. 

The cycloid is a cuiwo formed by a point in the circumference of a circle (called the 
generating circle), revolving on a straight or level line ; it may bo best described as 
the curve traced out by a point in the wh''el of a carriage when in motion along a 
level road. "When the generating circle revolves round another circle, the curve 
described by a point in the circle is then called an epicycloid, and is constructed in a 
similar manner to the cycloid. 

To describe a cycloid^ the diameter or U'idth at the base (AB), atid height (CD), of the 
curve being given. 

The most common method of describing the cycloid is by placing a ruler along the 
line AB, and taking a circle, such as a shilling, &c., according to the size or height of 
the curve required, and having fixed a point in that circle, to move it slowly along the 
ruh'r, marking difibrent points in the curve, or by keeping a pencil fixed at the point 
chosen, and thus describing the curve. This, however, is liable to error, as the circle 
used very often slips, and cannot then revolve accurately; by construction, however, 
the curve may he correctly formed thus • — 

Let ACB (Fig. 79) represent the curve in question, AB its base, CD its height. 
Bisect CD in 0, and through 
0 draw EF parallel to AB ; 

with centre 0 and radius OC ^ \ 

doscribo a circle, and divide f \ I \ 

the circumference into any ^1 f V"| / 7 — 1*^ 

number of equal parts, as / \ \ \ \ / / \ 

p^p,^, ... join Bp^ Bp^,.. / A \ 

Again, divide AD into the 

same number of equal parts, Pig. 79 . 

DNj DN.j .... and draw 

OjNi 02N.j .... parallel to CD ; with centre 0^ and radius CD describe a circle, and 


Ma Nt O 

Fig. 79. 
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with centre Nj and radius D/)2 describe an arc cutting the circle in the point Pj. This is 
a point in the curve, similarly with the centre and radius CD. Another circle may he 
described and intersected by the arc of a circle described w'ith centre Nj and radius 
Dpi, and thus another point be determined ; and so on for any number of points, which 
being joined carefully will give the curve in question. 

We thus conclude our Treatise upon Practical Geometry. It has been our endea- 
vour to confine it in extent to that which it is absolutely necessary the scientific 
draughtsman should be familiar with ; and in the foregoing pages will be found all 
that is required for practical purposes,— -no really essential propositions being omitted. 


ALEXANDER JARDINE. 



INDEX; 

(^^“planatorjy, nnh ^IcfmniiaL 


A 

Abbreviation, avitUmetical mni’ks and signs used 
for, 48. 

Addition, Simple, on the use and application of, 7. 

of Compound quantities, 21 ; of Frac- 
tions, 29. 

— of Algebra, sign of, 1C2 ; illustrations 

of, 166; exercises in, 167, 168. 

of Fractions in Algebra, 198 ; exercises 

in, 199. 

ALGEBRA (Arabic al the, and gahron reduc- 
tion of fractions), general principles of, 161 et 
seq., sigTis of, 161 ; the study of, requires a 
previous knowledge of arithmetic, 161 ; defini- 
tions and explanations of, 162 ; exercises in, 
164; operations in, 165. 

Addition of, with examples for exorcise, 

100 et passim. 

Subtraction of, 103. 

Simple Equations, 172 et seq. 

Transposition, 173 ; Clearing Fractions, 

ib, ; questions for solution and exercise, 174, 
175, 177. 

Multiplication of, 179 ; Involution, 183. 

Division of 187 ; Exponents, Roots, and 

Surds, 191 ; Evolution, or Extraction of Roots, 
193 ; exorcises in, 195. 

Fkactions, 196 ; exercises in, 197 ; Ad- 
dition and Subtraction of Fractions, 198 ; ex- 
ercises in, 199 ; Multiplication of Fractions, 
199 ; Division of Fractions, 200 ; exercises in, 
201 . 

Solutions of Simple Equations, 201, 204, 

206, 213 ; exercises in, 203, 206 ; Quadratic 
Equations, 209, 210, 213, 214; exercises in, 
212, 215. 

Homogeneous and Symmetrical Quad- 
ratics, 217. 

— » Ratio and Proportion, 218. 

Arithmetical Progression, 220. 

Geometrical Progression, 222 ; exercises 

in, 225. 


Algebra, Proportion and Progression, 225. 

Extraction of Roots, — of the Square 

Root of a Polynomial, 228 ; exercises in, 231, 
234 ; of the Square Root of a Binomial, 232 ; 
of the cube root of a compound quantity, 235 ; 
exercises, 235 et scq. 

arithmetical and symbolical, 261, 262, 

“ Ambiguities’* arising from the use of formulas, 
311. 

Angle, circular measure of an, 293 ; definition 
of, 298. 

Angles, ratios of, 295 et seq. ; functions of, 301 ; 
of a corresponding character, 303 ; sines and 
cosines of, 315 ; the trigonometrical ratios of, 
316 ; to obtain the cosines of, 851 ; methods of 
correcting, 417, 419. 

formulas for determining the relations, 

304 et seq. 

sines and cosines of, 310, 311 ; loga- 
rithmic sines of, 357, 358; Dclnmbre’s method 
for solving, 360. 

spherical triangle, sines of the, 402. 

Apothecaries’ weight (Gr. apothcca a repository), 
18. 

Areas, on the mensuration of, 371. 

to find the area of a rectangle, 371 ; of 

a triangle, 372 ; of a parallelogram, 372 ; of a 
trapezoid, 372 ; of a trai)ezium, 373 ; of a poly- 
gon, 873 ; of an ellipse, 376 ; of a parabola, 
377 ; of a plane figure bounded by a curve, 
378; of a right prism, 380 ; of a right cylinder, 
380 ; of the curved surface of a right cone, 881 ; 
of the frustum of a cone, 381 ; of a portion of 
the surface of a sphere, 382. 

ARITHMETIC (Gr. arithmos number), intro- 
ductory to geometry, 2 ; uses and objects of, 
3, 4; the ten figures, 4; numeration table, 
and the reading of numbers, 5 ; decimal system 
of, 6 ; local value of figures, 6. 

Simple Addition, 7 ; Subtraction, 8 ; 

Multiplication, 10 ; and Division, 13. 

— — Tables of Money, Time, Weight, and 

Measures, 18. 
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Arithmetic, the Rule of Reduction, 19. | Convergent series, meaning of a, 264. 


Compound Quantities,— Addition, 21 ; 

Subtraction, 22; Multiplication, 23; and Di- 
vision, 25. 

Fractions, 26; Addition and Subtrac- 
tion of, 29; Multiplication and Division of, 
30 ; Proportion, 31 ; Rule of Three, 33. 
Deoimat,s, 36 ; Addition and Subtrac- 
tion of, 37 ; Multiplication and Division of, 
38 ; Extraction of the Square Root, 38. 
general principles of, 40 ; table of fac- 
tors, 41 ; symbols and signs of, introductory 
to Algebra, 161, 261. See Aloebra. 
Arithmetical Algebra, 261, 262. 

Arithmetical vakiesof qaantittea, ^76. 
AriUimeticaL progression in Aigebra, 220. 
Avoirdiipoia 'Weight (Pr.-atJoir to have, du pois 
Some weight), 16. 

Axioms (Gr. a:piemrT«athority)<iof BttoUd,47. 

B 

Base line, its measurement in surveying, 415, 

416. 

Binomial (Lat. h'w twice, and nomen a name), 
powers of a, 184; how to extr-aot the square 
root- of a, 2^ ; multiplies which render bino- 
mial surds rational, 264. 

Bin<Rnial theorem, how to state the, 266 ; how 
to prove it, 266, 269. 

C 

Calculable logarithm, every number has a, 279. 
Calculations facilitated by logarithms, 276. 

Cask, to find the volume of a, 398. 

Circle, to find the radius of a, 327 ; to find the 
area of a quadiilatcral inscribed in a, 328. 

Quadrature of the, difficulty of solving 

the problem, 126. 

Circular mea^eof-ati angle, 293. 

CloQi, measures of, 18. 

CoSffleient (Lat. co with, and ^kio to work out), 
the muitipUer in algebra 8o>ealled, 163 ; illus- 
trated, 164. 

Coins, frtd «nd.ailvar, 18. 

Compasses used in geometry, 421. 

Composite numbers (Lat. oowposiNtseompoQiided 
sited), factors of the, 41. 

Compound Quantities, -^Addition of, 21; BUb- 
traetion of, 22 ; MultipUoation of, 23 ; Division 
of, 26. 

Compoimd qTmntlty,’Wdieft<lotofia, 286, 

Cone (Gr. kono», a top or phie^ai^le), to find the 
volume Of the ftastum of a, 8M. 

Conic Sections, on the ecmstniotiooiof, 488 ; the 
ellipse, 439 ; the patahola, 444 ; the hyperbohi, 
446. 


Cosines of angles (Lat. ainuo to diverge), nume- 
rical value of, 315; to obtain the, 351. 
Cotangents (Lat. co with, iangma touching), 
otdoulation of, 352. 

Cube root (Gr. huhos a six-sided die), of a com- 
pound quantity, 235, 

of decimals, exercises for finding the, 

286. 

Cycloid (Gr. kyklos a circle), construction of 
j the, 447. 


IV 

Decimils (Lat. decim ten), beautiful contriv- 
ance of, 6 ; principles and practice of, 86 ; re- 
ductions of fractions to, 37. 

Addition and Subtraction of, 37 ; Mul- 
tiplication of, 38 ; Division of, 38. 

exercises for finding the cube root of, 

238. 

Definitions of Eulid, 43, 85, 96, 116; of the prin- 
ciples of Algebra, 162, 103 ; of plane trigono- 
metry, 292, 291, 29S, 299; of geometrical 
planes, 242 ; of spherical geometry, 252. 

Delambre’s method of solving logarithmic sines 
of small angles, 360. 

Denominaton of fractions, 197. 

. Distances, the measurement of, 867. 

Divergent Scries, meaning of a, 264. 

Dividend, the quantity so called, 187 ; when a 
compound quantity, 189; exercises in th 
working, 191. 

Division, Simple, on the use and application of, 
13; various problems in, 14-17. 

of compound quantities, 25 ; of Frac- 
tions, 80 ; of Decimals, 38. 

of Algebra, the sign of, 163; the Divi- 
dend, the Divisor, and the Quotient, 187 ; 
operations in, 189. 

of Fractions in Algebra, 200 ; exercises 

in, 201. 

Divisor, the quantity so called, 187 ; when a 
compound quantity, 189. 

Double Rule of Three* principles and psactiGe of, 
34. 

Drawing-pens used in geometry, 421. 

Dry Goods, measures for, 19. 


E 

Ellipse (Gr. elleipais deficiency), deftnitkm and 
illustration of the, 439. 

Equality, algebraic sign 4f, 143, 

Equation (Lat wqm to oqual), to find the roots 
of the, 840. 
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EauATiows, arithmetical and algebraical, 172 et 
aeq. ; on the eelution of, 172 ; different modes 
of operating', 173 j transposition, and clearing 
fractions, ib* ; how to stdve a simple equation 
containing only one unknown quantity, 174 ; 
questions for solution and exeroises, 17S->179 ; 
rules and operations for their solution with 
unknown quantities, 201, 202, 204, 206, 208 ; 
exercises in, 209, 210. 

Quadratic, solutions of, with unknown 

quantities, 209, 210, 213, 214; exercises in, 

212 . 

Equivalent Forms, the permance of, 261. 

Euclid, elements of, anddeftnitions, 43 ; bis pos- 
tulates, 47 ; his marks of abreviation, 48. 

Propositions of Book I., 48—67 ; com- 
ments on, 08 — 85 ; exerdses on, 85. 

Definitions and Propositions of Book 

11., 86—92; remarks on, 93; exerdses on 
Books I. and II., 95. 

— of Book III., 96 — 112 ; remarks 

on, 112; exercises on Books I., II , III., 116. 

of Book IV., 116—124; re- 

marks on, 124 ; exercises on the Four Books 
of, 128. 

his Plane Geometry, 241 ; his proposi- 
tions on planes, Book XI., 243—250. 

— — his Spherical Geometry, 251 ; defini- 
tions and propositions, 252—260. 

Problems in practical geometry, 423— 

447. 

Evolutions (Lat. evolutio the process of evolv- 
ing), in algebra, 193 ; exercises, 195. 

Exeecisks in the problems and theorems of Eu- 
clid, Book I., 85 ; BoJbs It and II., 95 ; Books 

1., II., and III, 116; on the four first Books, 
128. 

in the rules of Alorbra, 164 et seq. ; 

in addition of algebra, 1G8 ; in subtraction, 
170 ; in equations, 175, 177, 203,206 ; in multipli- 
cation of algebra, 180; in involution, 187; in 
division, 189 ; in extraction of roots, 196 ; in 
fractions, 196 ; in addition and subtraction of 
fractions, 168, 199 ; in multiplication of frac- 
tions, 199, 200 ; in division of fractions, 200, 
201 ; in the solution of simple equations, 201, 
203, 206 ; in quadratic equations, 212 ; in arith- 
metical and geometrical progressions, 222, 
225 ; in extracting the square root of B' poly- 
nomial, 281 ; of a binomial, 284, 256 ; in the 
cube root of decimals, 238. 

Exponentials, to obtain sines, &o., intersasof, 
335. 

Exponents in algebra (Lat. expono to seV fbrth), 
illustrations of, 191. 

Expression, meaning of the term in algebra, 163. 

Extraction of roots, 163; rules fbr, 164; exer- 
cises in, 195. 


F 

Factor (Lat. factor a working agent), meniting 
of the term, 165. 

Factors, operations- of, when they are simple 
quantities, 179; to express sin. cc, in a series 
of, 344. 

— — - — of the Composite numbers, table of the, 
41. 

Figures of arithmetic, 4 ; local value of, 5, 0 ; 
use of in arithmetic and algebra, 161. 

Formulas (Lat. formula a rule or maxim); for 
determining the relations of different 
304 et seq. ; relations* between the four funds, 
mental ones,. 308 ; various formulas and ex- 
pressions, 309; “ambiguities” arising from 
the use of, 311 ; for demonstrating trigonome- 
trical problems, 328 ; adapted for logarithmic 
calculation, 325. 

Fundamental, of pperical trigonometry, 

403 etseq. 

Fhactions (Lat. fr actio a breaking into parts), 
principles and practice of, 26; addition and 
subtraction of, 29; multiplication and division 
of, 30 ; reduction of to Decimals, 37. 

-- — — — in Algebra, operations of, 196; exer- 
cises in, 196 ; how to reduce them to a common 
denominator, 170. 

... ... — Addition and Subtraction of, 

198. 

— — Multiplication of, 199 ; exer- 

cises in, 200. 

Division of, 200 ; exercises in, 

201 . 

Frustum (Lat. frustum a fragment) of a right 
prism, to determine tlic volume of, 389. 

G 

Geodotical operations (Gr, ge land, and daio to 
divide), on tue formulas peculiar to, 414 et seq. 

Geometrical progression in algebra, 222. 

GEOMETRY (Gr. ge and metron land-measur- 
ing), arithmetic introductory to, 2 ; illustra- 
tions of, in the four first Books of Euclid, 
43—128 (seeEocLin) ; general disquisition on, 
68 et seq. ; to be combined with algebra, 161. 

Plane, introduction to, 241 ; definitions 

of, 242 ; propositions in, 243—250. 

Spherical, introduction to, 261 ; defini- 
tions of, 252 ; propositions for solution, 253— 
260. 

— « — Fractioal, general treatise on, 421 et 
seq. ; the instruments in general use, 421 ; 
solutions of varioue problems, 42S-*44ff ; eon- 
struetion of oonio sections, 438 ; the ellipse, 
489 ; the parabelh, 444 ; the h^^terbola, 446 ; 
the cycloid, 447. 
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Heights, the measurement of, 367. 

Homogeneous Quadratics (Or. homos the same, 
and gmea birth ; Lat. quadra a square), dcii> 
nition and illustration of, 216. 

Hyperbola (Gr. hypoi' over, and hallo to throw), 
definition of the, 439 ; illustrations of the, 446. 


Impossible Expressions, 262. 

Indices (Lat. indico to indicate), theory of, 262. 

Infinito series, arithmetical values of, 275. 

Instruments used in geometry — compasses, 
ruler, pencil, 421 ; drawing pen, 422. 

Involution (Lat. involutio the process of in- 
volving), of simple quantities, 183 ; exercises 
in, 184, 187 ; the powers of a binomial, 184. 

L . 

Letters, use of in algebra, 161. 

Lines and ratios, trigonometrical, 294, 297. 
j Liquids, measures for, 19. 

LooAniTBMS (Gr. logos and avithmos a discourse 
on numbers), treatise on, 261 et seq. ; on the 
calculations of, 275 ; principle on which they 
1 may be used to facilitate calculations, 276 ; 

every number has a calculable logarithm, 279 ; 
i numerical values of may be calculated, 279, 
281 ; methods of finding any power of a num- 
ber, 289. 

M 

Mathxmatics (Gr. mathema learning), inti’o- 
ductory remarks on, 1 et seq. ; different sub- 
jects connected with, 3 ; on the study of, as a 
, science, 3 ; the general elements, problems, 
and axioms of, 43 et seq. passim. (See Euclid, 
GeOMKTUY, AT.aEVRA, &c.) 

' Measures, tables of, 18, 19. 
j Munsuration (Lat. menswro to measure), trea- 
j tise on, 367 et seq. ; heights and distances, 

' 367—370; themeasure of areas, 371— 382 ; the 

measure of solids, 383—400 

Military Earthwork, to find the solid content of 
a, 394. 

Moivre’s trigonometrical theorem, 332. 

Money, tables of, 18. 

Monomial quantity (Gr. monos one, and Lat. 
nomen a name), how to extract a proposed 
root of a, 194; exercises, 195. 

Multiplication, Simple, use and application of, 

I 10 ; table of, ib. ; various workings in, 11, 12, 

of Compound Quantities, 23 ; of Frac- 
tions, 80 ; of Decimals, 38. 


Multiplication of Algebra, the sign of, 162, 163 ; 
the rule of, 179 ; when the factors are simple 
quantities, ib ; exercises in, 180, 183. 

of Fractions in Algebra, 199 ; exercises 

in, 200. 

Multiplier, algebraically called the co-cfficient, 
168 ; in algebra a factor, 165. 

Multipliers, which render binomial surds ra- 
tional, 234. 

N 

Napier’s analogies, 407. 

Negative and positive values in algebra, 215. 

Negative Angles, 299. 

Negative sign, use of, to denote position, 298. 

Number, methods of finding any power of a, 286 ^ 
et seq. ; use of a table of, 283, 284 ; method of 
finding the characteristic, 285. 

Numbers, reading of, 5. 

Numeration table (Lat. numero to number), 5. 

Numerator of fractions, 197. 

Numerical solution of right-angled triangles, 
361 et seq. 

Numerical value of logarithms, 281 ; of sines 
and cosines of angles, 315, 

r 

Parabola, definition of the, 432 ; illustrations of 
the, 444. 

Parallelipeds, equality of, 385, 386. 

Pence table, 18. 

Pencils used in geometry, 421. 

Pens used in geometry, ^2 2. 

Plane geometry and trigonometry, introduction 
to, 241 et seq. 

Plane trigonometry, treatise on, 292 ct seq. (Sec 
Teioonometry). 

Planes, definitions of, 242 ; propositions in, 243 
—250. 

Polygon, to find the area of n, 329. 

Polynomial (Gr.poZws many ; Lat. nomw names), i 
how to extract the square root of a, 228, 

Positive values in algebra, 215. 

Postulates of Euclid, 47 ; problems illustrative 
of, 422. 

Prismoid, to find the value of a, 391. 

Prisms, various measurements of, 389—391. 

Problems (Gr. problcma a proposition reqmring 
solution) of Euclid, 48 et seq. ; 423—4^7 ; (see 

PaOPOSITIONS). 

Progression, Arithmetical, 220 ; exercises in, 
222 ; Geometrical, 222. 

Pioportion in algebra, 218. 

Proportion and Progression, questions in which 
they are concerned, 225. 

Proportional Parts, use of a table of, 283. 
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Proportion, rule of, 80. 

PaoPOMTiONi! of Eaclid, 48--G7 ; 87 —92 ; 97 — 
112; 117-124; 423—447. 

in Plane Geometry, 243—250. 

in Spherical Geometry, 253—200. 

in Plane Trigonometry, 299, 305 — 307. 

Pyramids, mensuration of, 389. 


Quadratic Equations (Lat. quadraim fourfold), 
solutions of with unknown quantities, 209, 
210, 213, 214 ; exercises in, 212. 

Quadratics, homogeneous and symmetrical, 216, 
117. 

Quadrature of the Circle (Lat. quadratura the 
squaring of anytliing), problem of the, 120, 
127. 

Quadrilateral (Lat. quadratm fourfold, and 
laU'va sides), to find its area inscribed in a 
circle, 328. 

(Quantities, Simple, operation of the factors in, 
179 ; in calculating the arithmetical values of, 
275. 

in Algebra, simple and compound, 163 ; 

illustrations of, 164. 

Unknown, solution of simple equations 

with, 201, 204, 206, 208, 213; with quadratic 
equations, 209, 213, 214. 

Quantity, marks and symbols of, 161, 1G2. 

Mixed, reduction of to an improper 

fraction, 196. 

Quotient (Lat. quoties so many times), the quan- 
tity so called, 187. 


Radius of an inscribed circle, to find the, 327. 
'lailway Cutting, to find the solid content of a. 

Ratio anl^roportion, in algebra, 218. 

Ratios of iigles, 295, 297, 299, 300. 

Immerse Trigonometrical, explained, 318. 

Reduction, rule of, 19 ; its rise and application, 
19—21. 

Roots in algebra, 191 ; extraction of, 193 ; rules 
for, 194; exercises in, 195. 

Rule of Three, principles and practice of, 33, 

Double, illustrations of, 34. 

Rulers used in geometry, 421, 


Science (Lat. scientia the knowledge of things), 
on the study of, 3. 


Series, treatise on, 2G1 et seq. ; what is meant ' 
by a Convergent and Divergent Seriee, 264. 
(See Logaeithms) . 

Series and Tables of Trigonometry, 330 et fcq. 

Signs of operation in Algebra, 161, 162, 163; 
practical illustrations of, 164. 

Sines of Angles, numerical value of, 315 ; how to 
calculate the value of, 349, 350. 

Logarithmic, tables of, 355. 

Natural, tables of, 8.53. 

Solids, mensuration of, 19, 383, 893 et seq. 

Sphere, to find the volume of the portion of a, 
896. 

Spherical Geometry, 251 ct seq. (See Gsometey). 

Spherical triangles, sines of the angles propor- 
tional, 402 ; solution of the, 408 ; Napier’s 
rule for solving, 409. 

Spherical Trigonometry. (See Teiooxomktry). 

Spheroid, to find the volume of a portion of a, 
398. 

Square Root, extraction of the, 38, 39. 

of a poljmomial, 228. 

various algebraic exercises for extract- 
ing the, 231, 

of a binomial, 232. 

Squaring the Circle, problem of the, 126. 

Subtraction, Simple, use and application of, 8 ; 
various workings in, 9. 

of Compound Quantities, 22 ; of Frac- 

I tions, 29; of Decimals, 37. 

of Algebra, sign of, 1G2; illustrations 

I of, 169 ; exercises in, 170. 

of Fractions in Algebra, 198 ; exercises 

in, 199. 

1 Surds in Algebra (Lat. surdus urtdistinguishablo), 

I illustrations of, 191. 

Surface, measurement of, 19. 

Surveying a Country, operations of, 411, 116 
I et seq. 

I Symbolical Algebra, 261. . 

Symbols of Quantity in algebra, 162, 

I Symmetrical Quadratics, 217. 


Tangents, the calculation of, 352. 

Tables of money, time, weights, and measures, 
18. 

Term, meaning of tlie word in algebra, 163. 

Theorems of Euclid (Gr. theorema a proposition 
requiring demonstration), 49 etseq. (See Peo- 
POBIXIONS.) 

Time, tables of, 18. 

Tower, how to determine the height of a, 307 
368. 

Triangles, relations between the sides and the 
angles, 322 ; methods of treating, 418, 419. 
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Trift&gies, BighUtmgled, numerical softntlon of, 
dSl 6t 8cq. ; spherical soluticni of, 408^ 409. 
Oblique-angled, solution af> 4U. 

TRIGONOMETRY, Pi«anx^ treatise on, 202 et 
seq. 

fieienoe of defined, 292, 

Lines and Rati(» of, 295 et seq, ; ratios 

of angles, 297—392, 316. 

method of proving different formulas, 

305 ; principles of proof, 807 ; the fundamental 
formulas of, 308; various formulas and ex- 
pressions, 309; “ ambiguities ” arising from 
their use, 311. 

value of the sines, &c., of angles, 816. 

formulas connecting inverse ratios, 319. 

subsidiary angles, 320. 

sides and angles of triangles, 322. 

deduced and derived formulas, 323, 

tables of sines, &c., 353—360. 


Trigonometry, various propositions, 327 —829; 
series and tables of, 88(>— 350; methods^ of 
checking the caloulatlons, 851. 

nunmieal scdutifA of right-angled tri- 
angles, 361—366. 

— Sewswcij., treotiao on, 401 et seq. ; 

fundamental formulae, 408; Napier’s analo- 
gies, 407. 

Right-angled spherical triangles, 408 ; 

oblique-angled triangles, 411. 

geodetical operations, 414—420. 

V 

Verification, formulas of, 352. 

W 

Weights, tables of, 18. 


I 



SOLUTIONS 

TO THK 

EXEKCISES IN THE TREATISE ON ALGEBRA. 


At page 164 of the AlobbuA) a promise was given to furnish the Ansvtihs to all Hio 
Examples proposed for exercise in that subject. The promise will be redeemed — and 
more than redeemed — ^in the present Part. 

Considering for whom that elementary treatise was expressly written — for persons 
not merely unacquainted with the very alphabet of Algebraical Science, but also 
precluded from the advantages of academical instruction, — I have thought that I should 
render them more acceptable service by supplying sketches of the solutions themselves, 
rather than a more register of the results. You will therefore regard what follows as 
furnishing a Key to the unworked examples ; showing briefly — but, I hope, clearly — 
the processes by which the answers arc to be obtained. 

In Addition and Subtraction, however, all that can here bo done is to put down the 
results ; for the result of an addition or subtraction example exhibits, in itself, tho 
whole work. 


Exercises. Page 164. 

1. 3.4 + 4.3 = 12 + 12 = 24. 

2. 5c — 2« = 6.3 — 2.4 = 15 — 8 = 7. 

3. 13« 5 = 13.1 4- 2 = 13 2 = 16. 

4. 2lm - 9if = 21.8 — 9.5 = 168 — 45 = 123. 

5. 4- 4« — 2a = 7.5 4- 4 — 2.4 = 35 4- 4 — 8 = 31. 

6. 3a 4- 46 — 5c = 3.4 4- 4.2 - 6.3 = 12 4- 8 - 15 = 5. 

7. 6w — 5« — 36 = 6.8 — 5 — 3.2 = 48 — 5 ~ 6 37. 

8. 14 — 3c 4- = 14 — 3.3 4- 8 = 14 — 9 4- 8 = 13. 

9. 116 -f- « — 13 = 11.2 4- 1 — 13 = 10. 

10. 4(f 4” 57W — 2 h — 4.5 4” 5.8 — 2 = 18. 

n.?f+6-^=M + 0-|-=6 + 6-4 = 8. 


12 . 


13. 




14. 


5a 
2 

2a 4- 36 

— y r w* 

3g ^ 4^ 4. Gc — 2 


4- ^ 2.5 = 10 H- 4 — 6 = S. 


5.4 
2 

2.4 4- 3.2 


+ 8-1 = 24-8-1 = 9. 


2 _ 20__ 
"""" 10 


3.4 — 4.2 4- 6.3 
10 10 
15. 3a6 + — 66 + 6cn — 18 = 3.4.2 4- 5.8 — 6.2 4- 6.3 

5dm . . 3.5.8 


■ 18 = 54. 


16, 2cibm — 5cdm 4- H 


17. 


8 

5am — 26c n — 49 
140 


2.4.2.8 — 3.3.6.8 4 — Y~ ' 


■ 197 . 


6.4.8 — 2.2.3 4- 1 
• 140 


rA?_i = _ 
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ALGEBRAIC SOLUTIONS. 



24 , 6ado 60 

«t 4“ w 24 

6.4.2.3 60 84-1 


18. 

— -h "24 5^ ” 

8 

‘ 24 2.3.5 2.2 4* 5 

5. 

Page 166. Ex. 1. 2xi/ — 

ixy 4 - 13a;y + Ssry = 14a:y. 



2. — axz 

— laxz 4“ llaa :2 4“ ^2 = 4aa:2. 



3. I3mnx 

= mnx. 



a 

^ a f 0 , 

^ a ^ a ^ a 



4.6^ + 

2 5 _ — 

5 0 

^4 + 4 = 2 - 6 - 



Addition. Case ] 

. Page 166. 


1 . 

285. 2. 

3. 75y. 

4. ~ 5axy. 6, 16« — 

6 a;. 

6 . 

9ait — 6 Ar. 7. 

6pqy — 2wa? — 3«. 8. 2a:j« 4“ 3. 


9. 

9fl52 — 22i; 4“ 8^ — I 

1C 

K {5aex — 17 bey AJcg. 


11. 

15«; 18a5c — Sf/tp. 

12 

. Wky — 4m2 — 3a5c. 


13. 

lOabz "1” ccy 5m:c. 

14. Sgx 4 - '^^pqy 4“ 13. 


15. 

Sflary 4a5 4" 2c. 

16. Ila:y2 

4- 9<im — 105n. 17. 85ca; — wy 4“ 

2m2. 

18 

19ca;2 + 155cy — 11 

19. ax. 20. Scgx — 3. 


Pago 168. Case II. 1. 6by + 3ez + 14c 

4 - 12 . 2 . Sxy 4 “ 2 a 2 4 * ^ 

15. 

3. 

6^2 - 4 * — 75c 4 " - 4 “ 

4. ab — C(? 4* 8 ^/ — lOc 4- 14. 


6 . 

Ixy - 1552 4- lOu' — 

3ccf — 16. 

6 . ^amz — \3iix — 85y 4" 6 ctc — 

8 . 

7. 

— axy 4“ 1052 — 3c 4“ 5. 

8 . -10a5c4-2«fc4-/-f 8 . 


9. 

-.i=+lliy-4* + 

9. 

10. £ - 2«2 4- 2 ~ — 65 4 - 4 . 
y X 


11 

— oxyz ~~ 5 ~ 4" 1 05c — <kmn 4“P* 

12 . 4^^a; — 4 ^ ~ 8 . 




SuBTEACrriON, 

Page 170. 


1 . 

3x — lOy 4- 82 . 

2 . — aa; 4" 

— Ilc 2 . 3. xy — 16«a; 4“ li* 


4. 

— 5ay — 5bx 4" 0. 

5. 20(i5c 4“ lOcfe 

— 0^ — 5. 6 . 652 — 5ax — m ~ 

- en . 

7. 

5 — 11 4 . 11 - 6 - 

3 = — 4. 

8 . dy — 24/z — 3m — Sot i. 


9. 

— llayz — l75.r 4 - 4c 4~ — 2c. 

10. 12cea; — Saby 4" 4d^a; 4“ 32 4 - H- 1 

11 

Sax — 5by 4” 5 c 2 . 

12 . 452 — 6 c^ 

-- 4fl:a;. 13. day 4“ 85a; — 3 c 2 - 

- 16. 

14 

5x—Sy-^8z — 4. 

15. -- 

^\axy 4 ~ 352 4 " 4m — 2 «. 


16 

242/2 — 2aa; — 3. 





Simple Equations. Examples 

poR Exercise. Page 175. 


1 . 

2x — 7 = c: 4 - 4. 

Transposing, 2a; 

— a; = 4 4 - 7, that is, x = 11 . 


2 . 

— 3 = 3;r 4- 5. 

Transposing, 5a; 

— 3a; = 5 4 - 3, 2a; = 8 x — 

4. 

3. 

62 ; 4 - 2 = 42 ; 4 - 8 . 

Transposing, 6 a; 

1 

II 

00 

1 

K> 

II 

05 

11 

3. 

4. 

3ar — 1 = a; 4- 7. 

Transposing, 3x 

— iC = 7 4 - 1, 2a; = 8 = 4. 


6 . 

8 a: — 13 = 4a; — 1. 

Transposing, 8 a; 

~ 4a; = 13 — 1, 4a; = 12 /. .r 

= 3. 


Z 




ALGEBRAIC SOLUTIONS. 


6. 2 (a; 4" 3) = 20, that is, 2a; 4- 6 20. Transposing, 2a; rz 20 6 =: 14, 

/. a; = 7. 

7. 3 (a? — 4) = 6, that is, 3a; — 12 = 6. Transposing, 3a; =: 18, x = 6. 

8. 4 (a; — 1) = a; 4" 5, that is, 4a; — 4 = a; 4” Transposing, 3a; = 9, 
a; = 3. 

9. 5 (a; 4- 2) = 2 (x 4" 8), that is, 6a: 4" 10 = 2a; 4“ 16. Transposing, 3a; == 6, 
a; = 2. 

10. 3 (2a; — 3) = 4 (a; — 2), that is, 6a: — 9 = 4a; — 8. Transposing, 2a; =: 1, 

11. ^ 4" I = 7. Multiplying by 3, to clear the first fraction, 

* + ?* = 21. 

Multiplying by 4, 4a; 4* 3a; = 84, 7a; = 84, /. a; = ^ = 12. 

12. ^ ~ by 3, a; — = 3. 

Multiplying by 4, 4a; — 3a) = 12, /. a; = 12. 

13. ^ — £ = 5. Multiplying by 3, 2a; — ~ = 16. 

Multiplying by 4, 8a; — 3a; = 60, ox = 60, x = 12. 

14. 4- £.= 31 — £. Multiplying by 2, 

2 u 0 

, 2x 2r 

_=62_^. 

0 ^ 

Multiplying by 3, 3a; 4“ 2a; = 186 — - • 


5, 15a; 4“ 10a; = 930 — Ga*, 16a; 4~ 10;r 4" 6a; r= 930. 
That is, Six = 930, 30. 

ui 


15. 4. 1 = 1. Multiplying by 3, 

3 ' 4 ' 6 


a; 4- ?£ _L 1=; 3, 
“ 4^6 


Multiplying by 4, 4a; 4“ 3a; 4“ 2a; = 12, 9a; =r 12, a; = ~ = 1^. 

16. 2a; — (48 — a;) = a; 4- 12, that is, 2a; — 48 4- a; zr a; + 12, or transposing, 
2a; = 12 4- 48 = 60, a; = 30. 

17. as 35. Multiplying by 2, and removing vinculum, 

15a; 4- 10 = 70, /. 15a; = GO, a; = 4, 


18. i±i-l=2-|, 

5 7 5 


Multiplying by 6, 


a; -}- 3 = 16 — or a; = 12 — y. 
Multiplying by 7, 7a; = 84 — 5a;, 12a; = 84, a; z= 7. 
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19. 2 I I ^ ~ i>y 2, 

Multiplying by 3, 3a: + 2« — — 6 = 0, or 5a; — ^ 6. 

Ort 

„ by 5, 25a; - 6a: = 30, /. 19a: = 30, .*. a; == = 1 

f + 1 f 1 ~ ^y 2, 

a; + |--|-l = 0 . 


Multiplying by 3, 3a: + 2a; — * 


- 3 = 0, or 5a: 3 = 0. 


by 2, 10.r - 3a; ~ 6 =: 0, /. 7a; = 6, /. a; = 


21. 11 — ~ ^ — |f. Multiplying by 8, 


88 — 5a; = 4a; - 


Multiplying by 3, 264 — 15a; = 12a; — 16a:, /. 264 = 11a;, a; =r = 24. 

22. 4a; — 2 (3 - a;) = that is, 4a; - 6 -f 2a: or Ga; - 6 = 

Mxiltiplying by 2, 12a; — 12 = a: -f 3, 11a; = 15, /. a; r= ^ = ly^. 

23. 6a; — -.. ^f — Multiplying by 5, 

o 0 

30a: - 4 3a; = 29, 33a; =; 33, a; = 1. 

24. 1:^® 4. 1= 20 — that is, 3 + 1 = 20 - I + 1, or by trana- 

posing, ae 4- -= 24, /. mult, by 3, 3a; -{- a; = 72, 4a; = 72, x =z IS. 

U 


3^ 13 , 11 - 4a;. 
7 + 3 ■ 


: 0. Multiplying by 7, 

3 « — 13 + IhrJ^ = 0 . 


Multiplying by 3, 9a; — 39 4- 77 — 28x = 0. 

Transposing, 38 = 19a:, a; = 2. 

26. 6 — — ”3“ ~ Multiplying by 4, in order that both the first 

and last fractions may be cleared at the same time, we have 
24 - 2* + 2 - = 3 -X, 

O 

Multiplying by 3, 72 — 6a; + 6 — 4a; 8 = 9 — 3a;. 

Transposing, 72 *4“ 6 8 — 9 = 6a; 4a; — 3a;. 

Collecting, 77 = 7a;, a? =: 11. 
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Questions to be Solved by Simple Equa-tions. Page 1Y7. 

1. There aro two numbers of which the difference is 9, and the sum 43, What are 
the numbers ? 

Lot X represent the smaller of the two numbers, then by the question, the other 
must bo a; + 9, and their sum 

a; + a; 9 = 43, that is, 2a; = 43 — 9, a; = ^ = 17, 

the smaller number, and 17 + 9 = 26, the larger number. 

2. From two places, 108 miles apart, two persons, A and B, set out at the same 
time, to meet each other. A travels 17 miles a day, and B travels 18 ; in how many 
days will they meet 

Suppose they meet in x days : then by the question, the first. A, will have travelled 
17a; miles, and the second, B, 18a; miles ; and since the sum of these distances is the 
distance between the two places, we have the equation 

17a; “I" 18^ ~ 108, 35a; ~ 108, x “ days. 

3. Find two numbers of which the difference is 13, and which are such that if 17 
bo added to their sum, the whole will amount to 62. 

Lot X bo the greater number ; then, by the question, a; ~ 1 3 is the less ; also 

a: -f- a; — 13 + 17 = 62, /. 2a; = 62 + 13 — 17 == 58, x = 29, the greater 
number, and /. 29 — 13 = 16, the less number. 

4. There aro two numbers of which the difference is 15, and which are such that if 
7 times the less be subtracted from 5 times the greater, the difference will be 19 : 
what are the numbers ? 

Let X be the greater number ; then, by the question, a; — 15 is the less ; also 
bx —(7a; — 105) = 19, that is, — 2a; + 195 = 19, — 2a; — 86, 

/. X = ^ ~ 43, the greater number, and 43 — 15 = 28, the less number. 

5. A person starts from a certain q)lace, and travels at the rate of 4 miles an houi\ 
After he has gone 10 hours, a horseman, riding 9 miles an hour, is despatched after 
him : how many hours must the horseman ride to overtake him ? 

Suppose the horseman overtakes him after 'riding x hours ; then, by the question, 
the pedestrian will have walked 40 ix miles, and the horseman will have ridden 2x 
miles ; and since the distance travelled by each is tho same, we have the equation 
9ir = 40 4* 4a;, /. 6a; = 40, a; = 8 ; 

hence the horseman has ridden 8 hours, so that each person must have travelled 9x8 
=: 72 miles. 

6. A person has 264 coins, — sovereigns and florins ; he has 4^ times as many florins 
as sovereigns : how many of each coin has he ? 

Suppose he had x sovereigns ; then, by the question, he must have had 4^a; florins ; 
so that 

X -f 4^a; = 264, that is S\x = 264, or 11^; = 528, /. x = 48. 
Consequently he had 48 sovereigns, and 48 X 4^ *= 216 florins. 

7. A person spends ^th of his yearly income in board and lodging, ifth in clothes 
and other expenses, and he lays by £86 a-year : what is his income ? 
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To avoid fractions, suppose 28a; to be the number of pounds he receives yearly, 28 
being chosen because it is divisible by both 4 and 7 : then, by the question, he spends 
in board and lodging 7(ic pounds, and in clothes, &c., 4a; pounds. Consequently, since 
he lays by £85, we have the equation 

7a; *4“ 4a; H- 85 = 28a;, that is, 1 la; •+• 85 = 28a^ 

Transposing, 85 = 17a;, a; = 5, 28a; 5= 140, 

Hence his yearly income was jC140. 

8. "What number is that whose third part exceeds its fifth part by 72 ? 

To avoid fractions, let 15a; represent the number ; then, by the question, 

— 8a; = 72, 2a; = 72, /. x =: 36, the number required is 36 x 15 s=: 540. 

9. I have a certain number in my thoughts. I multiply it by 7, add 3 to the pro- 
duct, and divide the sum by 2. I then filud that if I subtract 4 from the quotient I get 
15 : what number am I thinking of ? 

Let X represent the number ; then, by the question, 

- 4 = 15, or = 19. 

2 2 

Multiplying by 2, 7a; + 3 = 38, 7a? = 35, /. a; = 5, the number thought of. 

10. A man 40 years old has a son 9 years old : the father is therefore more than 
four times as old as his son. In how many years will the father bo only twice as old as 
his son ? 

Suppose in x years: the father will then be 40 ar years old, and the son 
9 + a? years : by the question, the former number is to be double of the latter : hence 
the equation 

40 4- a; = 18 -t- 2ar, 40 — 18 = = 22. 

Therefore the father will be twice as old as his son in 22 years ; in which time the 
father will be 62 and the son 31. 

11. Two persons, A and B, 120 miles apart, set out at tbo same time to moot each 
other. A goes 3 miles an hour, and B 5 miles : what distance will each have travollod 
when they meet ? 

Suppose that A has travelled x hoursj then B also must have travelled x Itours. A 
must therefore have gone 8x miles, and B 6x miles ; and since together they must have 
travelled 120 miles, we have the equation 

3 X 5x-=. 120, that is, Sx = 120, x =: 15. 

The time occupied by each is therefore 15 hours ; so that A must have travelled 
15 X 3 = 45 miles, and B 15 X 5 = 75 miles. 

Suppose A goes x miles, then B goes 120 — x miles : the time occupied 

by A, at 3 miles an hour, is therefore ^ hours ; and tho time occupied by B, at 5 
miles an hour, is hours ; but the times are equal. Hence the equation 

3 — 6 — ^ 6’ 

Multiplying by 8, iP = 72 ^ • 

by 6, 5<r = 360 — 3x, 8d?, = 360, /, x = 45, A's distance. 

120 — 45 = 75, B’s distance. 
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12. Dmd$ je250 among B, and C, so that B ma7 have £^2Z more than A, and C 
£105 more than B. 

Let A’s share bo x pounds, then B*8 is « -f* 23 ; and C’s a; + 23 -4“ 105 ; and the 
sum of the shares is 250 : hence the equation 

-h 23 4* + 23 + 105 = 250. 

Collecting, and transposing, Zx = 99, a: = 33 : hence the shares are as follow • 
A's share £33 ; B’s £56 ; C’s £161; and their sum is £250. 

13. A can execute a piece of work in 3 days, which takes B 7 days to perform : in 
how many days can it be done if A and B work together ? 

Suppose they can do it in a; days ; then since A can do one-third of it in 1 day, he 

can do in a? days : in like manner B can do y of the whole in x days : hence, when 

working together, they do - -f ^ in a; days ; but these parts make up the whole work 

3 7 

since they do it all in x days ; 

I + y = 1 whole 

Multiply by 3, ir 4 ^ 3 

u by 7, 7a; + 3a; = 21, 10a; = 21, a; = 1,^ 

Ilencc they complete the work in one day and one- tenth. 

14. A cistern can be filled by three pipes ; by the fii'st in 2 hours, by the second in 
3, and by the third in 4 ; in what time can it be filled by all the pipes running together ? 

Suppose it can be filled in x hours ; then since the first can supply one-half in 1 

hour, it can supply ~ in a; hours ; in like manner the second can supply ~ in a; hours, 
2 6 

and the third ~ ; and by the question the sum of these parts is the whole. 

• f 4.£.ff = 1 . 

•• 2 ^ 3 ^ 4 

Multiplying by 4, in order that the first and third fractions may be removed at the 
same time, we have 

2* + -^ + » = 4, that is, 3* = 4. 

.. O u 

12 

Multiplying by 3, 9a; 4 4;*^ = 12, 13a; = 12, •*. « = jg ; hence, when they 

12 

all run together, the pipes will fill the cistern in ~ h. = 56 min. 23^^ sec. 

15. Solve the preceding question, when the first pipe fills the cistern in 1 hour 
20 minutes ; the second in 3 hours 20 minutes, and the third in 5 hours. 

Imitating the foregoing solution, x being the required number of hours as before, 

the part of th6 whole supplied by the first pipe Se the part supplied by the second 

•^3 

is ^ , and the part supplied by the third is y , in a; hours ; heatee, since these parts 
make up the whole, we have 

£.4.J^4 1= 1. 
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Or, inultiplyiiig the terms of the first pair of fractions by 3, 

Multiplying by 4, 3* + = 4, or 3a: + 2a; = 4, 

that is, 5a: = 4, /. a? = ^ , 


hence, Iho time is — h. = 48 minutes. 

16. After A has been working 4 days at a job, which he can finish in 10 days, B is 
sent to help him ; they finish it together in 2 days : in what time could B alone have 
done the whole ? 

Suppose B can finish it in x days ; then he can do -i of it in 1 day, so that in the 2 days 
2 1 

he does — of it. Now, as A does — of it in a day, in the 4 days, working alone, he 

4 2 . 3 . 

has done - - or of it ; hence, when B commences there is only y of it to be done, so 

2,2 3 2,1 3 2__2 .1.. 1 

a:* 10 6* X 5 5^ X 6' x 5 

Multiplying by a?, and then by 5, we have 5 — x i hence, B can finish the work 
alone in 6 days. 

17. Divide £143 among A, B, and C, so that A may receive twice as much as B, 
and B three times as much as C. 

Suppose C’s share to be x pounds 
then B’a „ 3a: „ 

and A’ 8 „ Ga; „ 

— £ 

143 

the sum of the shares is 10a: = 143, x — = £14 6s. 

C*s share = £14 6s . ; B’s, £42 IBs. ; A’s, £86 16s. ; and the sum of these is the 
whole, £143. 

18. A person has 40 quarts of superior wine worth 7s. a quart ; he wishes, however, 
so to reduce its quality as that he may sell it at 48. 6d. a quart ; how much water must 
he add ? 

Suppose the water to bo x quarts, then the entire number of quarts in the mixture 
will be 40 -f” ^7 by the question the worth of the pure wine is 280s., and that of 
the reduced wine is 4^(40 x) shillings. As the worth is to remain the same, we 
have the equation 

4^(40 + x)=z 280, or 180 + 4^a; =: 280 
4i» = 100; and = 22| ; 

^ , . 2)62J 

hence, the quantity of water to be added is 22§ quarts ; so that the mixture 4^ 

will make 62| quarts. The value of this at 4^8. a quart is found, as in 

the margin, to be 280s., which is the value of ^e unreduced 40 quarts. 248f 

19. Divide 90 into four parts, such, that if the first be increased by 

2, the second diminished by 2, the third multiplied by 2, and the fourth 280s. 
divided by 2, the results may all be equal. — 
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Let the first part he a; — 2: this, increased hy 2, is x. j 

Then the second will he a; + 2 : „ diminished hy 2, is x. 

„ third „ ~ : „ multiplied hy 2, is x. 

„ fourth „ 2x : „ divided by 2, is x. 

The sum of these is 4x •4" ^ 

Multiplying hy 2, 8^ + a; = 180, /. 9a; = 180, a; = 20 ; 
hence, the required parts are 18, 22, 10, and 40, which together make 90. 

20. Divide 39 into four parts, such, that if the first be increased by 1, the second 
diminished by 2, the third multiplied by 3, and the fourth divided by 4, the results may 
all be equal. 

Let the first part be a; — 1 : this increased by 1 is x. 

Then the second will be j; + 2 : this diminished by 2 is a. 

„ third „ : this multiplied by 3 is x. 

„ fourth „ 4a; : this divided by 4 is x. 

The sum of these is 6a; 1 + 1 = 39, /. 6a; -j- 38. 

Multiplying by 3, 18a; + a; == 114, 19a; 114, a; = 6 ; 

hence, the required parts are 5, 8, 2, and 24, the sum of which is 39. 

From the last two examples you will perceive that although in general the unknown 
quantity sought is best represented by a single symbol a;, yet the conditions of the 
question may be such as to suggest a more convenient form for the unknown : a judi- 
cious form of representation at tho outset will often save several steps of work in the 
solution. When fractions arc foreseen to enter the equation, when the symbol for the 
unknown is x, it will always be better to use instead of a;, such a multiple of x as will 
preclude their entrance, as in examples 7 and 8 above. 


Multiplication. Case I. Page 180. 
Examples roii Exeucise. 


. 9«V 

4fl2y3 

2. — Ihx-i/ 

84V 

3. — 4rtVz* 

— 6 

4. — 

— 3cV^ 

3^y 

— 564*a:V 

24a"a;^2^ 


i. Ua<xi/^ 

6. ^IZa^s^y* 
14aVy- 

7. JSW 
— iV^'xy^ 

8. 

ix^yz* 

— 99a®a:®y^2* 

— 182a«a;«y« 

— 2hH^y'’ 

\ax''y^ 

). 2ax'^y 

10. — Zbhjz 
— 2y-z^ 

11. \axif 

12. 

— 6a^a;2y* 

— 

642y3j53 

— 

— 3«V 


2^x^y^ 

— 2^ah^y*^ 

— a%V 
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6 . — ^xif-) X SaaJ'y = ^oP'hx^y — Xoax'^y^, 

7 . (2axy- — -j- 2®) X — ^axy zzz ^a?x-y^ 4“ ^ 2aa:^y2 — Sax^y. 

8 . (nixy^ 4- Zny- — 2yh) X — 6m^x^y = — Gm^^t^y* — ISm'^nx'^f/^ 4" 

9. (4ry32;2 — 3^25 — 5b^) X — Gab'^y = — 2Gab'y^z^ 4“ ^^xWyz^ 4“ 

10 . (5cx ^:^ — y*z- — Zz^) I2(?x^yz- = — l^c-x^y’^z^ — ZGc^x'^y^fi. 

11. (§aar- — ^by~ — ‘Zcz-) X — 12a~be^ — — GaHo^si^ 4- Zarb^'c^y'^ 4- 2Ati<j^bc^z\ 

12. { iiay’^ — (2^V — yz — 2) ) Za-yz'^ == {4ay2 — yz ■\- 2] Zc^y^ = 

IZa^'tfz^ — Gd^b-y^fi 4 - Zd'-'y-z^ 4 - Gd^yz^. 

13. {2^a;y ~ {5cyh 4- ^yz^ — 3c')} X — = 

^2ibx^y^ — Gcy-z — 4 ^ 5 ^ 4“ 3s^) X — ^x-y = — Gbx^y^ 4” 4“ 

— Qx'y^, 

14. I Ba^i^ — (3dV 4 - 2a2a^ — 4ay'5) } X — 2a%'^xy = 

{5a-a;* — Zb'^y'^ — 4 ” X — 2d^b'^xy =■— 4 " 4 “ 

Axt^b^x'^y — Ga^b'^xy^, 
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Multiplication. Case III. Page 183, 

1. 2aic- Zhx — 2 
Zx- — 2x 


6 aa;* — — 6 a:- 

— " 1 “ 

Zax^ — {^a + 9i)a:'» + 6(5 — . l)^:^ + ^z. 


2. -4" 35a: — 4<; 

Zhy 4" 2c 

12a53^= 4" W-xy — 125cy 

Zacy 4“ 65ca: — 8c- 

\2ahy- 4" 4" 8ac)y 4" ^^c{x — 2y) — 8c*. 


3. 6 x^ — 4a* 4- 3a: — 2 
2a* — a 4“ 1 

lOa:^ — 8a< 4- 6a:3 — 4 a* 

— 5 a* 4 “ — 3 a* 4 * 2 a 

5a* — 4a* 4“ 3a — 2 

lOa'' — 13a* 4- 15a* — lla* + 5a — 2. 


4. (a: 4- 2)(a - 2) = a* - 4 ; (a 4 - 3)(a ~ 3) = a* - 9 

a* -9 


x^ ■— 4a* 

— 9a* + 36 (See Algebba, page 182). 
a* — 13a* 4" 36 


5. (a 4“ > { 3 ^ — o*)(a* — a*) = a;* — 2a*a* 4^ 

6. 2a 4" 3^j 
4a --- 5a 

8a* 4“ 12aa 

— lOaa — 15a* 

Sa* 4" 2aa — 15a* 

a 4" ^ 

8a* 4" 2aa* — 15a*a 

Saa* 4- 2a=a - 15a+ 

8a* 4“ ^Oax^ 4“ (2 — l5a)a*a — 15fl^ 
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7 . ^ax — h 

4ax 4 " ^ 

12a^x^ — 4adx 

Zacx — be 

I2a^x‘^ 4“ (3<? — ib)ax — be 
Sax — 3 

5(3c — 4b)a~x' — Sabex 
— — 3(3c — 4h)ax + 

60a3a;3 4- { 6(3o - 45) - 36 )aV -- j 3 ( 3 ^ — 4 J) 4 . Shc]ax + Uc 

8 . 4ax 4 - 35y — 1 
2ftx — 5y 4 “ 2 

8d'X’ 4 6aia:y — 2ax 

— Aabxy — Sb-i/- 4 " 

Sax 4" 65t/ — 2 

8fl2;^:3 4. 2a5:ry 4 35^^ 4. 7/>y _ 2 


9 . {x i/)^(x 4 y) = (^ — y)®(^ — 4- y) = (a; — y)®(«= y^) 

;r- — 2a'y 4 

— y® 

— 2x^y 4 x'^y^ 

— a?*y* 4 2xy^ — 

x^ — 2x^y 4 2 ;ry® — y^ 

10. — (a 4 4 c 

ic — c 


x^ — (a 4 4 

— ca;^ 4 4 

x^ — (a 4 5 4 4 4 ^ 4 1 )^ — 


11 . 33 (a;a — a:*)* = 27 (a:^ — 2 «V 4 a^), 

12. (2a: 4 3)(2a: — 3)(4a:2 4 9) = (4a:= — 9)(4a:« 4 9) = 16a:^ — 81. 

13. {(a;4 2)(a:-.2) j2 = (a:'' — 4)^ = «♦— .8a:» 4 16. (Pago 182). 

14 . a:* — ^a: 4 1 

a:® 4 2:*? — 1 

fl ;4 _ 4. x^ 

2a;« — a:® 4 2a; 

— x" 4 ““ ^ 

a;^ 4 14 a:» — a:® 4 2 ia;--l 
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Involution.* 

Page 184. 

1. 

(3a^a:^y = 9a*x*. 

2. (75y8)^=:24015+yi*. 

o. 

( __ 3 == — 64««59^' «. 

4. (2a;^y*«)* = 32a;®oy’^‘52®. 

5. 

( __ 

6. ( — 85®a:«y3)s = 61258x1 '•y 9. 

7. 

(5a'*63c-»)-» = 625a8diacie. 

8. ( — 2®a®ar®y)9 = — 64(«9a78y3. 


Involution. Examples por Exercise. Page 184. 

1. 

(a 4“ 2a;)« = (a -j- + 2a;) = 

'<,2 4- 4a; 4- 4a;9. (Sec 2, p. 182). 



'a -f 2a; 



a® 4" 4aa; 4“ 4fla:® 



2a®a; 4- 8x® 4- 8a;® 



a® 4- 2a(a 4- 2)a; 4- 4(fl 4- 2)a;® 4- 8a;® 

2. 

(S^iaj — 4y) ’ = (3aa; — 4y)’*(3a« — 4y) 

= (Qa^x® — 24aa7y 4“ 16y®. (See 3, 



(S^ra; — 4y [p. 182). 



27a®a;® — 72rt®a;®y 4- 48axy» 



— 36(j®a;®y 4“ S^oxy ® -- 64y ® 



27a®a;® - 108a®a;®y4- 144axy® - 64y® 

3. 

^ ^ 4- (See Note, p. 187). 

4. 3a;® 4" 2a; 4- 5 


« 4“ ^ 4” 

3a;® 4" 2a; 4" 5 


4- 4- 

9a;* 4- 6x® 4“ l^a:^ 


<z^ + 4" 

6a;® 4- 4a;® 4" 


1 «<; 4“ 4* 

15a;® 4- lOx 4- 25 


4- 2a5 4- 2ac 4- 4- 26c 4- 

9x* 4- 12a;® 4- 34a;» 4- 20a; 4- 25 

6. 

a 26 4- 3c 6. ((a 4- *;)(a — a;) ) 

3=:(a® —x®)® 


a ~ 25 4- Sc = (a* — a;*)*(a® 

— a;®) = f«* — 2a®a;® 4* 



ia^ ^ a;® 


a® — 2a5 4- Sac 




— 2a6 4" 45» — 65c 

a® — 2a*x® 4- a®x* 


Sac — 65c 4- 9c® 

— a^a;® 4- 2a®x* — a;® 


— 4a5 4- 6csc4-45® — 125c 4- 9c^ 

a® — 3a*x® 4- 3a®a;* — x® 
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{(*+2)(»- 2) )* = (*• — 4)» = (*“ - iyix‘ - 4) = I — 8®* + 16 

I z — “ 4 

a;6 _ 4- 16a;** 

— 4a;^ + 32a;»-64 
a:»-12a:^ + 48a;**— 64 

{ {2x -f 3)(2af + 3} } ♦ = (4:c® — 9)-^ = 

(4^* -.9) » (4a:** —9)** = i — 72a;* + 81 
1 16a;-» — 72a;** + 81 


256a:« — 1152a;8 + 1296a;'» 

^ 1152a:« + 6184a;^ — 5832aJ® 

1296a:+ — 6832a;* + 6561 

256a;* — 2304a;6 + 7776a;^ — 11664a;" + 6561 


(x — o)2 2ax x=.X“ — 2aaf -{-«“ + 2aa; = a;** a- 
And (a;- a^)*=z ix* -f 

\x^ 4" 2a*a;- -f- a* 


a:® 4* 2a*a;® + a*x* 

2a^x^ + 4“ 2a®a;- 

a^x^ 4" 2«®a;- 4" 


a:® 4" 4a'’a;® 4“ Sa^a;** 4“ 4" 



10. (a; 4 -l)(a;— l)(a;24-l)=(a;^-~l)(^"4'l)=^''-l;and(a;4_i)2=:^«_2a;^4-l 

11, (a;- l)** = a;2 — 2a;4- 1 /. a:^ — 2a; 4- 1 

a;" — 2a; 4- 1 


^4 — 2a;*^ 4" 

— 2a^ 4- 4a:* — 2a- 

a;* — 2a; 4” 1 


4 ,^ -j- 6 j;3 — 4;^ ^ 1 

a;2 — 2a; 4- 1 

^ — 4a;® 4" 4" 

— 2a;® 4- 8a;^ — 12a;3 4- 8a;* — 2a? 

3^4 — 4a?3 4- 6a;2 — 4a: 4- 1 

a;* — 6a;® 4- l^a;-» — 20a?3 + 15a:3 — 6a; 4- 1 

JS'oTE.— In working the foregoing examples, it will be seen that frequent application 
has been made of the principles marked 1, 2, 3, at page 182, They should always be 
used in like manner whonerer opportunity occurs. The Binomial Theorem, in the next 
article, is, however, of still wider application, and you should make yourself wcU 


14 





ALGEBRAIC SOLUTIONS. 


acquainted with its form : the ekventh example, hero worked out in full, is solved in 
a moment by aid of the Binomial Theorem, as you will see by a reference to the table 
of developments at the bottcon of page 184. The example in question is to find the 
sixth power of rr — 1 ; for { (* — 1)- is the same as {x — 1)6. If you suppose a in 
the table to be — 1 , you will see that the development of {x — 1)« is the same as that 
found above by actual multiplication : the directions at page 185 show how this 
development might have been written down at once. 


Binomial Theorem. Examples for Exercise. Page 187. 

1. To develop (a y)*. The terms without the coefficients are 

ahj, a^y'^, ay^^ y^. 

The coefficients, as far as the third, are 

1, 4, = e 

{a y)‘^ ~ a* -4" 6a2y2 ^ ^^y^ ^4^ 

Instead of finding the terms without the coefficients, and then the coefficients in a 
separate step, it is just as easy to write down each term in succession in its complete 
form, attending to the directions at page 185. 

2. {a — xY = <2* ' — 5a*x -f- 10a%^ — lOa-a?^ -|r — a.*®. 

3. {a 2a:)^ = a3 -4- Za\2x) -f* 3a(2xY -4“ (20?)^ 

= -i- 6a% I2acd* 

4. (1 — ir)6 =1 — 6:r -f- I5x^ — 20ar^ -i- 15a;^ — Qx^ -4“ x^. 

In this example the powers of 1, the first term of the binomial 1 — are, of 
course, suppressed ; but the exponents of those powers arc mentally employed, as in 
other cases, to form the coefficients. 

5. (1 + Sxy = 1 + 4(3a') -f 6(3r)3 -|- 4(3a;)» + {2x)* 

= 1 + 12r -r 54a:- 4- 108a:'^ 4“ 

G. {x -4" ^!/'Y = •H" "^(22/-) *4“ 10j:'^(2y )* -4- I0x'{2y-Y 5x{2y^)* -j- {2y-Y 

= -j- ICr'^y- -4" 40a?’y‘* -j- SOr-j'® -f" SOrj/* + 32^^”. 

7. {x^^ + 3y^Y=- 4- 5 (r^*)n3r) 4- 10 4" 10(a:-0^(3y^)3 5 M(32/^)4 

4" 

— a:’6 + ISrV 4* ^Ox^y* 4- 270rV 4“ ^05x-y^ + 243y ». 

8. {2a — xY = {2aY ~ 6(2<?)»a: + 15(2a)%3 __ 20{2ayx^ + 15(2tf)-a:^ 

— 6(2a)r* + x^ 

= 64a6 — 1920% + 240a^a:3 — IGOora^ 60a'X* — 12nx^ -f 

9. {x - 29fy = x^ — 7 r«( 2 y 2 ) -f 2lx^{2y^^ — S5x^{2y^Y 4" S5x^{2y-Y 

— 21x-{2y^Y + 7x{2y-Y — WY 

= a;7 — 14»6y2 Six^y^ — 280x*y^ -4- 560a;V — 072xY° 4“ — 128i/\ 


Division. Case I. 
4a3!a?y 


Examples for Exercise. Page 189. 

2 . ZZ^2^=i-3,jz. 

2ba^y 

^ IQax-y^ 4^ 

— a ’ 
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5. 

7ax*f/z^ ^ 

__7a;» 

6 . 


— da'x'ys^ 

das 

7 . 

— 

8.V 

8. 


— 21 a‘V'^ 

7iz 

9. 

bi^x’^i/y 

I0ab’^x\/y 

X 

2h' 

10 . 

11 . 

— 2mT*y''‘ 

8 mVy‘* 

1 

4»ny'‘ 

12 . 


„ 4y 

~W^ 3y^‘ 

36a^xY = _ 

2 X 7x" * 

— SrtVar* «<? 

— V2ao"x^\/z 4:Z\/^ 

— 

— 2ey^\/z 


Division. Casb II. Pagb 189. 


1 . 


da'^aP — -4” 


— 3a; — fl*c^ 


2 . 

3. 

4. 


= 4a:2*-4-2^2 

ft* 


3a -a; 

12a;"y5^ -f- 6x-y^z^ — ^x~y^ 

'fix'yz^ 

2ax{\xy — 8ay’) + 12ga y _ 12 aa;‘y — 24a-ay- -f 12aa y 
Caay 6aay 

= 2a; — 4ay 4* 2. 

8xV — 4(4aa; — 2y)a; _ 8a;V* — 16aa;- 4“ 8^y _ ^xy^ — If. 4. 

4a;'y 4a;'y y x 

The last two examples might have been treated somewhat more simply ; thus, 
cancelling Zax from dividend and divisor in example 3, we have 

=:2*-4«y + 2. 

It is easy to see that instead of 3aa;, 6ax might have been cancelled. In like manner, 
in example 4, by cancelling 4ar, we have 

2»^y> - iax 4- 2y _ ary^ — j-i. 
ay y ~ X 

b. Cancelling 2, from dividend and divisor, we have 

4ta^X'y'^ — 3aJ?y: 


2axy 

\bah'^x^ 8 4- 3a^^a;-* 
Aa'bx^ 


jt? = 2axy - 


- - y^'s^ 4- — 

2 ^ ^ 2axy 


4 21 i_ Sa;** 2 

= 4 4- — . 

4 


1. a- — 7)x- — 2a7 • 

a:- — 7x 


Dn^isioN. Case III. Page 191. 
■ Z5{x 4- 5. 


2. a; 4- 3)a;= — a; — 12(a; - 4. 
a;" 4" 


6x — 35 
6x — 35 

3. Zx 4- 2)6a:2 4- 13a; 4“ 6(2a; 4* 3. 
6x“ 4“ 


9a: 4- 6 
9a; 4- 6 


— 4a; — 12 

— 4a; — 12 

4. 3a 4- 2)12a;2 4- 29a; 4- 14(4a: 4- 7. 
12a;- 4“ 

21a; 4- 14 
21a? 4- 14 
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5. 3.^.3 — 2a: -h 5)18a;3 — + 44a; — 35(6w — 7. 

18a;3 _ i2x^ ^ 30^ 

— 21*2 4. 14a; _ 35 

— 21*2 4, 14.^ _ 35 


6. * — y)xA — y*{x'^ + X'lj + y**. 

X* — a^y 


x^y — *-y' 


x'r — i /4 

a:2y2 _ 




Example 6 may bo worked differently, thus : 

= i^l+y)^^lzu 3 = (*2 + y'!)(a; + <j), :. *' i f Uy multiplying 

x — y x — y ’ 

a;3 4. a;y3 4. g;'^ 4- y^. 

7, a; — ajar* — ax"^ — 7a*2 4- Sa^* — a^{x^ — 7<w; -f 


— 7<7a;2 4- 8a2x 

— 7ax2 4. 7a^ar 


8. * 4- a)*2 + (a 4- ^)a: 4- ab{x + b. 

*2 4- ax 

bx 4" 

6* 4“ 


9. 4*-y 4- 3*y — l)8**y 4* 2*’y — 2*3 — 3*2y 4- *(2*3 — *. 

Sar^yH" *2*® 

— 4*"y — 3*3y 4“ ^ 

— 4x‘'y -- 3*3y 4 * ^ 


mathematical sciences. 
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10. x—- l)a:® — 0^ x^ ;ic- — ICr-* — a:‘’-\-rc" — ic + l — ”, ^ ^ 

x’' — 

— x^ — x"^ 

— x^ — x^ -4- 

X* — x' — 1 
x^ x^ — «- 

— x^—l 

— x'^ — ir ' + a; 


— ir — 1 

X~ *4" X 1 

— 2x Remainder. 


'11. Cancelling x, from dividend and divisor, and removing the vincula, the opera- 
tion is as follows ; 

3a: — 3)6a:'^ -f Oa:^ — 20(2a:2 + 6a: -j- 5 — 

6 a^^ - 6 a:^- “* ^ 


15.i:'i — 20 
15a:2 — 15a: 


15 ^ — 20 
15a- - 15 


— 4 Rem. 

12. X — a)x^ px q{x a p 
x^ — ax 


{a -]r p)x’\-q 
{a p)x — a- — pa. 

a- pa q Rom. 


13. X — a)x'^ + px- qx-\- r{x’^ + (<?:+ p)x -f _pa + <? 
— ax'^ 


(a + p)x‘^- - 4 - qx 
(a p)x“ — (a- pa)x 

(«" + i?a + + »* 

(a- pa q)x — — pa"^ — qa 

# - 4 - pa- -^rqci -\‘ r Rem. 

The final remainder in example 12 is a- 4-^?® -4- and that in example 13 is 4* 
pa'^ 4" 4“ ^ > hi each case the remainder is the very same expression as we should get 
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by rubbing out tbo ;i; in the dividend and putting a instead, ae observed at page 191. 
The property is perfectly general : if any polyliomial proceeding according to tbe 
powers of re be divided by a: — the remainder will always bo the same as the polyno- 
mial itself when the x is replaced by a. Hence, when a is any given number, you will 
be able to ascertain, without actual division, whether a proposed polynomial is divisible ' 
\}Y X — « or not : thus, suppose it were asked— Is x‘‘ — lx — 36 divisible by a? — 7 ? 
Putting 7 for a; in x- — 2a; — 35, we get 49 — 14 — 35 = 0. Hence, the remainder is 
•nothing y so that the expression is divisible by a; — 7 (see ex. 1). 

In like manner referring to ex. 2, and substituting — 3 for a; in a;^ — x — 12 it 
becomes 9-f3 — 12 = 0. Hence, — a; — 12 is divisible by a; + 3. And a glance 
will serve to show that the division may be performed without remainder in ex. 7. 


Squaee Root of a Simple Quantity. Examples for Exeb-cibe. Page 195. 
1. = aV/y. 2. = + lab'K 3. ^/Sa^x^z = lax^^z, 

4. 5. V — 2a Ys* == aY'Z^V — 2. 

6. '\IZahj^x-=^dhj~\IZax. 7. = a5a:-^i 8. Va;^y V = y 

j <j^ a a V6 

‘ V hx^ x\/h hx 

10. '\Ja^x ^ ax~^y/ a. 11. •=. a ^x~-^y 

y f 4.2a^ 2a ^ ^ \/’6ax 

y llx'y^ 3ay- ^ Sa; ^ Zx 


13 . (_ = — laify/x'-. 


I 1 1 vV_ 

14. [Ob^xy) y^9b*x-y^ Zb'xy\/y' Zh'xy^' 


_i a;- X- 1 ^ 

15. x\z\xY^) ^ ; ■ ?. ^ ~ 

l/81a;“p'2:» ZxY^^V ^ V ' 

IG. - » = — lax'^y - 

. n /oo. ~ L7.4^- i - Qo - L -1. - _ 2 - 1 - 


17. (32a Vy^) ‘^=32 h ^x-^-- 


•ixy-\/2.ya 3a.ry- 


_i 1 o , cix^ aa’“t IG ax^y/1 

18. (32. --.-V) ^ = 32 Wy-=— = = 


Reduction of Fbactions. Examples foe Exercise. Page 197. 

. I . — a;- 

1. a-T"a;-i — zzz-* zzz . 

a — X a — X a — x 


2. 3-y- 


2^y-?__ 9-- ya -2-V-y -_ 7 

34-y~ 
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^ -f — + ^bc 

U_c^ (i - cy ~~-‘{b---cf 

4. tactual dirision, ax + aP -{■ ^ , 

a 3 ^ 

5. By actual division, ^2 -f ^ x - “ ^ 

6. 4- 4^* = r^- °* = -.r^. 

*2 ^ ^2 a?-* 4 “ ^■' + <*’, 

7. (^ + .V + g)(^ -f y — g) _ 1 ^ [(^ -f y) 4 - -][(^ + y) — g] -~ 2jy _ 

2xy 2xy 

(3? + y)^ — • — 2x y _ x’^ -Y y'^ — 

2xy 2xy 

8. [(^ + y)+-]K^ + y)~-“-] 2^ (a: +y)^ — S- — 4ary _ a;--~2ry + y- — 

2j'y 2;?^ 2xy 


9 — z - ^ _ gg— 2a:y4>y“ _ {x —yY^zi _ (a; — y~-g)(a;--y + s) . 

2a:y 2xy 2xy 2xy 


10 . x" — 3 a: 


_ 3. _ Mijzf) ^ »{(»-3)(4:-2)-3(3-») )_ 


g{ (a:-3)(j— 2) + 3(a; — 3) ) _ a;(x — 3)(a;- 2 + 3) _ x{x — 3)(g + 1) 
a: — 2 a? — 2 x — 2 

^ a;(a:^ — 2a; -• 3) _ <3:^ >- 2a; -f- 1 - 4) _ a: [ (a; — 1)^ - 4) 

X — 2 a;--2 x — 2 


Addition and Subtraction of Fractions. Examples for Exercise. Page 199. 

2a; — 5 X — 1 4a:^ — 10a; + 3a; ~ 3 4a:- — • 7a; — 3 

' 3 ' 23r 6^ ““ 6i * 

^ X . X a;- 4" 3a; 4" a- — 3a; 2x^ 

2* ^ + a; 4- 3 ““ 9 a;^ — 9 * 

10 a; — 9 3a; •— 5 __ 70ar — 63 — 24a; -f 40 __ 46a; — 23 


2a: — 3 X — 5 16a;^ — 24a; — 7a;- 4“ 35a; 9a;- 4" 9a; 4~ H 

lx 8a; 56a;'^ 56a;^ 56a; 

X — a . 1 x^ — o- 4” a;^ — «a; 4“ 2a;- — ax 

xi — ax * X’\- a a;^ 4“ ^4" 


X — a X a — X a 2a 


xP 4- d\ 

^ h^x a-z'^ — h'x “ 

xy yz xyz 


X a a; 4“ <* x Pr 

In this seventh example, the terms of the first fraction are multiplied by s, and those 
of the second by x ; the denominators thus become each equal to xyz. 
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8. “ + ^ Multiplying the terms of the first fraction by and 


those of the second by a:** — 2 , we have 


-f ■” ® — 1 


®- ^a + 


1 4a?° __ 2x’^a-{-2x — a — 4a;* 4a; — 4a;* , ^ 1 3 ; 

2x -f* a 4a;* — a'^ 4a;* — a* 4a;* — a* * * i x-\~ 

__ ^ ^ _ ( 1 +a;)(l— a; + a;*} — (1 ’\-x-\‘X^){\—x) (1 +a:)a:*--a;*(l-~ a;) 

+ ~ (l + a;*)* — a;* ~ 

2a:* 

1 + a;* + 

a*4-/>* a-\-b J*) 

• a» — ^3 


3a* — . 
a* — ’ 


y-~3 4 . y 

y y-i-3 


The second and fourth fractions united give — ~ = — 2, the first and third make 

pTTg = ^ LIq - licnco tho sum of all is 2 = 

2//* — 2y* 4- 18 ___ 18 

?/* — 9 ^"ZTq ‘ 

10 ^ t y ^ a;* ry 4 ~ yy -f yg _ a:* -|- y* 

a;4-y"^.a; — y (:^ 4 - y)(a; — y) 

and y _ ^ a;* 4- a-y — a;y 4 y* _ a;* 4 y* 

a-’—y « 4 y (^ — y)(^ 4 y) a:*~y*‘ 

14^ ^ ^ — y )^ 

' a- 4 s y 4 s (a; 4 y)(a; 4 c) {x 4 c)(y 4 c 

and -5 g ^z + z"- -r~- z^ _ (^-„)z 

y 4 s a; 4 c (y 4 s)(j; 4 s) ^ c)(y -j. 


Multiplication of Fractions. Examples for Exercise. Page 200. 


■ 7 ^ 9a; “ ■7 ^ 9 63* 


=-^Xra=l>=‘*=-?' 




Gx- — X — 1 
X- — a; — 6 ’ 

6. 


4 V 

® + 2 ^ 4;— 3 


a ■» + * .- , w _ fa 

^ «2 — a — b a — b 


ax — a a^x — «® 


8 V 

’ y”‘ a;”* y»i — n* 


r y" y"*"” 

9. ?££ V 

y 5’ 


a*. _ Aa 3 /y.3 ^3 

' a; J- a ~ ^ "x Z f ' 2a = (^ ”" 2a)(a;* 4 4 ^ — Sa®. 

Ill this tenth example it is seen at once that the numerator of the second fraction is 
divisible by the denominator of the first, because if a be put for a; in a;* — «*, the result 
is 0. (See p. 19, Key). 
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n ~ V s/ ^ sr 

12 ~ ^ v 9a' — 3 

3~~ ^ Xr + I X — ~ =2 X5x(3;r~ 1) = 30^-10. 


13 . V ^-d-J' — , 

^ X — 7J X —~ff ““ 

U '-'t/T y ^ + 1 . a? — y , ^ — « 1 

■ •_, (••-,.)(^Trt’‘<'+>>=p=,H.-.-r,.)'-ir+, 

<- !)|.- +!)=*(;- ;‘)C +!)=. e - :;) - . •-•.^2 = 


Bivisioif or FnicrroNS. Examples eoe Exebcise. Paoe 201. 
X — 2 X — 1 x'” — Zx -\- 2' ^ ■ 


— 3 y , 4X-12 

5 4 5 • 4“ V ^ j' • 

Cr* — 2c rr^ fiy, n c.- « 


a (r — 1 a — T 


*24-^ 2 — ar * ® 2x — x" 

5. ~ — 2y __ 3a; -f 2y , 1 

^ ‘ — i/- ~ ~1 (^^ 4 “ 27 /)(a; — y) = 3 a;- — 0*2/ — ?./ 

g _ _^^f_^af/ . 1 

X- — 2xtJ y- • ^ ^ X — y' X — y ^ ~ ^ 

Simple EaPATioxs m Gexeeal. Examples ix Eolations with only One 
UaVknowaV Quantity. Pagl 203. 

1 ^ I ^ X 

5 2 “ + 6- the terms of the second fraction hj 3, 

2a; . 3a; x 

5 + 6 =22 + 5 - 

Transposing, * _ 22, 

aeanng, 6sr + 5x = 330, that is lla = 330 .-. a- = 30. 
12«+15a:=660 + Sx 

x X '"' ~ •■• 22« = 660, .•. X = 30. 

2 + 3“ + f = ®i- Multiplying by 12, the least common multiple of the 
denommators, we hare— 

6a; -f 4^ -f 3r =: 78 
that is, ICa* zria 78, , . a* I::::: 6. 
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O ^ ^ ® 1 ^ 2 a: X . . 

3 . 2 - 4 = 3 ~ 6 ~6 + 

^==^4- 1. 

4 6 ^ 

Multiplying by 12, 3a: = 2a: + 12, /. x = 12. 

4^ - ■ ? ^ = 54-5, that is, ~ 4- 1 = ' 4" •*. ~ == 4 12 = 4a? a? 2= 3. 

XX XXX 


5. 21 4- - 


lD _L. 97 - 7a; 


Multiplying by 16, 


336 4- 3a: — 11 = lOar - 10 4- 776 ~ 66a;. 
Transposing, 66a: 4“ 3a: — 10a; = 776 4- n — lO — 336 
49a = 441, a = 9. 

G. v'(a;2 + 7) 4“ ^ = 7, .*. x/{x^ 4. 7) = 7 - a-. 

Squaring, a:“ 4- 7 = 49 — • 14.r 4- a;‘% /. 14a; = 42, a; = 3. 

7. V'(a; — a) — 6 = 0, — ^) = ^» ® a; =: o 4~ 


8. =-|- Applying the principle explained at page 203, wc have ^ = 

|, -j/a; =: 10, x = 100. 

~ Applying the principle referred to in the last example, 

wo have 

4/ a; 4 ” 18 4/0; 4 " 22 1 • v j 

^^"T2 — ~ 16 — • ^y 


Multiplying by 3.4.4, 


44/ a; 4“ 64 = Zy/ x 4- 66, /. 4/ a; = 2, /. a; = 4. 

= By the principle at page 203, 

2;^ 4~ 2g 4- ^ 2t/x -f 4a 4~ 36 

2a — 6 4<* — -36 ^ ^ 

24/a; , 2g 4~ ^ 24/a; , 4a 4- 3 6 

2a — 6 "* 2a — h 4a — 36 '4a — 36* 

m . 24/a; 24/a; 4a 4“ 36 2a 4“ 6 

Transposmg, 

Multiplying by (2a — 6) (4a — 36), 

Sa V 664/a; -—4a 4/*: 4“ 264/a; = (2« — 6) (4a 4” 36) — (2a 4“ (4a — 36) 

(4a — M)\/x = - 8a6 4- 12a6 = 4a6, 

■ • a- J> •■•®— (iTIT) • 

V ax — a ZVax—2a . . . 1 4/<^ii? 64/aa; 4“ 3a 

“■ a = Ta ’ 

Clearing, 74/00:=: 64/aa; 4* 3a, .'. 4/03; = — 3a 
ax = 9a", X = 9a. 

12. 4 (a; — 24) = 4/a; — 2. Squaring each side, 

a; — 24 = a; — 4 v/a: 4” 4. 

Transposing, 44/ ar = 28, /. \ x = 7, a? = 49. 

18. 4/ (4a; 4r 21) =:x 24/a; 4" 1. Squaring each side, 

4a; -}- 21 = 4a; 4” 44/ a; 4" !• 

Transposing, 20 = 44/3;, 4/ a; = 6, a? = 26. 
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14. V (2a! + 3) = 3. Cubing each side, 

2x + Zz=: 27, 2x = 24, x = 12. 

— _ Q ^ 

“75 — i~^ = — « • The numerator of the first fraction is the difference 

y5x 4-3 2 

of the squares of the two quantities in the denominator ; therefore, the numerator is 
actually divisible by the denominator, so that the equation is the same as 


\/5x — 3 = 


x/dx — I 


, 2\/5x — 6 = \/5x — 1, 


\/5x =z .5, 6x = 25, /. x-=. 5. 

16- = By the principle at page 203, 

+ . *_+_l = 9 

V{x — l)-V ■■ x-\ 

a; 4- 1 = 9a; — 9, 10 = 8a;, a; = ~ = 1^. 


Simple Equations with Two Unknown Quantities. 
Examples foe Exercise. Page 200. 


1. 2 ^ jq} 1st. Proceeding by Pule I., 


6a; — 2y 
23 — 3y 


we have from the first equation 


, and from the second x = 


10 +2y. 


; hence equating these two ex- 


pressions for a;, 

23 - 3y _ 10 4- 2y 
2 5 

Clearing fractions, 116 — 1 % = 20 4" 

Transposing, 96 = 19y, y = 6 , 

10 4- 2y _ 10 4- 10 __ 20 ^ 

. . a; — 5 ' 3 5 6 ‘ 

2 nd. Proceeding by Pule II., we have from the second equation a; = — = 2 -f- 
Substituting this in the first we get 

4 + ^5 + 3y = 23, I’ + 3y = 19 
Clearing, 4y 4 - 15y = 96, 19y = 95, y = 5 

at.. 10 4 - 2 y 20 . 

And since x — — ^ a; = ^ = 4. 

3 rd. Proceeding by the third method, multiplying the first equation by 2 , the second 
by 3, and then adi^g the results, we have 

19a; = 76, a; = 4. 

Again, multiplying the first equation by 6 , the second by 2, and subtracting the 
results, we get 

19y sss 96, y = 6 . 
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6x = 58) Multiplying tho first equation by 3, and the second by 5, 
3a; 4“ = 67) there results 

• 16a; 4- 12y = 174 

15a; + 35y = 335 


Subti-acting, 23y = 161, y = ^ = 7 

And since from the first equation x = /. x = 

o o 

Otherwise^ thus : multiplying the first equation by 2, n e have 
10a: 4- 8y = 116 
3a;4-7y= 67 


Subtracting, 


7a; 4- y: 


Multiplying by 3, 21a; 4“ 3y = 147 

First equa. 6a 4“ 4y = 68 

Subtracting, — 16a: -f yz= — 89, /. y = 16a; - 89 
16a; — 89 = 49 — 7a;, /. 23ar = 138, /. a; = 6, 

/. y = 49 — 7a; = 49 — 42 = 7. 

3. y + 8y 194 1 Clearing fractions, those equations become 

O. ftr — 1 1652 

8 4-8^-131) y 4.64a; = 1048 

By adding these, 65a; 4“ 66y = 2600, y 4" = 40 

65 

And by subtracting, 63y — 63a; = 604, y — x ~ — ^ = 8 

63 

adding and substracting, 2y = 48, and 2a; = 32, 

y = 24', and x = 16. 

Note. — The rule has been departed from in tho preceding solution ; and you 
perceive that considerable advantage on the score of neatness and simplicity has been 
gained in consequence. By the rule vre should have proceeded thus ; 

From the first equation x = 1652 — 64y 
Substituting in the second, y 4“ 64(1662 — 64y) = 1048 ; 

That is, 04 X 1652 — 1048 = (643 __ 

_ 64 y 1552 — 1048 __ 64 X 1652 — 1048 
643—1 65X63 

_ 98280 
6.9.7.13 

And a; = 1552 — 64y = 1652 — 64 X 24 = 16. 


^ + y — 5 

3 

y — a; _ 

7 ” ^ 


Clearing, these equations become 
a; 4" y = 16 
y — a;= 7 

Adding and subtracting, we get 

2y = 22, and 2a; = 8, y = 11, » = 4. 
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^ f ^ Clearing fractions, we have 

^ I5x — 35y = 6a? + 3y + 3 

2 ^ = 0 10-a?+y = 0 

Or, transposing, 9a? — 38y = 3 . . . (1) 
x-y = 10 ... (2) 

/. 9a? — 9y = 90 . . . (3) 
Subtracting (1) from (3), 29y == 87, .'. y = 3 
/. = 10 + y = 13 

a? -4- 2 

— — [-85^ =31 I Clearing the fractions, we have 

“ L 1 rt I nA.. no 


-h 10a:= 192 j 


Clearing the fractions, we have 

a? 4- 2 4- 24y = 93 
y4-5 4-40a?=768 


Multiplying the first by 40, 


Subtracting, 


Or, a? 4" 24y = 91 
40a? -4“ y = 763. 

40a: + 960y = 3640 

959y = 2877, /. y : 

^ “ 40 *“ 40 


^ 4^ yy = i } Eqnali2ing the coefficients of a?, wo have 

aa*x -4“ a'hy = a' 
aax •]- <th'y = « 

Subtracting, {ah' — (i'h)y rss a — a' 

a — a 

' ' ^ ah' ^ <x*h 

In like manner equalizing the coefficients of y, 
ah'x 4- h’hy^ If 
ahx 4- h'by = h 

Subtracting, {cfh — aV^xizz. h — h’ 

_ h — V 
* * * a'b — ab' ' 

^ ^ } Equalizing the co^cients of a?, we have 

adx *4” 

«a*a? + aVy = ac' 

Subtracting, {ah' — a'6)y = ac* — a'o 
ac' — aC 
' ’ ^ ab' — a'b' 

In like manner equalizing the coefficients of y, wo have 
ah'x *4“ b^by = b'c 
a'hx -4“ h'hy = b(f 

Subtracting, (a'5 — aV')x = Jc' — Vc 
h(f --Vo 
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X y I Multiplying the first equation by 3, and then subtracting the 

3 . ^ rt 5 I second, we have, 


— ~ = 36 — 24 = 334. 

Multiplying by 7y, — 56 = 233y, ~ 

1 10 1 1 lo 233 439 

Also,- = 12 + -=12 --3^ = s; = 

10 . ^ + 2 10 -a^ y-10 _ , 

5 3 4 Clearing fractio: 

2(y 4- 2) 22; 4“ y 2:4-13 become, 

3 “8 4 

12a; — 24 — 200 4- 20a; - 15y 4- 150 = 0 
16y 4- 32 — 6a; — 3y — 6a; — 78 = 0. 
Transposing, 32a; — - 15y 74 

— 12a; + 13y = 46. 

Multiplying the first by 3, and the second by 8, we have, 
90a:— 45y=:222 

— 96a; 4- 104^^ = 368 

Adding. 69v = 690, «/ — 10 


Clearing fractions, these equations 
become, 


Adding, 


69y = 690, /. y : 


and since 13y — 46 = 12a;, /. 130 — 46 = 12a;, a; = ^2 ~ 

^ 4“ ^ 4" 2 

a; 4“ 4 y — 2 Applying to these fractions the general principle at page 
«L± 3 __ y — 7 r 103, we have 
a;4"l *~y — 13/ 


54^=1, 2» + 10 

l±i^?L^0,.,3* + 9=y-10. 

Equating the two expressions for y, we have 

3a; 4- 19 = 2a; 4- 10, /. a; = ■— 9 
y - 2a: 4 10 = •— 18 4- 10 = — 8. 

12 r -L ./ — IQ) 

* y' 96 > second equation by the first, we have 

X — y == 6 

Also, a; 4- y = 19 

/. adding end subtracting, 2a; =; 24, and ~ 14 
/, iT = 12, andy = 7. 


QtTBSTIONB IN SiMPLB EQUATIONS. PAGB 207. 

1. Find a number such that if it be increased by one*half. one-third, and one- 
fonrth of itself, the snm shall be 60. 
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Letic be tbo number ; then by the question, 

Multiplying by 12, to clear the fractions, 

\2x 4iX Zx zzz GOO 

that is, 25x = 600, a: = 24. 

Otherwise . — To avoid fractions, put 12a: for the number; then by the question, 

12a: + 6a: -h 4a: 3a: = 50, 

that is, 25a: = 50, a: = 2, 12a: = 24. 

2. There is a fraction such that if 4 be added to the denominator, the value is ^ ; 
and if 3 be added to the numerator the value is f : required the fraction. 

X 


Lot the fraction be ? ; then by the question, ■ 

y ^ 

therefore clearing the fractions, 4a: = 3 / 4-4 

4a: 4- 12= 3y 


-^and^jL3 = 3 

4 2/4 


Subtracting 12 = 23 / — 4, 2y = 16, 3 / = 8 

Also a: = ^ 4* 1 = 3, the fraction is 
4 8 

3. What number is that, such, that if it be increased by 7, the square root of the 
sum shall bo equal to the square root of the number itself and 1 more } 

Let X bo the number, then the condition is that 

t/(a: 4 - 7) = 4 - 1 

Squaring, a:4”7 =z x 2\/x ^ 1 

Transposing, G = 2y'a:, /. Z z=z \/xy 9 = a: ; hence the number is 9. 

4. Fifty labourers are engaged to remove an obstruction on a railway ; some of 
them are, by agreement, to receive nincpcnco each, and the others fifteen pence. Just 
£2 are paid to them ; but, no memorandum having been made, it is required to find 
how many worked for 9d., and how many for 15d. 

Suppose there are x workmen at 9d., and y at 15d., then the number of pence 
received by the former is 9jr, and the number received by the latter I5y ; and since by 
the question the number of pence paid altogether is 2 X 20 X 12 *= 480, we must 
have the equation 

9x 4- 15y = 480 

Moreover, x y = 50 by the question 

/. 9x 9y = 450 

Subtracting, Gy = 30, y = 5, .'.«: = 45 

Consequently, 6 of the labourers received 16d., and 45 received 9d. 

Otherwise . — Let x be the number of labourers at 9d., then by the question 50 — x 
was the number at 15d. ; consequently the former received 9x pence, and the latter 

15(50 x) pence ; hence, as they received together 480 pence, wo must have tho 

equation 

15(50 — jp) 4- 9a; = 480 
That is, 750 15;r 4~ = ^80 

Transposing, 270 = 6xj x — 45, and 50 a: — 5 

Consequently 45 received 9d, each, and 5 received 15d. • 

5. A person ordered a quantity of rum and brandy, for which he paid £19 4fl. ; 
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the brandy was 98. a quart and the rum Ss. Ho has, however, forgotten the exact 
number of each which he has to receive ; but ho remembers that if his brandy had 
been rum, and his rum brandy, his outlay would have been £l ISs. less. How many 
quarts of each did he buy ? 

Suppose he bought x quarts of rum and y quarts of brandy ; then by the question 
the number of shillings paid for the two was 6r + 9y ; but if the brandy had been 
68. a quart and the rum 9s., the number of shillingps paid would have been 9x + 6y. 
The actual price paid was 3843. ; the sum that would have been paid in the latter case, 
we are told, is 33s. less than this, that is 3618. ; hence we have these two equations — 
viz.) 

6r + 9y = 384 . 2r + 3y = 128 
9r + 6y = 351 Zx -f % = 117 

By adding these two equations, we have 

6x 4* % = 245 y ^ 

By subtracting, y — xz=z 11 


Therefore adding and subtracting, 2y = 60, 2x = 38, 

X = 19, and y = 30 ; so that he had 19 quarts of rum and 30 quarts of brandy. 
Otherwise . — Suppose he had x quarts of rum ; for this he paid 6x shillings by the 
question ; therefore 384 — (Sx is the number of shillings paid for the brandy ; and as 

1 quart of brandy cost 98., the number of quarts must have been , or . 


Now, by the question, if these quarts had cost 6a. each, and the x quarts 98. each, tlic 
number of shillings paid would have been only 351 . hence wo have the equation 


128 — 2x 
3 


X 6 + 9^ = 351, 


or, 


and 


256 — ix -^dx r 
5x = 95, /. X 
128 -2x __ 128 — 38 
3 ■“ 3 


= 351, 

= 19, quarts of rum, 

= 30, quarts of brandy. 


It is plain that the former is the easier mode of solution ; and it will usually be found 
that both thought and work are diminished when as many unknown symbols ore 
employed in the solution of a question as there are distinct conditions embodied in that 
question. It is a mistake to suppose that it is always easier to solve a question with 
only one unknown quantity than with two, when two are implied in the conditions ; 
the contrary is more frequently true. Some of the present examples will sufficiently 
show this. 

6. A person has spirits at 12s. a gallon, and at £1 a gallon ; how much of each 
must he take to make a gallon worth 148. ? Let the fractional part of a gallon at 12s 
be represented by x, and that of a gallon at 20s. by y ; then 

« Hry = 1, 

and the price of the mixture = 12a: + 20y = 14, by the question. 

Multiplying the first of these equations by 12, and subtracting 

1 3 

8yr=:2/.y=-; and «: = 1 -r y = 

Consequently the mixture must consist of \ gallon at 203., and f gallon at 12s. 

Otherwise . — Suppose he takes x gal. at 123. ; then he must take 1 — a: at 20s. ; the 
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price of the former is 12^; shillings, and that of the latter 20 (1 — x) shillings ; there- 
fore the price of the whole gallon of the mixture is 

12a; -{-20 — 20a; =; 14, by the question. 

3 1 

Transposing, 6 rr: 8a;, = a; ; y =: 1 — a; = 

so that there must be f gal. at 12 a., and ^ gal. at 20s. 

7. A merchant has spirits at a shillings a gallon, and at b shillings a gallon ; how 
much of each must he take to make a mixture of d gallons worth e shillings a gallon ? 
Suppose he takes x gallons at a shillings, and y at i shillings ; then the worth of the 
mixture oix -Y y gallons — ^that is, of d gallons — is 
rta; iy = «?, by the qu^tion ; 
also x-Y y ^ d. 

Mult, by a, ax Y ^y ^ 

Subtract, {a — b)y = (« — e)df y = 

In like manner, multiplying by b, and subtracting, 

' (« — 6)x = (c — i)d, X = 

a — 0 


OtJierwist . — Suppose he take x gallons at a shillings, then by the question he must 
I take d — x gallons at b shillings : the price of the mixture is, 
ax -f- b{d — x) :=z cd^ by the question ; 

1 that is, (u; — b^x = (c — h)d^ x = gals, at a shillings, 

and d — x=.d — ^ ^ shillings. 

8. In a composition of a certain quantity of gunpowder, two-thirds of the whole 
I lOlbs. was nitre ; one-sixth of the whole — 4^1b8. was sulphur; and the charcoal 
was one-seventh of the nitre, all but 2 lbs. How many lbs. of gunpowder were there 

lbs. 
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9. A farmer wishes to xnix 28 bushels of barley, at 2 b. 4d. a bushel, with rye at 
3s. a bushel, aud wheat at 4s, a bushel, so that the whole may make 100 bushels worth 
3s. 4d. a bushel : how much rye and wheat mtist he use ? 

Suppose sc bushels of rye, and y of wheat ; then z y 2S must make 100. 

Now the price of z bushels of rye is 36^; pence 
„ y „ wheat is 48y „ 

„ 28 „ barley is 28 X 28 pence 

/. the price of the a; y -j- 28 bushels is 36a; + 48y + 28 X 28 ponce ; which by the 
question is equal to 100 X 40 : hence we have 

a; 4-y + 28 = 100 .... (1) 

36r H- 48y + 28 X 28 =;= 100 X 40 
or, diTiding the latter equation by 4, 

9a: + 12y 4- 28 X 7 = 100 X 10 
that is, 9a: -f 12y -f 196 = 1000 .... (2). 

Multiplying (1) by 9, Ox 9y 4 - 252 = 900 


Subtracting, 


56 = 100 


/. (1), a: = 100 — 28 — y = 72 — 52 = 20. 

Hence there must be 20 bushels of rye, and 52 bushels of wheat. 

Otherwise, — Suppose there were x bushels of rye ; then there must have been 100 
•— 28 — a? bushels of wheat. The worth of the x bushels of rye is Z6x pence, and the 
worth of the 72 —ji: bushels of wheat is 48(72 — x) pence ; also the worth of the 28 
bushels of barley is 28 X 28 pence. Hence, because the 100 bushels is worth 4000 
pence, by the question, wc have 

66x + 48(72 ~ ^:) 4- 28 X 28 = 4000 

Dividing by 4, 9a: + 12(72 — r) 28 X 7 = 1000 

that is, —6x-\- 864 + 196 = 1000 
/. — 3a; :r; 1000 — 1060 =: — 60, x = 20, bushels of ly c 
100 — 28 — a = 72 — 20 == 52, bushels of wheat. 

This latter solution is perhaps somewhat easier than the former : you may vary 
both by employing shillings throughout instead of pence ; representing the 2 b. 4d. and 
the 3s. 4d. by 2^s., and 3^s. respectively. 

10. Two persons, A and B, are engaged on a work which they can finish in 
16 days ; but after woiking together 4 daj^s, A is called off; and B alono finishes it in 
36 days more. In how many days could each do it separately } Suppose A can do it 

in X days, and B in y days : then in one day thny can do the ^ and the ^ part respec- 
tively, and consequently in 16 days they can do which by the question, is the 

X y 


• cc y 

4 4 

Also in 4 days they do the - port, that is, the i part ; so that after that time the 
X y 
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^ part remains to be done by B. Now in l day B does the ^ part of this ; that is 
the ^ of tho whole ; but he does the - of the whole in 1 day ; hcnco 


/=48 


j. _ 1 

y *“48’ 

Substituting this value of y in the former equation, we have 

16 . 16 


16 


a 48 ~ 

-1_ 1 _i 

~ 3 “ 3’ 


1 


2a = 48, * = 24. 


Hence A can finish the work in 24 days, and B in 48 days. 

Ot/ierwisej without Algebra. — Since A and B have worked together 4 days, they can 
complete what is left in 12 days ; and, therefore of it in 1 day, while B alone can 

do only the -g^ in 1 day ; so that the part of it done by A in 1 day is 

1 _ 1 _ 1 
12 36 ““ 18 

hence A is twice as good a workman as B, so that A. and B together are as good as 3 
B’s ; and, therefore, since 3 B’s would do the whole in 16 days, one B would take 
3 times as long, or 48 days ; and, consequently, A would take 24 days— half the time. 

Again^ with one unknown quantity. — ^By the question A and B have done J of the 
work before they separate, hence ^ of it remains to be done. Suppose A can do the 

whole in x days, then in I day he can do i of it ; but A and B together do in a 

day ; hence B’s part in a day is — -i ; but B’s part is also I > hence 


1 

X 


1 1 __ 1 

16 a: — 48 


1 l__ 1 

16 ““ 48 ~~ 24 ^ 


/. r = 24, A’s days. 


And since B does the part in 1 day, he can do the whole^in 48 days. 


11. A composition of copper and tin containing 100 cubic inches, weighed 506 
ounces ; how many ounces of each metal did it contain, supposing a cubic inch of 
copper to weigh oz., and a cubic inch of tin to weigh 4^ oz. ? 

Suppose there were x ounces of copper and y ounces of tin : then x y = 505. 
Also by the question, 


Mult. 1st equa. by 17, 


4 + 4 = 100 , 

17a; -f 21y = 8925 
17a; 4- 17y = 8685 


+ i^7 = 25 


Subtracting, 4y = 340, y = 85 

a; = 505 - = 606 — 85 = 420 

Hence there were 420oz. of copper and 85oz. of tin. 

This is solved with only one unknown quantity, by putting x for the number of 
ounces of copper, and 605 — x for the number of ounces of tin. 
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12. A cask is supplied by three spouts, which can fill it in a minutes, b minutes^ 
and e minutes, respectively ; in what time will it be filled if aU flow together f 

Let X be the number of minutes, then the part of the whole supplied in 1 minute is 

i = i + I 4 - \ by the question, 

Clearing, abc = (ab + ac -j- bc)x 
— 

‘ ^ ab ae be 

Questions of this kind may be treated rather diflbrently, thus : since the first spout 
can fill the cask in a minutes, it can fill be such casks in abe minutes. In like manner 
the second spout can fill ae such casks in abe minutes, and the third ab such casks in 
the same time ; so that when all flow together, they can fill ab ae be cadw in 
abe minutes, and, consequently, one cask in 


ab ae be 


Quadratic Equations. Examples for Exercisf. Page 212. 

1 . .t- — 4ic sss 45. Completing the square, 

— 4ir + 4 = 49. 

Extracting the root, x — 2 = + 7, 

a; = 2 + 7 = 9 or — 5. 

2. a:" “V* Sa- =r 33. Completing the square, 

-I- 8a: + 16 = 49 

Extracting the root, a: ^ + 7, 

/. a: = — 4 + 7 = 3 or — 11. 

3. a:- — 8 a == 9. Completing the square, 

— 8a; •+* 1® = 25. 

Extracting the root, x — 4 =: + 5, 

a; = 4 + 5 = 9 or — 1. 

2 161 

4. 2a; = 161. Dividing by 3, a;* + ^ a; = 

^ , ,,2,1 161 , 1 484 

Completing the square, + ft* 


Extracting the root, 


+ 3 ^ ^ 3» 

1 22 ^ 

— 3 + -3 =7 or 


Or, by Rule II., page 213, 

3a;3 2a; = 161, /. 6a; + 2 t= v'(1932 -f 4) = v'1936 = + 44, 

— 2 + 44 . 23 

r =7or-^. 


MATHEMATICAL SCIENCES. 
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1^3 ^ 20jc s= 22. Diiriding 7»^“ — ^ ^ 


Completing the square, 
Extracting the root, 


20 , 100 
•-7*+ 49 


32 1(W _ 

7 49 49 


10 , 324 , 13 

7 49 =* 7- 


10. 18 . 

= » + y- =r 4 or - 


■H* 


0^, by Rule II , page 213, 

^ 7aj3 _ = 32, /. 14jr — 20 asa \/{22 X 28 + 400) sts + 36^ 

20+36 . 

X = — jj— = 4, or — If 

6 x" ^ X — 170 = 40, or ^ = 210. Completing ilie iquiire, 

X = 210 4- -- = —j-, 

4 '4 4 


Extracting the root, 


1 ^ /841 . 

^--r^ = V-j = + 

15j or — 14. 


29 


29 

2 


Or, by Rule II., page 213, 

or" — .r = 210, • 2^” — 1 = 1/(840 -f 1<) = + 29, 
i + 29 

X — — ^ — ss 15, or — 14, 

4 27 Ji 

7 ox'' -f = 273 Dividing by 5, r- *f ^ ;r = ,, 


Completing the square', ;r‘’ -f x 


_4 _ 27J , 4 __ 1309 

26 5 25 2.5 ' 


Extracting the root, x ^ - 


136 9 _ 37 

25 5 


2 37 

•• » = - o^*’ 6 = 7. »r-7| 

Or, by Rule II., page 213, 

+ 4^7 = 273, 10 4=:v^ (273 X 20 + 16) =; -/ 5476 =r + 74 

— 4 + 74 


10 


:7, or- 7^ 


8 


4^*1 — X 


2 ~ =11. Multiplying hy 3, 4a:'' — a; = 33 
Dividing hy 4, 

Completing the square 


1 33 

4^ 4 


1 , 1 , 1 _629 

4^ 64 ~ 4 64 ““ 64 


Extracting the root, x ^ ^ -Jy/ 


23 


64 


Or, by Rule II., page 213, 
ix"^ — X = 33, 8x - 


1 j. 23 „ 

•■• “^=-8* a=»y«r-n- 


■ 1 = 1/ (S8 5< 16 + 1) = V 529 = + 23, 





^ «k A* 

• at: tiS 3, Or — 2f. 

f * _— 8 

9. r -4“ ~ by it;, a;- -f 7if ^ 8 ==: g«;, .-. — 2ii - 8. 

Completing tbe square, — 2ir -j-^l =s 9. 

Extracting the root, x — 1 =: + 3, /. x = 4,^or — 2. 

10 /5ir- + 3 = 4<; -4- 159, 5itr^ — 4ir = 156. Dividing by 5, 


, 4 166 

X^ ^ -zx-xn -y 

6 5 • 


Completing the square, 


4 4 _ 156 , ^ ^ 7^^ 

^ 25 ■“ 5 25 25 * 

2 ' 784 2*1 

lOxtracting the root, st ~ = 1/ oF ^ r 

o " 2o fc> 

28 

X + ^ - = 6, or — 5^. 

Or, by Riild II., page 213, 

5ir'’ — 4x= 156, lOx - i ==1/ (150 X 20 -f 16) ^ 3130 = + 50, 

.r = = 6, or — 54. 

11. Ox — llz=0,orCu- + '‘^''’^ — 3 — 44=r0; that is, 


0.r -f" — 17 = 0. Multiplying l)y i»*, Gx- 4- 35 — 47 r = 0. 

• 0 r* — 47ir = — 35. Dividing by 6, 

. 47 35 

, 6 ■ 

Completing tht square, 

o 47 . /47 n*__2209 _35 _ 1309 

iP' ^x-j- — 144 6 144 ■ 

Elti-actiug the root, 

47 y 1309 , 37 

r2^ V 144 12’ 

47 . 37 _ - 6 

Or, by JIule II., page 213, 

6.r‘ -^47xz= — 35, 12ir — 17 = V (— 36 X 24 47=) V 1369 =: + 37, 

. _ 47 ± 37 _ . ^ 6 

. . ir — 7, 01 g. 

2 j - 2 

i 2 _j_' 2 jnir 2 ^ Clearing the fractions, 

_ 4.r 4 - 4 + a;- + 4iJ? + 4 = H{x^ — 4), 

/ 64 4 , 4 /. 

Collecting and transposing, 64 = 12^*, x :=z ^ *12” i/3^3 
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13. 'IS*-® + 32* -‘ = 11. DmdmgTjy 48,»-2 + |*-‘=^- 


2 1 

Completing the square^ a: “• ^'4* a - 

o y 


.U , « 

■ ^ o ' a 1 AA* 


1 7 

Extracting the root, a; -* * 4“ o = + r;T. 

u lx 

. ,, , . 1 1 . 7 ■ ' 1 11 

X - i. that 1. - = - 3 ± j2 = -j, or — ^2- 

a; = 4, or — 

Or, hy Rule II., page 213, 

48a; - 2 ^ 32x - 1 = 11, /. 96® - i 4- 32 = 1/(48 X 44 4- 322) ~ ^ 3135 = + 56, 
, 1 —32 4* 66 1 11 

••*■=*= — #“ = i>"-r 2 ’ 


14. - 40®2 4- 39 = 0, or (®2)* _ 40(®2) — _ 89. 

Completing the square, (®2)2 — 40 (®2) 4- 400 = 361. 

Extracting the root, x- — 20 =r i/36i = + 19, 

/. a-2 = 20 + 19 = 1 or 39, /. ® = + 1, or + i/89. 

15. 4" 4" ^ a;2 4. tfx =r — 6, 

Completing the square, a;2 ^ = lo2 — 6 

Extracting the root, x 

^ I I 2 

— a + i/(a2— 46) 

.. ~ 

This may be regarded as a general formula for the solution of any quadratic equation 
whatever ; for by putting particular values for a and 6 in this result, we shall have the 
proper values of ® in the quadratic to which those particular values of the coefficients 
belong. We further learn from this formula a few general principles well worthy of 
notice : thus, 

1. In every quadratic, put into the form ®2 4. aj; 5 = 0, if «2 = 45, the two 

roots, must be e^ual ; since, in this case, the general form for the roots is a: ^2 ~ ’ 

so that each root is half the coefficient of taken with changed sign, 

2. If a2 is greater than 46, the two roots are unequal and real; for — 46, under 
the radical, is in this case positive. 

3. If a2 is less than 46, the two roots must bo imaginary ; for then a2 — 46, under 
the radical, is negative. 

Hence, by examining the coefficients of a quadratic, we may ascertain the character 
! of its roots without actually solving the equation. 


^ ^ 4“ ^ Clearing fractions, 

(i; ^ ay 4- (® — a )2 = 6(®2 a 2 ) 

tl at is, 2®2 4“ 2a2 rr br^ — a^b 

Transposing, (6 — 2)®* = a2(2 4“ ’ 

. 4- 2) 

* — 4-2"’ 


' V ft — 2 


ALGEBRAIC BOLtJTIONS, 


17. ^Put y for then multiplying by 6, we have 
3t/2 - = 133, 

2 133 

Dividing by 3, y- — = -y* 

w 4-u I 2 ,1 133 ,1 400 

Completing the square, -- j^y 

Extracting the root, y — ^ 


1 _i.20 . 

3=7-”- 


= -6i, 


/. y* = = 49, or 40-^. 

Or, hy Pule II., page 213, 

y 3 y^ — 2y = 133, /. 6 y - 2 = v'(1696 + 4) = |/1600 == + 40, 

2 + 40 .. 

y = — — = 7 , or ~ 6 ^, 

y' = a; = 49, or 40^. 

18 , 2)(1 — r) = 4 ; that is, — a; — 2 == 4, /. — a; = — 2, 

1 2 

Dividing by 3, 3 * 


1 2 

Dividing by 3 , 3® ” 3* 

, . •1,1 1 
Completing the square, X‘ — 3 ^ ^ ^ 


Extracting the root. 


ar— i^ + ^V'-SS, 
* 6 “6 ^ 

— 2t 

- g 


19. lox^ — 48 j; + 45 = 0, or 15a;2 — 48ar = — 45. Dividing by 15, 


Completing the square, x- - 
Extracting the root, x - 


16 , 64 _ C4 _ _ n 

’ 5 ^ 25 25 25' 

8 1 w 11 • * - ^ty^. 

6 = 6^-“’ 6 


We might have known, without actually solving cither of the two equations in 
Examples 18 and 19, that the roots were imaginary, for these equations being 
3^-2 — a; 2 = 0, and 15;^- — 48 j; 46 = 0, we see at once that foui- times the 

product of the extreme terms exceeds the square of the middle term. (See the 
principle 3, page 36.) 

' V^ + 1/^-1 = *- Squaring, +2 + *-^ = 16. 

. *— 2 . * + 2_i4 

and this equation has already been solved in Example 12. 
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Questions requiring Quadratic Equations. Page 216. 

1. Divide tlie numljer HS into two such parts, that'thcir product may bc[^162. 
Lc't a- bo ono part, then J33 — x is the other ; and by the question, 

— a:- = 162 ; or T- — 33a; = — 162, 

Kulo IT., — 33 = t/(I089 648) = v^44l = + 21, 

+ 21 

/. z s= — ~ = 27, or 6. 

« 

S3 — a; = 6, or 27. 

TIenco the parts arc 6, and 27. 

Othervise. — TiOt the two parts be x and y ; then by the question 
jp 4" = 33, and xy =: 162 

X- -{- 2xy y" = 1089 

And 4a?y = 6 18 


iSubtrnetini^, of* — 2iry -f - y- = 441 

That is, (x — yY — 441, /. x — y ~ +21 
And since a* -|- y = 33 


Or thus : 


Adding, 


a: — y = 9 
, 266 
»+y=^-r 


Ja> =:^ 9 


266 


- 9a- = 266, 


adding and subtracting, 2a' = * 33 + 21, x — 27 or 6 
2y =: [83 + 21, y = 6 or 27 

2. Find two numbers whose differonce is 9, and which arc also such that their sum 
- ultiplied by the greater gives 266 for the product. 

T.f't X be the greater number-, then a- — 9 is the less, and by the question, (2x — 9^./ 
= 266 ; that is, 

2x- — 9a- - 266 

Pule II., 4a- — 9 = V'(2128 -f- 81) == -^2209 = +47 
a;= — j— = H, or - - = - 9^ 
or — 9 = >% or — 18^ ; 

henee the numbers are either 5 and 14, or — 9^ and *18^. 

6 ^Aeriews.— Let x and y be tho numbers; then by the question, x — y “ 9, ami 

(x -I- fj)x = 266 , ' 

From the first of these equations, x zn y hy substitution in the secoiu’. 

(2y-f 9)(y-f 9) = 266; or 

2y"- + 27y + 81 = 266, /. 2y^';4- 27y = 185 
1^0 IL, ,4y 27 + 729) ==; ^2209 + 47 


and the remaining steps as in tjMB 
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3. A company at a tavern liad £7 4s. to pay ; but two of tbem having left, the 
others had each Is. more to pay than his fair share: how many persons wore there at 
hi bt ? 

144 

Suppose there wore x persons, then the fair share of each was ^ shiUings; but 

after two had left, the share to be paid by each of the others was 1 ^aiid by 

the question, 


Clearing fractions, 14 ir - 144a; — 288 — 2a? 

X- — 2a; =a 288, /. completing the squaro 
u:'^ — 20 - -f- 1 = 289, extracting, or — 1 =: 4* 17, a: = 18, or — 16. 

Consequently there were 18 persons at first. The share of each was therefore Ss. ; but 
when two had loft, the share of each of the remaining 16 was 9s. 

4. V purse contains 24 coins of silver and copper ; each copper coin is worth as 
many pence as there arc silver coins, and each silver coin is worth as many pence as 
there are copper coins ; and the whole is worth 18s. how many are there of each ^ 
Suppose there were x of one sort, and therefore 24 — a: of the other : then the worth 
of the whole in pence is 

(24 — x)x + (24 — x)x = 216, or 2(24 — x)x = 216 
2a;' - — 48a; zsz — 216, /. X’ — 24a; = — 108. 

Completing the square, 2ix 144 =s= 36, /. x — 12 = -f 6, /. j; == 18, or — 6, 
.*.24 — 0 ? = 6 hence there were 18 silver coins and 6 copper coins, or 6 silver and 
18 copper. 

Ot^'wis$.^luot the number of coins be x and y : then 
a; 4" y = 24, and 2x^ = 21G 
(x -h j/)' 5= 676, and 4a;y =: 432. 

Hence by subtraction, (a; — y)’ = 144, .\x — y = + 12. 
by adding to and subtraettng fixmt the first ^nation, we have 2x = 36, 2y 12 ; 
/. X z;=. 18, y — 0. 

The negative values arc suppressed, because they are inadmissible, from the nature 
of the question. ’ 

6. Two messengers, A and B, were despatched to the sasne place, 90 miles distant. 

A, by riding one mile an hour more ihan B, arrives at his destination an hour before 
him. How many miles did each travel ? 

90 

Suppose A travels x miles an ho<iir, then, ha reaches hiadsstxsHdjgin io hours ; and 

B, by travelling I mile an hpur more — that is, a; -j- 1 miles m hour— ^reaches it in 
90 

j hoTiTS. And, by the question, 

■_ 90 4- 1 or *’9 — + * 

T ~ 7+1 -T . , [. 

CleariM fractions, 90# + 90 =st ftla; 'efi 
Tj^sposing, or* a: = 90 


ALOBBBAIC SOLUTIONS. 


Buie II., 2x + lz=z ^/(SeO + 1) = t/361 = + 19, 




= 9, .-.3;+ 1 = 10. 


lienee A travels 9 miles an hour, and B 10 miles an hour. The negative value of x is 
suppressed, as it is excluded by the conditions of the question. You will observe that 
algebra gives all the values of the unknown quantity that can satisfy the equation : if 
there are any restrictions in the question embodied in that equation, the final results 
must, of course, conform to those restrictions. 

6. A grocer sold 80 lbs. of mace and 100 lbs. of cloves for £65 ; but he sold 00 lbs. 
more of cloves for £20, than he did of mace for £10. What was the price of lib. of 
each ? 

Suppose the price of the mace per lb. was x pounds, and that of the cloves y pounds ; 
then by the question, 80x + I^Oy = 65. Also, the number of lbs. of cloves for £20 is 

and of mace for £10 is : and by the question, — = — 4- 60 : hence, the two 
^ ’ X * ^ ^ ' y X ' ’ 

equations are 


80.r + lOOy = 65, 16^ + 20y =z 13 ... (1) 


and 


20 


= ^ + 60, • 


- =6 ...( 2 ) 


Clearing the last of fractions, 2;c — y = Oxy . . . (3) 

Substituting in (3) the expression for x given by (1 )— x = it 

becomes 

* 13 -- 20f/ __ 39y — 60y ^ 


8 


8 


Miiltiplying by 8, 13 — 20y — 8y = S9y — 60y- 

Transposing, 60y- — 67y = — 13 

/. Buie II., 120y - 67 = VC— 33 X 240 + 67®) = i/1369 = + 37 
f — ^7 + 37 _ 1 1_3 


120 


4’ 15 


, 13 - 20y 


^ ^ ^ = 1 ; the other value of a; is negative : hence the price 


16 ■“ 16 2 
of 1 lb. of mace was £^, or 10s., and of 1 lb. of cloves £^, or Ss. 
Ot/icrtciie. Multiply (1) and (2) together; we then have 

32 - - 20 -^ — 16 4 - 40 = 78 , 32 - - 20 - = 54 , 

y X y X ' 

16 - - 10 ^ = 27 . 

y * 

Multiplying (2) by 8a;, 


16* 8 = 48* 

y 


Subtracting, 


10?- — 8 = 48* — 27 


Dividing (1) by 2*, 8 + 10? = 10^ = — 8. 

X 2x X — 2» 

Hence, by substitution in the preceding equation, 


i? 

2* 


• 16 = 48* — 27, or 1? = 48* ■ 
2x 


11 . 


40 



ALGEBRAIC SOLUTIONS. 


Clearing the fraction, 

— 22a; = 13, Rule IL, 192;: — 22 = \^{96 X 52 ^ 22-) = + 74 
22 t 74 _ 1 13 

^ 192 2’ 48 

and, rejecting the negative value of a*, we have from (1) 

_ 13 — 16a: _ 13 - 8 _ I 
20 ■“ 20 “”4 

Therefore, the price of 1 lb. of mace was £^, or 10s. ; and of 1 lb. of cloves £^, or 5s., 
as before. 


7. The product of two numbers is 240, and they are such that if one of them be 
increased by 4, and the other diminished by 3, the product of the results is still 240- 
Find the numbers. 

Let ® and y represent the numbers ; then by the question, 
inj = 240, and (x -f- 4)(y^ 3) = 240 
That is, ay — 3a; 4y — 12 = 240 

Subtracting this from the first equation, 3a; — 4y 12 = 0| .' 


.ry = — 240, /. 4y5 - l2y = 720 

o 

. — 3y = 180, .*. Rule II., 2y — 3 = t/(720 + 9) = 

y = ^ = or -12 


4y-12 

3 


: + 27 


X == = 16, or — 20. 

y 

Ilonco the numbers are either 16 and 15, or — 20 and — 12. 

8. A and B set out at the same time for a place 150 miles distant. A travels 
3 miles an hour faster than B, and arrives at the place 8^ hours before him. How 
many miles did each travel per hour ? 

Suppose A travels x miles per hour, then B travds x — 3 miles an hour ; and the 


number of hours occupied by A is the number occupied by B is ^ ; hut by 
the question, this latter number exceeds the former by 8^, 

’ ■ X • ® * X 3 

Clearing fractions, 450a; — 1350 -j- 25x^ — 75x = 450a; 

Transposing, 25x^ — 75x = 1360, .’. a® — 3a; = 54, 

Rule IL, 2® - 3 == t/(216 + 9) = i/225 = ± 15 
3+ 

* = — 2 ~ = 9, or — 6, 


160 


X 3 ss 6. 

Hence, A travels at the rate of 9 miles an hour, and B at the rate of 6 mUes an hour. 

9. What numbe9r is that the sum of whose digits is 15, and if 31 be added tb their 
product, the digits will be transposed ? 

Let X ^d y denote the two digits ; then the number is lOa? -f- y ; and by the 
question 

a; -f y = 15, and xy 31 = lOy -f x. 

From the first, a; = 16 — y, (15 ~ y)y + 31 = lOy + 15 — y, ' 
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That is, 15^ - + 31 = 9y + 15, y^-^6y=: 16. 

(completing the sqimre, 

>r — 6y -{- 9 = 25, .\y — 3 == + 5, /. y =: 3 + 5 = 8, or — 2 
ar = 15 ^y = 7. 

Hence the numhor is 78. » 

10 . There is a cctain number consisting of two digits. The left-hand digit is 
equal to three times the right-hand one; and if 12 bo subtracted from the number, 
the remainder will he equal to the square erf the left-hand digit. What is the number ? 

Let X and y represent the two digits ; then the number is lOj; y. And by the 
ij^neataon, 

X = 5 : 3y, and lOj; y — 12 =: 

.*. by substitution, 30y -{• y ~~ 12 = 9y- 

Transposing, 9y- — 31y =r: — 12 

Pailo II., 1^ - 31 = t/(-36 X 12 31-) = \/ry2d = + 23 

31 + 23 - 4 

.•.y= =3, or 

The fractional value must bo rejected, .r == 3y =: 9 ; hence the number is 93. 
Otherwise. — As above, \Qx y — 12 = and a? — 3y = 0 . 

Multiplying the first by 3, 30x -j- 3y — 36 = 3x- 
Adding the second, x Zy =0 


I'ransposing, Zx' — 3l.r == — 36, llule II., 62 : — 31 = \/{ — 36 X 1 2 31-) = + 23 i 




hence the number is 93. 


Abixhiletical Progrbssion. Exajsples for Exbbcisb. Page 222. ' 

1. Find the sum (rf sixteen tenns of the series l-}-2 + 3-J-4-^ &c. ' 

By the formula, S = 4" (n — l)rfj , B^here a =: 1, rf = 1, and « = 16. ] 

Consequently S = 8 J2 ■4* 15J = 136, the sum required. j 

2. Find the sum of fourteen terms of the series 44-34-2-|-l-^0 — 1 — 2 — d?c. | 

Here a =: 4, d — 1, and n = 14 : heiiujc ! 

s = 4«{2« + (»-iy} 

= 7 {8 — 13} ss= — 85, the sum. 

3. Sum the scries ^ -f H 4" 2^ + 4kc. to twenty terms, 

Here « = d 1, and » =: 20 : therefore 
S = in{2a4-(n-.l)d) 

, =: 10 {1 4* 13} = 200, the sum. 

4. Insert three arithmetical means between 2 and 0, 

By the ilsnnuk, I ss * 4“ where « = 2, » t» ^ rs 0. 

0 = 2 4- 4rf, d = — f = — f 
Hence, when the means are inserted, the serial is 

2.H, 1,1, e. 


ALGEBRAIC SCWWJTIONS. 


5. Insert five arithmetical means hetwocn J and — 

I = u (n — l)rf, 

Hence, when the moans are Insepted, the series is 

h h h 0, - i, - S - h 

6. The first term is 5, and the fifteenth 47 : what is the eommon differcnct ? 

/ = a -f (n — • 1)4!, 

.••47 = 5 + W,.-.<iz= =3. 

» t * 

7. IIow many terms of the series 12 4* HI -4“ 11 + 10 J -f must be taken t<> 
make 55 ^ 

S ~ j 2a -j- (n — l)if j 

5^ = In {24 - (« - 1)1) == i2n ~ ^ 

220 = 49« - n% «« — 49» = — 220 

Rule 11., p. 213, 2n — 49 = v/(49- - 880) = v'1521 = + 39, 

40 + 39 ^ 

n == = 5, or 44- 

Ilcncc, whether five terms or forty-four terras of the scries be token, the 8um[will be fi5* 

8. The first term of an arithmetical progression is 7, and the common diffcrencj 

3 

— • required the ninth term. 


i = a + (n ~ 1)(7, 

7=7-8 X ^ = 7 — 12: 


■ 5, the ninth term. 


9. The sum of eight terms of an arithmetical series is 2, and the common difTerenee 
— II required the first term. 

S == !« { 2a 4“ (” — 1)<^} 

2 = 4{2a — 7 X 4), l = 4ff — 21, 

.•..4a = 22, .*. a = 6^, the first term. 

3,0, Tlie first term of an arithmetical series is — 31, and the common difiercnce \ . 
required the sum of twenty-one terms. 

S = fn{2a4-(« — l)tf) 

8 = |'{_8J-lr^j = »l{-3i + 2j 
?= — 79 4“ ^2 = — 28, the sum. 


Geombthical PRoanEssioN. Examples pob. Exercise. Page 22*5, 

1. Required the sum of five terms of the series, 

1 4- 2® 4- S< 4- 2» 4- &c. 

/ = rtr" ~ S sci 'whttra 1, r = 4, « = 5, 

I = 256j /. S c= 3= 541, the iura. 



ALGEBRAIC SOLUTIONS. 


2. Required the sum of eight terms of 1 — ^ ^ + &c. 

2 4 ' 8 

I = ar" “ S =: — where a =: 1, r = — n = 8, 

’ r — 1’ * 2 ’ 


2 = 


128’ 


„ S: 


. i . 


255 2 

" 256 ^ 3 " 


85 


, the sum. 


- f ~ 256 3 128’ 

3. Required the sumJIof ten terms ofl-|-2-i-4-^8-\-&c. 

I = flr« - 1, S = p where a == 1, r = 2, « = 10, 

I z= 612, S = = 1023, the sum. 

4. What is the geometrical mean between 6 and 54 ? 

64 X 6 = 324, and 1/324 = 4-18, mean. 

Hence when the mean is inserted, the progression is either 
6, 18, 54 or 6, — 18, 54, 

the ratio in the former ease being 3, and in the latter — 3. 

5. Insert two geometrical means between 2 and 54. When the two moans arc 

inserted, there will be four terms, therefore « = 4 ; also a =: 2, and / = 54 ; and we 
have to find r. By the formula, I ss ar” ~ 54 = 2r®, 

/. r3 =: 27, /. r = -1/27 = 3. 

Hence, suppljing the means, 'the progression is 2, 6, 18, 54. 


6. Sum the series Xo® infinity. 

By the formula, 2 2 = -4- = -J, .•.111. . . =-J. 

7. The first term of a geometrical scries is 3, the common ratio 5, and the last 
term 375 : find the sum. 

c ^ c 1875 — 3 . , 

r — 1 4 

8. The first term of a geometrical series is and the common ratio ~ ; find the 

t sum to infinity. 

By the formula, 2 = 2 =: ^—4- = 2^, the sum. 

1* 2 .rm 

9. Insert three geometrical means between ~ and When the means are 

1 2 

inserted there will be five terms, therefore n = 5 ; also « = 2 » ^ ^ ^ 

have to find r. 

By the formula, Z = ar" “ ~ 

4 2 2 

Hence the progression is -, \ V ± ± ± \ V 



ALGEBRAIC SOLUTIONS. 


10. Required the sum of the infinite series 


‘ rc ' ‘ I* ‘ ’ 


and then deduce :S for * =; 2, and a; = ~ 2, 

S = Y^.-.S = l-h(l-i) = meii* = 2,2 = 2; 

when a: == — 2, 2 

u 


Questions in which pRorouTioN and Puoohession are CoNCKUNin). Page 228. 


1. Divide 49 into two parts, such, that the greater increased by 6, may be to the 
less diminished by 11, as 9 to 2. 

Let a: be the greater, then 49 — a? is the less, and by the question 
a: + 6 : 38 — a; ; : 9 : 2. 

Multiplying extremes and means, we have 

2a; 4- 12 = 342 — 9a;, /. 11a; = 330, a; = 30, 

49 — X — 19 : hence the two parts are 30 and 19. 

2. Two hundred stones are placed in a straight Une, at intervals of 2 feet, the 
first stone being 20 yards in advance of a basket. Suppose a person, starting from the 
basket, collects the stones, and returns them, one by one, to the basket. How much 
ground does he go over ? 

Upon returning the first stone, he will have gone 40 yards ; upon returning the 
second, 40 yards and 4 feet ; upon returning tho third, 40 yards and 8 feet, and so on ; 
hence we have to find tho sum of the arithmetical progression, following, each term 
being feet. 

120 4 124 4 128 4 132 4 &c., to 200 terms. 

By the formula, S = (2a 4 — 1)^^) 

/. S = 100(240 4 199 X 4} = 103,600 feet, 
and 103,600 feet = 34,633^ yards = 19^ miles 213^ yards. 

.1. The sum of four numbers in geometrical progression is equal to 1 added to the 

common ratio ; and is the first term : required the numbers. 


l^t r be the common ratio, then since 


S — o’"”' • r + l— +J) 


That is, r 4 1 


r — 1 

(r+iH'i.+i) 

17 


17(r— 1)“ i7(r-l) 

, 17 = + 1, r* 16, i- = ± 4 ; 


1 4 16 64 

Hence the progression is ir 17* Yy* 17 J either of the two pro- 

gressions, following, will fulfil the conditions, namely, 


1 ^ 15 6Jt . 

17’ 17’ 17’ 17’ 

1 4 16 64 

’ 17’ 17’ 17’ 17' 





ALOKimAIO 3OLmt01t&, 


4. From two towns, 165 miles apart, A and B «et out to moat Othat. A 
travels 1 mile the first day, 2 the second, 3 the third, and so on ; B travels 20 miles 
the first day, 18 the second, 16 tho tfeird, and so on: in how many days^ will they 
meet ? 

Suppose they meet in n days, then 

1 + 2 + 3 &c.f to n terms str J«(2 + {n — 1) } = A*s distanco 


and 20 + 18 + 16 + &c., to n terms : 


.2(«-l)} 


. ' . tho sum of the distances = in{42 — n + l) = 165 
. • . 42« — -I- — 330, . • . -tT^ — 43n = — 330, 

. • Tlulo II., page 213, 2« ~ 43 = t/(43^ — 1320) = 1/529 a= + 23 
13 + 23 

2 = 10, or 33. 

Hence they meet in 10 days. If it were a condition that B is to continue travelling 
after he meets and passes A., diminishing his distance by two miles daily, he will on 
the eleventh day travel 0 miles, and therefore on tho twelfth day — 2 miles ; that is, he 
will return hack 2 miles, on the thirteenth day 4 miles, and so on, The second value of n 
above, shows that in 33 days B will in this way again come up with A, by overtaking him. 
In these 33 days A will have proceeded directly onwards to a distance of 561 miles, 
while B will have been following him for a distance of 396 miles, for B’s whole 
distanco is expressed by — 396 ; and 561 — 306 = 165 : bo that tho algebraic sum of 
the two distances still makes 165 miles ; and the only condition implied in the algc< 
braical statement of the question is, that tho sum of tho two distances shall bo 
165 miles. 

5. The sum of tho first and second of four ntimbers in geometrical progression 
is 15, and the sum of the third and fourth 60 ; what are tho numbers ? 

Let tho geometrical progression be 

X 

y 

then, by Iho question, the cenditioaa are 

= 15 . . . (1), 

V y 

and A* + jry =t GO . . . (2), 

and since 4 times tho first is equal to the second, wo have, after dividing each by r, 


or, v'hich is the same thing, — 1 = 

* 

>4 . 

that itif transposing, ('/ + 1) — 1 j 


l) = 0 . , . 


Now a product is 0, whic/uver of the factors is 0 ; lunce wc must have either 

j^ + l = 0,or-^,— 1=0. 

The first of these conditions cannot bo admitted, bodinse it Is plain t§iat, for 
V — — 1, the equation (2), becoming 0 =s: 60, is impossible: hcncc the condition 
which is to satisfy (3) is 

-—1 = 0, /. 4 —^=3:0, = 4, y = + 2, 


ALOSBBAIO SOLUlUnoS^ 


60 60 

( 2 ), » = -j ^ = 20 , or - 80. 

Tlence tlio progresBion is either 

5, 10, 20, 60, or — 15, 30, — 60, 120. 

C. The sum of throe numbers in geometrical progression is 35 ; and the mean 
term is to the difference of the extremes as 2 to 3 ; what are the numbers ? 

Let the three numbers bo a*, and a-y ; then by the question 


y 


+ a!-fa-y = 35 . . . ( 1 ), 


and v: ■ xy — • 2 . 3, 3a‘r= 2^a*2/ — 3 — 2y . . . 

3// = 2 y 2 __ 2, 2fr — =: 2, 

/. llule II., page 213, 4y - 3 = {/{IQ -f 9) = = + 5, 

3 + .5 

y == — — 2 , or — 

Hence, ( 1 ) becomes 


( 2 )> 


2 


— a 2a — 3-5, or — 2x x — —.3^, 


that i'5, 


^ 35, 


3i.r = 35, or — l^r = 

/, a* — 10 , or — 23^. 

ITcncc the numbers arc either 

5, 10, and 20 ; or 40f, — 23^, and 11}, 
both of which sets satisfy the conditions of the question. 


ExTiiACTiox OF THE Squahe Root. Exami’lfs fob Exbbcisb. Page 231. 
1. x' ihx -{- -f- 25 

a* 

2 i 4 - 2 /;) 45r4-4/.' 

45a* -f" 1^'* * 

2 + 12a:- + 10a:" 4 - 4a: 4 - l(3.e2 4 . 2 a? 4 t 


6 a*" 4 - 2 a-) 12a;3 + 10 a:= 

12 a:" 4 - 4.r2 

(ia;" 4“ 4.r 4* 1) 6*'^' 4” 4- 1 

Gx'i 4 . 4a: 4- 1 

9a-^ 4- 12x' 4- 34a:- 4 - 20a? 4- 25(3a:2 4 2a* -f 5 
9a-+ 

Qx^ 4 2 a:) 120 :" 4 31a:- 

12a:'’- 4 - 4^"' 

6a:- 4 4a- 4^5) 30a*‘^ 4 20a? 4 25 

SOa:'^ 4“ 20a? 4 - ^ 


47 



ALGEBRAIC SOLUTIONS. 


4. + + 2a:* + Oa?^ + 9a;^ — 4a? + 4(t‘ -f 2a?i — * 2 

X* 

2.C* + 2x^) 4a?» + 2.1* 

Aa?*^ *4“ ^ 

20 ?"^ + 4a:- — a?) — 2ar* + Oa?^ - 4 - 9a?® 

— 2a:* ~ 4a?3 4- 

2a?5 + 4a;® — 2a; 4 - 2) + 8a?® — 4a? + 4 

4a?® -f- 8a;® — Aa? 4- 4 


5. — 4a;* + lOa;^ - 4a?® — 7a?® + 24x -f lC(a?> — 25® + 3a; 4 - 4 

a« 

2^® — 2a;'') — 4a:* + 10a;* 

— 4x* 4 - iz* 

2r® ~ 4a?® 4 - 3a;) 6 a:* — 4a?3 — 7a;® 

ex* ~ 12a;3 4 - 9a;® 

Oj,i _ 4 . 6 a: 4 - 4 ) So;® — 16a;® + 24 j; 4- 16 

8 a?® — 16a?® 4- 24a; -f 16 


00 

6. 4a;* 4- 6r® + ® V 4. 15x + 25(2a:® 4- ^ -f 6 

4a;* 

o go 

4r4.*^a?) 60?* 4-4^- 

6 a;® 4" ^ ^ 

gA 

4a;® 4" 4“ 6 ^ 4 4" 25 

20a;® 4- 15a? 4- 25 


16a;* 4-24a;® 4* 89a;® -r 60a; 4- 100(4a?® 4 - 3a;> 10 
lOa?* . . Root =: 2a;® 4" 4" 

ejp’ 4" 3r) 24a?* 4” 89a?® 

24a;® -jf* 9^' 


8 j?® 4“ 8a; 4* 10) 


80a;® 4- eOa; 4- 100 

80a;® + 60* 4 - 100 



ALGEBRAIC SOLUTIONS. 


SatTARB Root of a Binomial Surd. Examples for Exercise. Page 234. 

1. Put y (19 8v/3) a; 4“ y, \/i\^ — 2) — x — y. Taking the product, 

V(361 — 192) that is, n = x^^y\ Also, 

19 •+■ 8 Vs = a?2 -f- 2xy *. 19 = a;- -f y' 

:.Y2 =~2i^6=2^' 

= 16, a; = 4 ; y-zxz 3, y z=: ys 
1/(19 4- Sy3) = 4 4-1/3. 

2. l/(12 — i/149) — l/(12 4“ l/l'19) = a; 4“ y- Taking the product, 

l/(144 — 140) = a7~ — ; that is, 2 = 

Also, 12 - 1/ 140 = _ 2.ry 4- fj\ 12 = ap^ 4- 

14 =”2a:^ 10 = 2y- 
ap2 = 7, .*. X = y7; y- = 5, y = y5 
.-. y(i2 - 1/140) = 1/7 _ 1/ 5. 

3. i/(7 — 2i/10) = OP — y, l/(7 4“ 2v/10) = X 4- y- Taking the product, 

y (49 — 40) = ap- — y that is, 3 = ap^ — y- 
Alao, 7 — 2i/10 = it'* — 2apy 4- y^ 7 = a;- 4^ y* 

.-.10 = 2x“74 = 2y’^ 

.•. ap- = d, .•. .r = i/5 ; y~ = 2, y = V2 j 

i/(7 — 2i/10) = i/5 — i/2. 

4. 1/(8 4“ 1/39) = a: 4- y, .*. i/(8 — l/39) = ap + y. Taking tho product, 

1/ (04 — 39) = ; that is, 5 = z- — y- 

Also, 8 4“ l/^9 = ap2 4“ 2apy 4" !/\ '*• 8 = a-- 4" y' 

13 = 2aP“, 8 = 2y- 

ap2 = y, ap = ^1/26 ; y" = y = -Ji/O 

1/(8 4- 1/39) = 4(1/26 4- V6). 

5. 1/(76 — 32 y3) = ap — y, l/(7G 4" 32 1/ 3) = ap 4“ y- Taking tho product, 

y{5776 — 3072) = ap2 — y- j that is, 52 — ap- — y^. 

Also 76 — 32 ys = — 2xy 4" y^ 76 = a;- 4* y^ 

128 == 2ap-, 24 - 2/ ; 

ap- = 64, ap = 8 ; y- = 12, .'. y -= 2 ^3, 

^(76 — 32 v/3) = 8 - 2 1/3. 

6. 1/(31 4- 12i/ — 5) = ap 4- y, y{Sl — uy - 5) =-x - y. Taking tho 

product, y (961 4" 720) ~ x- — y- ; that is, 41 = x’ — y". 

Also 81 4” 12 V — 5 = a; - 4“ ^a’y 4“ y^ 31 ■= 4" y' 

.*. 72 = 2ap-, 10 = — 2y5; 

.'. ap’ = 36, .'. ap = 6 ; y - = — 5, y = i/ — 5, 
v/(31 4- 12 1/ - 5) = 6 4- V ~ 6. 

MATHEMATICAL SCIENCES. £ 



ALGEBRAIC SOLUTIONS, 


To Eattonalizb Binomial Subds. Examples fob Exercise. Page 2S&, 

1. Prove that 2yj4s72 = To 

Jifultiplying numerator and denominator by 2V'7 -j* 

3 = 3(V7 -f 3v/2) ^ _3 ^2^7 ^ 3^2). 

2y^7 _ 3v2 28 — 10^ 

2, Prove that ^ Multiplying the terms by 3 — v/S, 

3 v/^ 6 

2 + 1/3 _ (2 + ^35(3 — +3) ^3 + ^3 

3 + 1/3 6 ' 6 ' 


3. Prove that = <1^3 — 3t/2 

+8 + 1/3 6 

+6 _ +6 X (+8 — +3) _ +48 — +18 _ 4+3 — 3+2 

1/8 ++ 3 (+8 + v3)(+8 — +3) 5 6 


4. Prove that f— — }- = 2(+9+V6 + V 4). 

V3 — V2 

2 _ 2(^9 + -^ 6 + ■^4) _ 2(i'9 +'v'6 + v'4) 

+3 — +2 (+3 — ■v/2)(V9 + +8 + V4) ^ 

= 2(1^9 + +6 + f 4). 


6. Prove that , — = - (+49 + +35 + + 26). 

+ 7- +6 2 

3 S 1 , 

Multiplying numerator and denominator by V49 ^35 -4-1/25, we have 


^7 — 1/5 


,5(v 49 + +35 + 1^2 5) ^ 6 ^ ^35 ^ ^26). 


6 Prove that = 111/2 — 4\/l5, Multiplying numerator and 

V/6 - 4 - 1/5 


denominator by 1^6 — 1^5, 

1/12 - 1/10 _ (v/12 - i/10)(i/6 - 1/5) ^ ^ 

v/6 + 1/5 6 — 6 

= 61/2 — 41^15 + 51/2=: 11 1/2 — 4i/16. 


= v/72 — 2 V'60 + \/60 


go 


AIXJEBRAIC SOLUTIONS. 


Exteachon of the Cube Boot. Page 240. 


1 . 0 0 


994^— 42j«:24.44Lp— 343(jtr2+3a;-7 


x'^ 2*‘ 


^x»-\-6x* — 9Qa^ 

9jH‘4“27^ + 27«» 


9x^-\-9z“ 


- 2ia;* — 126a^ — -4- 441ir — ■ 343 

- 21a:^— 126«3— 42*2+ 441« — 343 


ar2 3;i:*-f9^’+9«2 

Zx 9x^+lSx^ 


3ar2-f3a! 3«?‘4-18ip3-|-27a;2 

3x — 2l4c2^63jp-f 49 


Sic2-|-6a? 3ic‘4-l«ar3-|-6«2 — 63a: + 49 

Sx 


(See the Note appended to the 
last example in this Key). 




3 jc 2 ^- 9 jp — 7 


Hence the cube-root of the proposed polynomial k «2 — 7. 

2. 0 0 — 40x3-4-0jr2-|_96a? — 64<a;*-t-2r — 4 


4P2 

*♦ 

*• 

X2 

2 x * 

6*54-0*^— .40*3 

6*» H- 12** 4- 8*3 

2 jc2 

ir2 


— 12*^ 48*3 4 0*2 4- 96* — 64 
6*3 4- 4*2 ~ 12*< — 48*3 ^ 0^2 4. 96a; — 64 

3«:2 

2j; 

3*^ 4- 6*2 4_ 4 jp 2 

6*2 4- 8*2 

3a?2 -4“ 2 x 
2 x 

3*^ -f 12*3 4_ 12*2 

— 12*2 _ 24* 4- 16 

3*2 4. 4;p 
2* 

3*-^ 4- 12*3 4_ 0*2 — 24* 4- 16 



3*= + &r 

4 


8*2 •4“ 6* •— 

-4 

Hence the cube root is *2 4 2* — 4. 
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ALGEBRAIC 

SOLUTIONS. 

3. 0 

0 

12,994,449,551(2351, the cube-root 

2 

4 

8 

2 

4 

1 

4994 

2 

8 

4167 

- 

— 1 

2 

4 

12 

827449 

2 

189 

810875 

3 

1 . 

ft 

1389 

16574551 

3 

19ft 

16574551 

63 

1587 


3 

3475 


66 

162175 


3 

3500 


— a 

3 


69 

165675 


5 

7051 


695 

ft 

16674551 


700 

5 

3 

706 

1 



7051 



In this method of extracting the cube root, aH abridgment of the work has been 
disregarded, in order that the operation may be exhibited in the fullest detail. Those 

who are desirous 

of seeing it in a more 

compact form, may consult the author’s 

“ Analysis and Solution of Cubic* and Biquadratic Equations." 

In the example next following, the decimals of the root are interminable, since 2 is 

not an exact cube ; 

it is required to approximate to the cube root as far as eleven or 

twelve places of decimals only ; so that there is no necessity, in carrying on the work 
of development, to make any provision for decimals beyond this prescribed limit ; and, 
accordingly, in the operation on next page, the decimals in the several columns have 

been restrained from accumulating to an 

unnecessary extent. You will, of course. 

remember that in 

multiplying a number abridged of final decimals, the earrings 

from the rejected 

decimals are to be taken account of, as noticed at pace 240, 

Aloebba. 






ALGEBRAIC SOLUTIONS. 

4. 0 

0 

2 (1*25992104989 . . , the cube-root. 

1 

1 

1 

«. 

— 

“ 1 

1 

1 

1 

1 

2 

•728 


— 1 

2 

2 

3 

•272 

1 

•64 

•225125 

- 1 

— 

3 

3 

3*64 

46875 

'2 

•68 

42491979 


2 

4 

3 2 

4-32 

4383021 

•2 

•1825 

4282778799 




5 

3-4 

4*5025 

100242201 

•2 

•1850 

95242392 

— 2 

3 


3 G 

4*6875 

4999809 

6 

33831 

4762199 

3-65 

4*721331 

237610 

5 

33912 

190488 



4 


370 

4*755243 

47122 

5 

Q 

3^0011 

42860 

3-75 

4*75864311 

4262 

9 

340092 

3810 

K 

3759 

4*76204403 

452 

9 

7559 

429 

3768 

4-7621196,2 

23 

9 

756 


4 



3-777 

4*7621952 


9 

38 


37779 

4*762199,0 


9 

4 


37788 

9 

4*7,6,2,2,03 


6 

3-7, 7, 9, 7 



Hence the cube-root of 2, true as 

far as eleven places of decimals, is 'v/2 = 

1*25992104989. In the third column of the work^ the decimals have not been allowed 

to accumulate after the step marked 5, since more decimals, to the right of those fur- 

nished at that step, would have boon superfluous, if only eleven or tw'elve decimals are 

required in the root; 

and, in order to provide against this unnecessary increase of 

1 decimals, the two preceding columns are 

curtailed of the decimals which are foreseen j 
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ALGEBRAIC SOLUTIONS. 

to coatribute only to that portion of the third column thus rejected. Another decimal 
— viz., 4, or 5 very nearly — ^might obviously have been added to those already in the 

root; so that we may vrith safety affirm that {/2 = 1*259921049895 is true, to the 
nearest unit, in the twelfth place of decimals. Had the suppression of additional 
decimals been postponed till another step of the work had been reached, we should have 
found 

^^2 = 1*259921049894873 .... 

which is true as far as fifteen places of decimals. 

Such an extent of figures is very rarely, if ever, required in actual practice, and 
4;hey have been given here merely to show the accuracy with which a cube root may 
be extracted by the foregoing contracted method. 


5. 0 

0 

959(9-8614218 . . , 

9 

81 

729 

— 


1 

9 

81 

230 

9 

162 

212*192 



1 

2 

18 

243 

17*808 

9 

22*24 

17*393256 

— 1 

27 

265*24 

8 

*414744 

•8 

22*88 

2 

*291688 

27*8 

288*12 

•123056 

*8 

1*7676 

•116692 

28*6 

289*8876 

6364 

•8 

1*7712 

5835 

2 

3 


29*4 

291*6588 

529 

6 

296 

292 

29*46 

291*688,4 

237 

6 

30 

233 

29*52 

291*718 

4 

6 12 

3 

2, 9, *6, 8 291*73,0 

1 

29,1*, 7,4 

Hence, the cube-root of 959 is 9*8614218, true to seven places of decimals. 


6. To find the cube root of 


— 60a;ya — 8 a:« 

From this expression a term was accidentally omitted ; but as it is instructive to 
deal with it as it is, the wanting term is purposely left unsuppUed, and the work 
carried on as in next page. 





ALGEBRAIC SOLUTIONS. 


— 1 69a;‘*y2 — 138a;^y ♦ — 60a:y* — — 5 ity — 2y* 

— 15a;“y + 69a;^y^+ 

— l^x^y -f 75x*y^-‘ 125a;^y* 


* —I5x^y-^25x^y^ 

2 3a:*-15ar> + 25ajy 

— 5xy — 15a;'*y + 50a;y 


— 6a?y + 1 25ay — 1 3 8a;^* — 60a!y“ — 8** 

— 6x*y^-^ 60ary — 138a?2y* — 60ay* — 8a;* 


Zx^ ^ 5xy Zx* - ZOx^y 4- 75xY • 

— 5xy — 6a;2y‘2 4" 30y 4* “* 

Za^ — lOxy 3a,^— 30a:'’y4*6^^V+30y 4“%'* 

— 5xy 
3a;2— 15a:y 


3a;3_l5^_2y2 

Hence tlio cube-root of the proposed polynomial is x"^ — 5xy -— 2y^, with 65r’y® for 
remainder ; so that the expression proposed differs by Q5x^y^ from tho complete cube 
of a;2 — 5xy — 2y^. If the remainder be introduced, with changed sign, into the 
polynomial, it will then become a complete cube : that is, 

x^ — Idx’^y 4- 69a;y — G5a^^ — 138a;y — 60y — 8a:® 

= (a;2 — 5ay — 2/*) a. 

And in this way wo may always ascertain what expression must bo introduced 
into a proposed polynomial, in order to render it a complete cube. 

Note.— The process adopted above, in imitation of that at page 237 of the Algebra, 
occupies a good deal more space than tho work by tho old method ; but it must be 
observed that here there are no bye-operations : the whole is placed fairly before the 
eye, and every step may be performed with great ease and rapidity, and may bo readily 
revised^ case of mistake, advantages not to be overlooked. 

[End of the Solutions to the Examples for Exercise. 1 


The solutions now completed will, I think, afford to the learner all tho aid he can 
reasonably expect in his efforts to make himself acquainted with the Principles of 
Algebra. Wherever his own attempts to accomplish tho satisfactory solution of a 
question fail, he will find it of much service to him to have at his command tho 
assistance here offered ; and even when his endeavours are successful, he will often 
gain instruction by comparing his own work with the details thus given. In the 
expectation that tho present collection of solutions will bo consulted with a view to 
such instruction, I have frequently given different methods of working out the same 
example, and of thus exhibiting certain algebraical artifices and expedients — familiar 




ALGEBRAIC SOLUTIONS. 


enough to proficients, but wbich can be acquired by a learner only by practice, and 
the careful examination of illustrative models. No one can become an algebraist by 
Miile: all that rules can do is to dictate the mode of applying general principles ; 
while, in many special cases, independent judgment and ingenuity must be exercised, 
in reference to the particular circumstances of the inquiry, in order to avoid an un- 
necessary accumulation of symbols, and a needless outlay of time and trouble : — ^in fact, 
in order to give to thp algebraic process that compactness of form, and neatness of 
finish, which constitute what is called an elegant solution. This mastery over his 
subject the student can acquire only by consulting the best models, and by cultivating 
the power, himself, of proceeding under the guidance of his own free judgment and 
penetration, unfettered by the shackles of rules. A learner should always be on the 
look-out for those facilitating expedients, which are often to bo brought into operation 
in cases, in reference to which rules can afford but imperfect guidance ; ho would do 
well, however, to keep in remembrance that a sJiort solution is not necessarily tho 
best solution : what looks short upon paper may be the result of more mental exertion 
than what looks long ; the art is so to manage that the expenditure of time, and 
thought, may be reduced to the smallest possible amount : a solution thus characterized 
is entitled to bo called an elegant solution. To those merely mechanical operations — 
the performance of which it is the business of the early parts of Algebra to teach — 
these remarks do not, of course, apply; they refer exclusively to the subject of 
problem-solving, and to the more advanced portions of algebraical research. 


J. R. YOUNG. 


Ebkata in the Solutions. 


Example 13, page 

yy yy 

yy 7 , „ 

„ 6 , „ 

yy ^y yt 

yy 1 ^> yy 

yy 1 <^> >> 

„ H, „ 

yy 0 , ,, 

yy 11 > yy 

yy yy 


7, for 1^ read 

10, in tho first term, for # read n*. 

10, „ „ for 8 read — 8. 

11, the answer is -j- lOaz^ — — ISa^. 

16, for read 

19, supply tho index 3 over y/ . 

19, for read ai.* 

21, for {x y){x -j- z) read {x -f z)(y -f ^)- 
21, for x-x read a^x. 

23, for — 3a read Sa. 

43, for = ^ read + 


This correction should also be made in the Algebra, page 195. 






